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Electrophoresis of concentrated mercury drops

Eric Lee, Jin-Kan Hu, and Jyh-Ping Hsu∗

Department of Chemical Engineering, National Taiwan University, Taipei, Taiwan 10617, ROC

Received 16 April 2002; accepted 22 October 2002

Abstract

The electrophoretic behavior of concentrated monodispersed, positively charged mercury drops is investigated theoretically. The present
study extends previous analyses by considering arbitrary surface potentials, double-layer polarization, and the interaction between adjacent
double layers. The coupled equations describing the spatial variations in the flow field, the electric field, and the concentration field are
solved by a pseudo-spectral method. For a low surface potentialφr , the mobility increases monotonically withκa; κ anda are respectively
the reciprocal Debye length and the radius of a mercury drop. For medium and highφr , the mobility curve has a reflection point, which arises
from the interaction of adjacent double layers, forκa. Also, if φr is high, the mobility curve may exhibit a local minimum asκa varies. This
phenomenon is pronounced if the concentration of the dispersed phase is high. If the double layer is thick, the mobility increases withφr , and
the reverse is true if it is thin. We show that the higher the concentration of the dispersed phase the smaller the mobility, and asκa becomes
large the mobility approaches a constant value, which is independent of the concentration of the dispersed phase. The mobility of mercury
drops is larger than that of the corresponding rigid particles.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

The electrokinetic phenomenon is one of the important
branches of colloidal science. The phenomenon, which in-
cludes electrophoresis, electroosmosis, sedimentation poten-
tial, streaming potential, and electric conductivity, is closely
related to the properties of a particle, in particular, the
charged conditions on its surface. Unfortunately, this can
only be characterized approximately by the electrical po-
tential or charge density on the shear plane of the double
layer surrounding a particle, and the exact surface properties
remain unknown. Furthermore, limited by the available ex-
perimental apparatus, the reliability of the experimental data
gathered often deserves further observation.

The mercury–liquid interface provides an ideal model for
the simulation of charged conditions on a colloidal surface
and the electrokinetic phenomenon of colloidal particles.
A mercury drop is electrically conductive and can have
a flow field inside. Due to these specific properties many
phenomena of rigid colloidal particles are pronounced in the
case of mercury drops. It was observed that when an electric
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current is applied on a mercury drop placed in a capillary,
the potential drop at the mercury–liquid interface varies with
the current [1]. If the mercury drop is positively charged,
its surface tension near the cathode is larger than that near
the anode, and therefore, it moves toward the cathode, the
so-called electrocapillary motion. Other experimental work
that involves a mercury–liquid interface, can also be found
in standard textbooks [2–4]. The charged condition on a
mercury surface, the adsorption of molecules on the surface,
and the structure of the double layer are investigated. The
theoretical analysis of the motion of a mercury drop in
an electric field was originated by Craxford et al. [1]. It
was concluded that the force experienced by a mercury
drop could be expressed as the product of the strength
of the electric field and the amount of charges in the
electrical double layer surrounding the drop. Although this
is incorrect when the total amount of charges vanishes, the
result derived under the condition of low potential gradient
provides valuable reference for electrophoresis. Levich and
Frumkin investigated the electrokinetic phenomenon of a
charged mercury drop under the condition of a thin double
layer by solving the Lippmann equation subject to some
simplified boundary conditions on a mercury surface [1].
Ohshima et al. [5] analyzed theoretically the electrokinetic
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phenomenon of a dilute mercury drop. Their analysis was
based on the following assumptions: (i) The flow fields
inside and outside of a mercury drop are in the creeping
flow regime. (ii) The electric field and the gravity are
weak so that both the mobility and the sedimentation
velocity are directly proportional to them. (iii) The surface
tension is high so that a mercury drop remains spherical.
(iv) The surface of a mercury drop is impenetrable to
ions. The numerical scheme of O’Brien and White [6] was
used to solve the governing equations. They were able
to show that an Onsager relation [7] can be recovered
under the conditions of low surface potential and negligible
double-layer overlapping. The analysis was extended by
Ohshima [8] to the case of a concentrated dispersion by
adopting the unit cell model of Kuwabara [9]. Assuming low
surface potential and negligible double-layer overlapping
Ohshima was able to derive an analytical expression for
the electrophoretic mobility, and showed that it reduced to
the mobility of a rigid sphere as the viscosity of a drop
approaches infinity. It was found that ifκa is large, the
mobility approaches a constant, which is independent of the
volume fraction of the spheres.

