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Abstract A sliding-mode direct adaptive fuzzy controller
is developed for the control of a class of uncertain MIMO
nonlinear systems. The conirotler requires no knowledge
of the MIMO nonlinear system and facilitates robust
properties by fine-tuning the consequent membership
functions. By employing the fuzzy descriptions to
overcome the interaction among the subsystemns, a fuzzy
sliding-mode controller is used to approximate the
equivalent control in the neighborhood of the switching
hyper-plane, and 2 hitting control is appended to assure the
closed-loop stability. The stability is achieved by assuring
the trajectories tracking control of the unknown nonlinear
plant to satisfy Lyapunov stability theory. The simulation
results of a two-link robotic manipulator confirm that the
effect of both the fuzzy approximation error and external
disturbance on the tracking error can be attenuated
efficiently by the proposed method.

Keywords: adaptive fuzzy, sliding mode, MIMO nonlinear
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1. Introduction

Conventional contrel theory is well suited for
application where the control efforts can be generated
based on analytical model [1-2]. There are inevitable
unmodelled nonlinearities and uncertain disturbance in
their constructed model where conventional control
strategies cannot be easily derived. The latest swudies
consider adding some computationally intelligent methods
to the sliding mode control (SMC) by automatically tuning
the contrel parameters. Particularly, integrating fuzzy set
theory and SMC into fuzzy controller design have acquired
superior performance [3-8]. This approach retains the
positive property of SMC but alleviates the chattering, and

the fuzzy control rules can be determined systematically by
the reaching condition of the SMC.

This paper will address the problem of controlling an
utknown multi-input multi-output  (MIMO) nonlinear
affined system. The goal is to develop a direct adaptive
MIMO fuzzy controller to overcome the interaction among
the subsystems by a decoupling neural network and to
facilitate robust properties by fine-tuning the consequent
membership functions. Firstly, a sliding mede controller
for robust tracking control of multivariable nonlinear
systems is developed by assuming that imposed
uncertainties are bounded and satisfy matching conditions.
The fuzzy logic control is then designed on the basis of the
SMC law. A fuzzy sliding mode control (FSMC) is used to
approximate the equivalent control in the neighborhood of
the switching hyperplane with on-line fuzzy self-tuning
parameters subject to parameter variations in the control
object. Secondly, the hiiting control is appended to assure
that the proposed FSMC can result in a closed-loop system
that is stable for the trajectories tracking control of a plant
with unknown nonlinear dynamics. As a result, we
simultaneously guarantee the global stability of the closed-
loop system and obtain a suitable equivalent control when
the nominal mathematic model is unknown in advance.
The simulations using the proposed method by a two-link
manipulator subject to uncertainties is performed to
demonstrate the properties of the developed FSMC.

2, Problem Formulation
Consider an MIMQ nonlinear system govern by

Y = f(x)+ Gx)u+d(x,1) (1)
where yp=(y,,,y,) and p =y, -,y denote
the output vector and its derivative, respectively,
r={x,;.r,) with Z:_:Ir,. =n is defined as the system
relative  degree, wu={u,--,u_, )’ is the input
x=(xux2s”"xn}r=(}’1:‘":.V:M]s}"zs"'syr"r”}r is the
SE = ([ Ltz G(x)=
(g () g, (2] A= (4(x), .8 () with
g, >0 and f{x) ,, i=1-,m, are unknown functions,
and 4(x,0)= (d,(x,0),,d_ (x,)" is the disturbance
with the properties of standard smoothness and it is

state  vector,



assumed to have upper bound D = Diag[D,], that is,
(x| <D, i=l-m.