In the present study, the electrophoretic behavior of a
concentrated dispersion of mercury drops is investigated
under the conditions of arbitrary surface potential and
double-layer thickness. In addition, the effects of double-
layer polarization and the overlapping of adjacent double-
layers on the system under consideration are examined.

2. Theory

We consider a uniform dispersion of mercury drops of
radiusa in a z1 : z2 electrolyte solution,z1 and z2 being
respectively the valences of cations and anions. Referring
to Fig. 1, the unit cell model of Kuwabara [9] is adopted
to simulate the behavior of the system under consideration.
Here, each mercury drop is enclosed by a concentric spheri-
cal liquid shell of radiusb, the physical properties of which
are the same as those of the dispersion medium. A uniform
electric field is applied in theZ direction, and the mercury
drop moves in the same direction. The spherical coordinates
(r, θ,ϕ) are chosen with its origin located at the center of
the representative particle. The governing equations include
those for flow field, electrical field, and concentration.

Suppose that the liquid phase is incompressible, and the
flow field can be described by the Navier–Stokes equation.
For flow fields outside the mercury drop we have

(1)η∇2ν − ∇p− ρ∇φ = 0,

(2)∇ · ν = 0,

where p is pressure,ν is velocity, and η and ρ are
respectively viscosity and space charge density. For the flow
field inside the mercury drop, we have

(3)ηd∇2νI − ∇pI = 0,

Fig. 1. Schematic representation of the system under consideration. A rep-
resentative mercury drop of radiusa is enclosed by a liquid spherical shell
of radiusb. An electric fieldE is applied in theZ direction.

(4)∇ · νI = 0,

whereηd is the viscosity of mercury.
We assume that the electrical field can be described by

the Poisson equation

(5)∇2φ = −ρ
ε
,

(6)ρ =
∑
j

nj zj e,

where∇ is the differential operator in spherical coordinates,
andε andρ are respectively the permittivity of the disper-
sion medium and the space charge density.nj is the number
concentration of ionic speciesj which is further assumed to
follow the Boltzmann distribution, that is,

(7)nj = nj0 exp

(
−zj eφ
kBT

)
,

wherenj0 is the bulk number concentration of ionic species
j , φ is the electrical potential,kB is the Boltzmann constant,
andT is the absolute temperature.

The conservation of the amount of ionic species yields

(8)∇ · f j = 0,

where the flux of thej th ionic speciesf j can be expressed
as

(9)f j = −Dj
[
∇nj + zj enj

kBT
∇φ

]
+ njν,

whereDj , nj , andzj are respectively the diffusion coeffi-
cient, number concentration, and the valence of ionic species
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j , ande is the elementary charge. Substituting this expres-
sion into Eq. (8) gives

∇2nj + zj e

kBT

(∇nj · ∇φ + nj∇2φ
)

(10)− 1

Dj
v · ∇nj = 0.

The electrical potential comprises two basic elements: the
potential in the absence of an applied electric field, that
is, the equilibrium potential,φ1, and a perturbed potential
due to the presence of the applied electric field,φ2. The
distribution of ions is influenced by the flow field, the
effect of double-layer polarization. This can be simulated by
considering a perturbed termgj in the electrical potential
[6]. Therefore, Eq. (7) becomes

(11)nj = nj0 exp

[
−zj e(φ1 + φ2 + gj )

kBT

]
,

andφ1 andφ2 satisfy, respectively,

(12)∇2φ1 = −
N∑
j=1

zj enj0

ε
exp

(
−zj eφ1

kBT

)

and

∇2φ2 = ∇2φ − ∇2φ1

=
2∑
j=1

zj enj0

ε
exp

(
−zj e(φ1 + φ2 + gj )

kBT

)

(13)−
2∑
j=1

zj enj0

ε
exp

(
−zj eφ1

kBT

)
.

The governing equations for the flow field can be simpli-
fied by taking the curl on both Eqs. (1) and (3), applying the
condition expressed in Eq. (2), and introducing the stream
functionΨ . We have the following relations:

(14)νr = − 1

r2 sinθ

∂Ψ

∂θ
,

(15)νθ = 1

r sinθ

∂Ψ

∂r
,

whereνr andνθ are respectively ther andθ components of
the velocity. A similar approach can also be employed to the
flow field inside a mercury drop. We arrive at

(16)E4Ψ = −1

η
sinθ · ∇ × [

ρ∇(φ1 + φ2)
]
,

outside the mercury drop,

(17)E4ΨI = 0, inside the mercury drop,

whereE4 =E2E2 with

(18)E2 = ∂2

∂r2
+ sinθ

r2

∂

∂θ

(
1

sinθ

∂

∂θ

)
.

The governing equation for the concentration field be-
comes, taking the effect of double-layer relaxation into ac-
count,

∇2gj − zj e

kBT
∇φ1 · ∇gj

= 1

Dj
u · ∇φ + 1

Dj
u · ∇gj + zj e

kBT
∇φ2 · ∇gj

(19)+ zj e

kBT
∇gj · ∇gj .

2.1. Boundary conditions

2.1.1. Flow field
Suppose that both the velocity and the shear stress are

continuous at the mercury–liquid interface. The boundary
conditions for the flow field are assumed to be

(20)ν|r=a+ = νI |r=a−,

(21)(τ · n)× n|r=a+ = (τ I · n)× n|r=a−,

(22)ν · n|r=a+ = νI · n|r=a− = 0,

where the subscriptI denotes the mercury phase andn

is the unit normal vector. The second condition can also
be expressed asτrθ |r=a+ = τrθ,I |r=a− . The last condition
implies that there is no mass change between the mercury
phase and the liquid phase.

The following two conditions are assumed at the virtue
surface, the outer boundary of a representative Kuwabara
cell:

(23)ν · n|r=b− = −U cosθ and ∇ × ν = 0, r = b.

2.1.2. Electrical field
We assume the following [8]: (i) a mercury drop remains

spherical, (ii) the mercury–liquid interface is impenetrable
to ions, (iii) the interior of a mercury drop is free of ions,
(iv) the mercury–liquid interface remains constant electrical
potential. Assumption (i) is based on the high surface tension
of mercury. The rest of the assumptions were proposed by
Levich [1]. The boundary conditions forφ1 are assumed to
be

(24)φ1 = ςa, r = a,

(25)
∂φ1

∂r
= 0, r = b,

where ζa is the zeta potential of a mercury drop. The
first condition suggests that the mercury drop remains at a
constant surface potential. The second condition implies that
a unit cell as a whole is in electroneutrality, and there is no
current between adjacent unit cells.

The boundary conditions forφ2 are assumed to be

(26)
∂φ2

∂r
= 0, r = a,

(27)
∂φ2

∂r
= −Ez cosθ, r = b.
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The first one states that the mercury surface is impenetrable
to ionic species in dispersion medium, and the second one
defines the magnitude of the applied electric field on the
virtual surface.

2.1.3. Concentration field
The surface of a mercury drop is impenetrable to ions

and the concentration of ions reaches the equilibrium value
at the virtue surface. Therefore, the boundary conditions for
the concentration field are

(28)f j · n = f j · r = 0, r = a,

(29)nj = nj0, r = b.

2.2. Scaled governing equations

For a simpler mathematical treatment, the scaled quanti-
ties are used in the following analysis. The radius of a mer-
cury dropa is chosen as the length scale, the equilibrium sur-
face potentialζa is chosen as the scale factor for potential,
and the bulk concentration of electrolytenj0 is chosen as the
scale factor for concentration. Letn10 andn20 be the bulk
concentrations of cations and anions. Then the electroneu-
trality requires thatn20 = n10/α with z2/z1 = −α. We have
the relation

(30)n10z1 = (κa)2εkBT

(1+ α)e2a2z1
.

We define∇∗ = a∇, φ1 = φ∗
1ςa , φ2 = φ∗

2ςa , nj = n∗
j nj0,

φr = ςaz1e/kBT , and λ = a/b, where the Debye length
(1/κ) is defined by 1/κ = [εkBT/∑

nj0(ezj )
2]. The para-

meterλ is a measure for the concentration of mercury drops
in the dispersion, andφr can be viewed as the relative mag-
nitudes between the surface potential andkBT/z1e. Equa-
tion (12) can be rewritten as

(31)∇∗2φ∗
1 = − 1

(1+ α)
(κa)2

φr

(
n∗

1 − n∗
2

)
,

wheren∗
1 = exp[−φr(φ∗

1 + φ∗
2 + g∗

1)] andn∗
2 = exp[−φr ×

(φ∗
1 + φ∗

2 + g∗
2)].