Let ¥, =(¥4+¥o2r"""» ¥, ) Tepresents the known
desired trajectory, the control aim is to determine a
controller for the composite nonlinear system described by
(1) so that the tracking error represented by

e=[e,e,] (2)

“-"]th e:' =(e“e'”_,_’e:‘?_”)r =(yd|' _.}‘?1’ !yb: l} y'.[rl\'—’))T’

i=1---,m, will be attenuated to an arbitrarily small
residual tracking error set. Define a generalized error
vector to represent a switching manifold as follows:

in-1t h-2 .,
2 +a,e teta,, €
[r: -ng m 2
a,,e +rta, e
5= -2 (3)
{ny-11 [ry-2)
e, ta, e, A, €,

and A, =(e, . ,,} € R" be such that all roots of the
polynomial
hr{p) =P
are in the open lefi-half plane, i =1,---,m . The aim of
sliding mode control law is to force the system stales
approach the sliding surface and then move along the

sliding surface to the origin. This implies that the system
dynamics will track reference trajectory asympiotically.

(n) {n— ])

+arlp +ai.(¢-|)p+air; (4}

3. Description of the Fuzzy Logic System

Various fuzzy models and their control have been
successfully applied in many fields [9-12]. The basic
configuration of the fuzzy logic system comprises four
principal components: fuzzifier, fuzzy rle base, fuzzy
inference engine and defuzzifier [13]. The fuzzy control
rules are the principal factor to determine the performance
of a fuzzy controller. The fuzzy systemn can uniformly
approximate nonlinear continnous functions to arbitrary
accuracy [14-15]. Thus we will introduce fuzzy systems,
which are expressed as a series expansion of fuzzy basis
functions.

The fuzzy logic system performs a mapping from
UcR' to VcR” . Let U=sU;x--xU/ and
V=V x.xV_ where U, cR, k=12-n and V, Cc R,
f=12, - m. A multivariable system can be controlled by
the following A linguistic rules

R":IF x, is 4 and --- andx, is A
THEN z,is 8/ and -+~ and z,_ is B, (5)
where /=1, N, x,,k=12,.-,n, are the input variables
to the fuzzy system, z,,i=L12,--,m, are the oulpul
variables of fuzzy system, and the antecedent fuzzy sets
A in U and the consequent fuzzy sets B in F; are
linguistic terms characterized by the fuzzy membership

functions g P (x;) and g ,(z;), respectively. The fuzzy

logic system with center-average defuzzifier, product
inference and singleton fuzzifier is defined as [14]

2(x) = Z, H(x) gl ©)

P LE)

where g'(x)=T1]_u ey 1s the matching degree of the

fth rule, and g/ is the center of the consequent

membership function of the /th rule. If g/ is chosen as the

design parameter, the adaptive fuzzy system can be viewed
as the type of neural network [16]. Therefore, (6} can be
rewritten as

z(x) = 4] w(x) ¢}
where 4 =(g/,---,g") i3 a pammefer vector, and
w(x)=(r§p'",§N)T is a regressor, and where the fuzzy
basis function is defined as [14]
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Fig. 1 Configuration of the adaptive FSMC systerm.

4. Adaptive Fuzzy Sliding Mode Controller

The proposed adaptive fuzzy sliding mode
controller is composed of the following three parts: an
MIMO SMC, a fine-tuning mechanism on the consequent
membership functions of the multi-layer fuzzy system, and
a decoupling network shown in Fig. 1 [17]. The multi-layer
fuzzy system and the decoupling network are nominal
designs based on on-line approximation of the unknown
nonlinear functions of the plant. The fine-tuning
mechanism is designed to encounter the equivalent
uncertainty resulted by the plant uncertainty, the function
approximation error, or the external disturbances.

Let u’ be the output of the system’s ith MIMO
SMC. Then, for the system given in (1), the /th sliding
surface is s,. Hence, this MIMO SMC also has m sliding

surfaces to form a switching manifold so that the system
exhibits desirable behavior when its trajectories are
confined in the sliding surfaces. If the control law is
designed such that the sliding mode exists on 5, =0,

i=1,-,m, the system error dynamics is dictated by the



linear dynamic equation (3). Since (3) satisfies Hurwitz
stability criterion from (4), maintaining system states on
sliding surface s for all 7 >0 is equivalent to the tracking
problem yp=p,, that is, it is required that the system
errors converge to zero. Thus, the tracking control problem
can be formulated by keeping the error vector in (2) on the
sliding surface defined as follows:
S ael

r-1 [ro—i)
a3 €

§=p - Fix) - G{x)u—d(x, ) +| “o=

2 el
In the design of sliding mode controller, an
equivalent control is given first such that each state
Lyapunov-like condition holds for system stability [18]:

1d :
EE(SIZ} b _HIISI'L 7> 0,i=1--m (10)

or in sum:

%)

1 d - .
EE“ZS)S_;’?JISJI’ 7, >0,i=1-m (11)

Inequality {10) constrains trajectories to point towards the
surface 5,(f}) such that the distance to sliding surface
decreases along all system trajectories, and is referred to as
the reaching condition. That is, the states of the systern are
driven from any initial state to the eventual sliding surface
on which shiding mode control takes place.

If the function f, G and 4 of nonlinecar MIMO
systems (1) are known and does not take the
interconnections among subsystems into consideration,
then the control law &” can be chosen as follows

-1 (r-i
Zf:l a6

721 (i)

u’ = _F."]( (=1 LHLE

n —1 =1}
Z,~:| amiem

where P = Diag[gﬂ.] . K =Diag[K,] 15 mxm positive
definite

- f-d+yi" + Ksgn(sy) (12)

diagonal gain matrix with K, >0

sgn(s) = (sgn(s, ),---,sgn(s,,))” and sgn(s,) is defined as

i s52>0
sgn{s,)=40 s =0, i=lL--m.
-1 5 <0
Therefore the optimal control is
* - -1 a-J 5
M, = gl‘l'][z,izlai}'el!‘ 2 —fi _di +yfﬁl) + hl’ Sgn(S|')'r?j]
1 ,if 5,20
where 77, >0, & = . .
0 Lif 5,=0

This optimal sliding mode control input » guarantees the
reaching condition of (10).

Since the control of MIMO nonlinear systems
directly use the sliding mode contrel but does not take the
interconnections among subsystems into consideration, the

interconnections compensating network is needed. Thus
the proposed sliding mode controller has a neural part to
release the interaction among the subsystems. The output
of the controller is combined with #° and its modification
by decoupling network

alf) = 1" () + Mu(6) (13)
To derive a stable weight adaptation in control matrix, the
matrix M be chosen as

M=-(I, +C'P)’ (14}
where I, denotes a m xm identity matrix and
0 g: ' &m
¢=|8 0 & (15)
gm] gmz P 0

Using (12), (13), (14), {15) and the matrix inversion
(A+BCDY ' = A7 — A7 B(DAT'B+CY DA™ [19], the
formulation of MIMO SMC resoives into
?:illalfefn_”
=i i
u' =G 2 “{zsei& g f-d+y + Ksgn(s)) (16)

Z::[-Iam'er[wrmif]
where G=C+ P By plugging 4° into (9), we will have
§=-Ksgn(s). Thus, the reaching condition (10) can be
casily verified.

In this paper we use direct adaptive fuzzy controller
(DAFC), therefore, the parameters of the controller are
directly adjusted to reduce some norm of the output error
between the plant and the reference model. Due to the
existing of fuzzy approximation errors and external
disturbances, simply an equivalent control term cannot
ensure the stability of the closed-loop system, it is
necessary to preserve a hitting control to deal with them.
Suppose that the control # due to the DAFC is the

summation of a basic fuzzy logic system &(x |¢) and a

hitting control &, (&, = G'u, )
u=ix|g)+ i, (17)
where  g=[p,p.] . =i, u,)"  with

ﬁr(x I¢|) =¢IT '614 (x) * Whel'e fJ.l(x) = (érrl'.”’éuﬂ']? is a
vector of fuzzy Dbases, @ =(g,,---.d,) Is the
corresponding parameters of fuzzy logic systems,
i=1--,m.