The corresponding boundary conditions forφ∗
1 are

(32)φ∗
1 = 1, r∗ = 1,

(33)
∂φ∗

1

∂r∗
= 0, r∗ = 1/λ.

Similarly, Eq. (13) can be rewritten as

∇∗2φ∗
2 = − 1

(1+ α)
(κa)2

φr

{(
n∗

1 − n∗
2

)

(34)− [
exp

(−φrφ∗
1

) − exp
(
αφrφ

∗
1

)]}

and the corresponding boundary conditions become

(35)∂φ∗
2/∂r

∗ = 0, r∗ = 1,

(36)∂φ∗
2/∂r

∗ = −E∗
z cosθ, r∗ = 1/λ,

whereE∗
z =Eza/ςa.

Let v∗ = v/UE whereUE = ες2
a /ηa is the electropho-

retic velocity derived by Smoluchowski [10] for the case an
electric field of strength(ζa/a) is applied. The scaled form
of Eq. (19) can be written as

∇∗2g∗
1 − φr∇∗φ∗

1 · ∇g∗
1 = Pe1u

∗ · ∇φ∗
1 + Pe1u

∗ · ∇φ∗
2

(37)

+ Pe1u
∗ · ∇g∗

1 + φr∇∗φ∗
2 · ∇∗g∗

1 + φr∇∗g∗
1 · ∇∗g∗

1.

The corresponding boundary conditions become

(38)∂g∗
1/∂r

∗ = 0, r∗ = 1,

(39)g∗
1 = −φ∗

2, r∗ = 1/λ.

Similarly,

∇∗2g∗
2 + αφr∇∗φ∗

1 · ∇g∗
2

= Pe2u
∗ · ∇∗φ∗

1 + Pe2u
∗ · ∇φ∗

2 + Pe2u
∗ · ∇g∗

2

(40)− αφr∇∗φ∗
2 · ∇∗g∗

2 − αφr · ∇∗g∗
2∇∗g∗

2,

(41)∂g∗
2/∂r

∗ = 0, r∗ = 1,

(42)g∗
2 = −φ∗

2, r∗ = 1/λ.

In these expressionsPej =UEa/Dj is the Peclet number of
speciesj .

The scaled stream functionΨ ∗ is defined asΨ ∗ =
ψ/UEa, and the scaled space charge densityρ∗ as ρ∗ =
ρ/ρ0, where ρ0 = εκ2ςa/(1 + α)φr and ρ∗ = n∗

1 − n∗
2.

Therefore Eq. (16) can be rewritten as

E∗4Ψ ∗ = − (κa)2

(1+ α)
[(
∂g∗

1

∂r∗
n∗

1 + ∂g∗
2

∂r∗
(
αn∗

2

))∂φ∗

∂θ

(43)−
(
∂g∗

1

∂r∗
n∗

1 + ∂g∗
2

∂r∗
(
αn∗

2

))∂φ∗

∂r∗

]
sinθ.

Equation (17) can be rewritten as

(44)E∗4Ψ ∗
I = 0.

It can be shown that

Ψ ∗ = 0,

(45)a
∂2Ψ ∗

∂∗r∗2 − 2
∂Ψ ∗

∂∗r∗
+ 1

a
Ψ ∗ − 3ηd

η

∂Ψ ∗

∂∗r∗
= 0, r∗ = 1,

Ψ ∗ = 1

2
U∗r∗2 sin2 θ,

(46)

[
1

r∗
∂2

∂∗r∗2 − 2

r∗3

]
Ψ ∗ = 0, r∗ = 1/λ.

Following the treatment of O’Brien and White [6], we
consider the case when the applied electric field is rela-
tively weak compared with that induced by mercury drops.
In this case, we assume thatφ∗

2, g∗
1, and g∗

2 are much
smaller thanφ∗

1, and n∗
1 = exp[−φr(φ∗

1 + φ∗
2 + g∗

1)] and
n∗

2 = exp[αφr(φ∗
1 + φ∗

2 + g∗
2)] can be approximated respec-

tively by

(47)n∗
1 = exp

(−φrφ∗
1

)[
1− φr

(
φ∗

2 + g∗
1

)]
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and

(48)n∗
2 = exp

(
αφrφ

∗
1

)[
1+ αφr

(
φ∗

2 + g∗
2

)]
.

Equations (32), (37), (40), and (43) can be linearized based
on these expressions and neglecting−φr(φ∗

2 + g∗
1) and

αφr(φ
∗
2 +g∗

2), and the products terms involving perturbation
terms.

Equation (31) can be rewritten as

(49)

∇∗2φ∗
1 = − 1

(1+ α)
(κa)2

φr

(
exp

(−φrφ∗
1

) − exp
(
αφrφ

∗
1

))
.

Equation (34) can be approximated by the linear expres-
sion

∇∗2φ∗
2 − (ka)2

1+ α
(
exp

(−φrφ∗
1

) + α exp
(
αφrφ

∗
1

))
φ∗

2

(50)= (ka)2

1+ α
(
exp

(−φrφ∗
1

)
g∗

1 + α exp
(
αφrφ

∗
1

)
g∗

2

)
.

Equations (37) and (40) can be rewritten respectively as

(51)∇∗2g∗
1 − φr∇∗φ∗

1 · ∇∗g∗
1 = Pe1u

∗ · ∇∗φ∗
1

and

(52)∇∗2g∗
2 + αφr∇∗φ∗

1 · ∇∗g∗
2 = Pe2u

∗ · ∇∗φ∗
1.

Equation (43) can be expressed as

(53)

E∗4Ψ ∗ = (κa)2

(1+ α)
[(
∂g∗

1

∂θ∗ n
∗
1 + ∂g∗

2

∂θ∗
(
αn∗

2

))∂φ∗

∂r∗

]
sinθ.

The symmetric nature of the problem under consideration
suggests that the dependent variables areϕ-independent.
Also, the governing equations are all linear, and can be
solved by the method of separation of variables. It can be
shown that the solution of Eqs. (49) to (53) can be expressed
respectively asφ∗

2 = Φ2(r)cosθ, g∗
1 = G1(r)cosθ, g∗

2 =
G2(r)cosθ , andΨ ∗ = �Ψ (r)sin2 θ . It can be shown that the
governing equation forΦ2 takes the form

LΦ2 − (κa)2

1+ α
[
exp

(−φrφ∗
1

) + α exp
(
αφrφ

∗
1

)]
Φ2

(54)= (κa)2

1+ α
[
exp

(−φrφ∗
1

)
G1 + α exp

(
αφrφ

∗
1

)
G2

]
,

where

(55)L≡ d2

dr∗2
+ 2

r∗
d

dr∗
− 1

r∗2
.

The associated boundary conditions are

(56)Φ2 = 0, r∗ = 1,

(57)Φ2 = −E∗
z , r∗ = 1/λ.

The governing equation forG1 is

(58)LG1 − φ2
r

dφ∗
1

dr∗
= Pe1 · φ2

r v
∗
r

dφ∗
1

dr∗
.

The associated boundary conditions are

(59)G1 = 0, r∗ = 1,

(60)G1 = −Φ2, r∗ = 1/λ.

The governing equation forG2 is

(61)LG2 + αφ2
r

dφ∗
1

dr∗
= Pe2 · φ2

r v
∗
r

dφ∗
1

dr∗
.

The associated boundary conditions are

(62)G2 = 0, r∗ = 1,

(63)G2 = −Φ2, r∗ = 1/λ.

The governing equation for�Ψ can be expressed as

(64)D4�Ψ = − (κa)
2

1+ α
[(
n∗

1G1 + n∗
2G2

)dφ∗
1

dr∗

]
,

whereD4 ≡ D2D2 = (d2/dr∗2 − 2/r∗2)2. The associated
boundary conditions are

�Ψ = 0,

(65)a
d2�Ψ
dr∗2 − 2

d�Ψ
d∗r∗

+ 1

a
�Ψ − 3ηd

η

d�Ψ
dr∗

= 0, r∗ = 1,

�Ψ = 0,

(66)

[
1

r∗
d2

d∗r∗2 − 2

r∗3

]
�Ψ = 0, r∗ = 1/λ.