5. Learning Algorithm and Performance Analysis

In direct adaptive fuzzy control, linguistic fuzzy
control niles can be directly incorporated into the
controllers and the parameters of the controller are directly
adjusted to reduce some norm of the output error between
the plant and the reference model. As far as the adaptation
of the controller parameters are concerned the imput



applied to one subsystem affecting the other subsystern,
Our approach to the solution of such a problem is based on
to derive the proper direct adaptive fuzzy conirol law for
the plant model whose structure is represented by
exploiting the advantages of the DAFC and the JAFC
{indirect adaptive fuzzy controller) into a single controller
i.e. both the fuzzy control rules and the fuzzy descriptions
can be incorporated into a single controller. Thus the
unknown functions Gx) is estimated and the controller is
chosen by assuming the estimated parameters being able to
representing the true of the plant parameters, This is
similar that the JAFSMC (indirect adaptive fuzzy sliding
mode control) uses the fuzzy system as approximator for
the dynamic systems [17]. In this section, we firstly show
how to derive an adaptive law to adjust the controller
parameters such that the DAFC can optimally approximate
the equivalent control of the FSMC under the situation of
unknown functions fand &. Then, we construct the hitting
control to guarantee system’s stability by the Lyapunov
theory so that the ultimately bounded tracking is
accomplished.

We now adopt the control u = ﬁ(xlﬂ) +u, as (17)

where the hitting control &, =G 'u, , and the fuzzy logic
system z,(x lp,) as{(7}is

G(x|g)=¢7 €. (0)=¢," ()¢ (18)
where § (x) is vector of furzy bases, ¢ is the
corresponding  parameters of fuzzy logic systems,
{=1,---,m . Define the parameters @, € R" of the best
function approximation as

p; =arg min[sup |u, (x)— i, (x|@, )]
@Eﬂﬂ. xefl,
where Q‘,' is constraint sets for ¢, i =1,---,m , defined as

Q, =, Pp|sM e} where M,

designer. After some straightforward manipulations, the
sliding surface equation (9) with the fuzzy control law u

are specified by the

in (17 to replace %" in (16) can be rewritten as
alrfu
@.¢ . .
$=-6G|"" " |- K -sgn(s)-u, + Gla' —i{x|¢")] (19)
Pl
where @, =@, —@, denotes the parameter estimation errors
with £=[¢]’“.’¢m] -
specifying the control and adaptive laws for @, such that

the reaching condition (10} is guaranteed.

Theorem 1. Consider nonlinear plant (1) with
controller (17), the tracking error allows to use the
following adaptive law and hitting control as

9. =p5 g ¢, (20)

Our design objective involves

tyy =SB, i s +Z,,|g,, mas i 141 257
+] a e | +D,] (21)
where i=1,---.m. Aﬂer straightforward manipulation, the

time derivative of ¥ is obtained as ¥ =s7§0.
Proof: Consider the Lyapunov candidatc

V=V +V,++V, =—(s S+Z ¢,¢a,,) (22)
Pi

where ¥, = —21—(5 s, +—¢ o), i=1-

=g, and (19), we obtain the derivative of ¥ as
V=V 4V, ++V, {23)

,m. By the fact

where

V= Pw, '@ - pis 8- K5, sgnls,)

= itk + TG~ (x| ¢)]

where g,(x)=(g,(x), . 8,(x)" . i=L-—-m . If we

choose the adaptive law as ¢, = 2,5 g, &, and the optimal
control (16}, then

V‘ - Klsi Sgn(.'l' )+S [Z 1,8-9 ) Z g‘J J S"u*‘.
=—K,s,sgn(s;) +5, [E L a el f—d + Y
+Kosgnls,) = 307 g, 1= sy

<fsifl 27 gl M i+ 1A 1+ Do S 1+ 2 )
s, (24)
We use the fact that u,, has the same sign with s, the uy
can be implemented in (21) such that ¥, <0, i=1,---,m
In order to complete the FSMC design, it is necessary
to show that the hitting control is enough to force the state
trajectory toward the sliding surface as well as to establish
asymptotic convergence of the tracking error. Consider the
Lyapunov function candidate
V, = ;32 (25)
Taking the derivative of (25) and using (%), (17}, one has
V= s 2 aelm ! — f -3 i+ vil - d,)- s, (26)
To ensure {26} being less than zerp, the hitting control
should be selected as (21). This means that the inequality
¥, =455 <0 is obtained and the hitting control actually
achieves a stable FSMC system.
Conceptually, in sliding mode the equivalent control is
used when the state trajectory is near 5, =0, while the

hitting control is appended in the case of 5, 20 [20]