2.3. Electrophoretic mobility

Following the approach of O’Brien and White [6], the
problem under consideration is decomposed into two sub-
problems. The first problem considers the motion of a mer-
cury drop in the absence of the applied electric field, and
the second problem considers the phenomenon of a station-
ary mercury drop in the applied electric field. The flow field
and the electric field can be obtained by summing the cor-
responding results of these two problems. In the first prob-
lem the drag force exerted on the surface of a mercury drop
by the surrounding fluid,f1, is proportional to the terminal
velocity of the mercury drop, that is,f1 = δU∗, where the
scaled terminal velocityU∗ is defined asU∗ = U/UE . In
the second problem the force exerted on the surface of a mer-
cury drop due to presence of the applied electric field,f2,
is proportional to the strength of the applied electric field,
that is,f2 = βE∗

z , whereE∗
z is the scaled strength of the

applied electric field. We define the scaled mobilityU∗
m as

U∗
m =U∗/E∗. At steady state, the sum of the forces in prob-

lems 1 and 2 vanishes, and we haveU∗
m =U∗/E∗ = −β/δ.

Note thatf1 corresponds to the scaled drag forceFDz.
According to Happel and Brenner [12], this force can be
expressed as

FDz = ηπ
π∫

0

(
r4 sin3 θ

∂

∂r

E2ψ

r2 sin2 θ

)
r=a

dθ
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(67)− π
π∫

0

(
r2 sin2 θρ

∂φ

∂θ

)
r=a

dθ.

For the present case, it can be shown that

FDz = πες2
a

π∫
0

[
r∗4 sin3 θ

∂

∂r∗
E∗2Ψ ∗

r∗2 sin2 θ

]
r∗=1

dθ

− πες2
a

(κa)2

(1+ α)φr

×
π∫

0

[
r∗2 sin2 θ

(
n∗

1 − n∗
2

)∂φ∗
2

∂θ

]
r∗=1

dθ

(68)= πεζ 2
a

(
U∗KDf − (κa)2

(1+ α)φr E
∗KDe

)
,

whereU∗KDf andE∗KDe denote respectively the first and
second integrals on the right-hand side of the first expression
of Eq. (68).

The scaled forceFEz can be evaluated by

(69)FEz =
∫ ∫
S

σ (−∇φ)dA,

where σ denotes the surface charge density. In spherical
coordinates, we have

FEz = 2πεζ 2
a

π∫
0

(
∂φ∗

1

∂r∗

)
r∗=1

×
(
∂(φ∗

1 + φ∗
2)

∂r∗
cosθ − 1

r∗
∂(φ∗

1 + φ∗
2)

∂r∗
sinθ

)
r∗=1

× r∗2 sinθ dθ

(70)= 2πζ 2
a E

∗KE,
whereE∗KE is the integral of the right-hand side of the first
expression of Eq. (70).

3. Results and discussion

The behaviors of the system under consideration are ex-
amined through numerical simulation. The governing equa-
tions are solved by applying the pseudo-spectral method
based on Chebyshev polynomials [11]. This method is read-
ily applicable for the present boundary-value problem, and
has the merits of fast rate of convergence and the conver-
gent properties independent of the associated boundary con-
ditions. Figure 2 shows the variation of the scaled mobility
U∗
m as a function ofκa at various scaled surface potentials

of a mercury dropφr for the caseλ = 0.5, and that for a
smallerλ is illustrated in Fig. 3. The corresponding results
of Ohshima [8] are also presented for comparison. Note that
the definition ofλ (= a/b) suggests that it is a measure for
the concentration of a mercury drop. The larger its value, the
higher the concentration. Figure 2 reveals that for a lowφr ,

mobility increases monotonically withκa. For medium and
high φr the mobility curve has a reflection point forκa in
the range 1 to 10. It is interesting to note that ifφr is high,
the mobility curve exhibits a local minimum. A comparison
between Figs. 2 and 3 reveals that this phenomenon is pro-
nounced ifλ becomes larger, that is, a more concentrated
dispersion. The reflection point of the mobility curve arises
from the overlapping of adjacent double layers. For example,
in the case of Fig. 2,λ= a/b= 0.5, that is, the thickness of
the double layer surrounding a mercury drop is the same as
the radius of the liquid shell surrounding it atκa = 1. This
is consistent with the results presented in Fig. 2 in which the
reflection point is in the range 1 to 2. Figures 2 and 3 show
that U∗

m decreases withκa, that is, the thicker the double

Fig. 2. Variation of scaled mobilityU∗
m as a function ofκa at various

scaled surface potentials of mercury dropφr . The dashed line represents
the result of Ohshima [8].α = 1, Pe1 = Pe2 = 0.1, λ = 0.5, ηd = 1.526
mPa,η= 0.890 mPa.

Fig. 3. Variation of scaled mobilityU∗
m as a function ofκa. Key: same as

in Fig. 2 except thatλ= 0.2.
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Fig. 4. Variation of scaled force in problem 1,f1 as a function ofκa at
various scaled surface potentials of mercury dropφr for the case of Fig. 2.

Fig. 5. Variation of scaled force in problem 2,f2 as a function ofκa at
various scaled surface potentials of mercury dropφr for the case of Fig. 2.

layer the smaller the mobility. This is because if the dou-
ble layer is thick, the electrical interaction between adjacent
double layers becomes significant, which has the effect of
lowering the mobility. Figures 2 and 3 also show that ifκa
is small (thick double layer), mobility increases with the sur-
face potential of a mercury drop, and the reverse is true ifκa

is large (thin double layer). This can be explained by the rela-
tive magnitudes of the forces experienced by a mercury drop
ins problems 1 and 2. As mentioned previously, the scaled
mobility can be expressed asU∗

m = −f2/f1. The variations
of f1 andf2 as a function ofκa for the case of Fig. 2 are
illustrated in Figs. 4 and 5. A comparison between these fig-
ures shows that the variation off1 asφr varies is relatively
less appreciable than that off2. According to Fig. 5, ifκa is
small,|f2| decreases with the decrease inφr , and the reverse
is true for a mediumκa.

Fig. 6. Variation of scaled mobilityU∗
m as a function of scaled surface

potentials of mercury dropφr at variousκa. The dashed line represents
the result of Ohshima [8]. Key: same as Fig. 2.

Fig. 7. Variation of scaled mobilityU∗
m as a function ofκa at variousλ. For

the caseα = 1, Pe1 = Pe2 = 0.1, andφr = 1.0.

The variation in the scaled mobilityU∗
m as a function of

the scaled surface potential of a mercury dropφr at various
κa for the case of Fig. 2 is illustrated in Fig. 6. This figure
reveals that the deviation of the linearized model of Ohshima
becomes significant if the surface potential is high and the
double layer is thick. In general, the result of Ohshima [8] is
applicable for the caseφr is lower than unity andκa is larger
than 5.

Figure 7 shows the variation in scaled mobilityU∗
m as

a function ofκa at various concentrations of the dispersed
phase measured by parameterλ. As can be seen from this
figure, for a constantκa, the larger theλ the smaller the
scaled mobility. This is expected since a largeλ implies a
high concentration of the dispersed phase, which is disad-
vantageous to the movement of mercury drops. Figure 7 also
reveals that asκa becomes large (i.e., thin double layer),
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Fig. 8. Variation of scaled mobilityU∗
m as a function ofκa at variousλ. For

the caseα = 1, Pe1 = Pe2 = 0.1, λ= 0.5, andφr = 1.0. Curve 1, mercury
drop; curve 2, rigid particle.

the scaled mobility approaches a constant value, which is
independent of the concentration of the dispersed phase. For
rigid particles the scaled mobility should approach unity, and
greater than unity for liquid drops.

A comparison between the scaled mobilityU∗
m evaluated

by the present model and the corresponding result for the
case of rigid particles is illustrated in Fig. 8. This figure
reveals that the mobility of mercury drops is larger than that
of the corresponding rigid particles. This is due mainly to
the flow field inside a mercury drop. The flow field vanishes
in the interior of a rigid entity, but this is not the case for
a mercury drop. For the latter, a slip boundary condition
needs to be employed at the surface of a mercury drop
for the flow field. This implies that the tangential shear
stress at the surface of a mercury drop is smaller than that
of the corresponding rigid entity which leads to a larger
mobility.

4. Conclusion

The objectives of the present study were to extend
the analysis of previous study, which is limited to the

case of low surface potential and neglecting the effects
of double-layer polarization and the interaction between
adjacent double layers. The results of numerical simulation
can be summarized as follows: (i) For thin double layers
the electrophoretic mobility increases with the thickness
of the double layer, and the higher the surface potential
the larger the mobility. But the reverse is true if the
overlapping of adjacent double layers becomes significant.
(ii) A higher concentration of the dispersed phase leads to a
greater electrical repulsive force between adjacent mercury
drops, and a smaller mobility. In this case, if the surface
potential is sufficiently high, the mobility-versus-κa curve
has a local minimum. (iii) For a fixed surface potential, the
mobility approaches a constant value asκa becomes large
which is independent of the concentration of the dispersed
phase.
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