However, the hitting control will generate a very large
control force and causes high-frequency unmodelled
dynamics [20). Therefore, we minimize the hitting control
in (21} by a fuzzy function in practical implementation



[21]. Thus, a fuzzy rule base is of the form
If 5, s ZO0 Then u, is u, =4, (27)
If 5, isNZ Then u, is u, =#, +un, (28)
where Z0 and NZ denote zero and nonzero fuzzy sets,
respectively, and input variable 5; is given in (3). The
medified control law of the fuzzy controller for (17) is
u, = bo (5, + pag (5[0, + 8y, ] (29)
Hapl8 )+ pz (8,)
where g, (5,0 and g, (s;) is the membership functions
of fugzy sets ZO and NZ, respectively.

6. Simulation Results

We demonstrate the proposed FSMC by the tracking
control of a two-link robotic manipulator with 2 degrees of
freedom in the rotational angles described by ¢ =(g,,4,)" ,

as shown in, Fig. 2. The dynamic equattons describing the
motion of the robotic system are of the following form [22]

Fig. 2 Mode] of a two-link robotic manipulator.

7
NZ NZ

1 I 4’5.'
-5 0 s

Fig. 3 The fuzzy membership functions of ZC and NZ.

M(g)g+Clq.q)+ hig.g)=7 +d(g.4.1) (30)
where T is the externally applied torques along the
directions of their corresponding generalized coordinates g,
(my + my )7 +myry + 2mgnne, < J, npr -+ mlrlrzcl—’

M(q}{

2 2
myry MR, mys +J4,

[_mzr|r151¢|(¢| +¢j‘1):| hg) =[((m, +m, e, +m:’:‘1:]§}
L Myt S 4, , (.l g

with g=98m/s* is the

d(g,4.t) € R* is friction forces, and external disturbances.

Clg.4)=

gravity constant and

In (30), the nominal parameters m,;, #, J), J2, 1 = 0.5/,
and r, = 0.5/, are the mass, the moment of inertia, the
half-length of link | and 2, and shorthand notations
e, =cos(g,) , 5, =sin(q,) , ¢, =cos(q, +g,}, etc. The
combined effects of friction and the external torgue
disturbance are
d, =2.0sin(g, ) + 2.5sin{q, } + 0.5sin(s)
d, = 5.0sin{g, ) + 4.0sin(g, } + 0.4 sin(r)
In the control experiments described below, the

kinematics and inertial parameters of the arm are chosen as
[ =204m, I, =166m, J =J,=45kg - m, m =060ig,
m, = 7.02kg , respectively. The trajectories to be followed
are described by two decoupled linear systems from {4),
the desired coefficients are specified tobe a,, =2, a, =1,
i=1,2, The robot is given the following target joint

rotations:
g4 =(2.57/12) sint

q4, =(3.757/12) -cost
with the initia]l states g,(0)=1J5rad , 4,(0)=-12rad ,
§,(0) =0rad/sec and ¢,(0)=0rad/sec.
In (20} and (21), the design parameters are given by
2 =12, K,=1, D,=5 ,i=12. The membership
functions of states ¢,., ¢,. ¢,. and ¢, {(represented by
generic variable x, )} for the qualitative statements
(N = 5% =625 regular rule partitions) are defined as
" 1T SRS
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Fig. 4 The tracking curvesof g, , ¢, and &, , 4,,.
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Fig. 5 The state trajectories on the phase plane.

{NB,NS,ZE, PR, PS}
where

NB: L1+ exp(25(x, +04)] . NS exp(-0.5(x, +0.2)') ,



PB 1/[1+exp(-2.5x, - 0.4))], PS :exp(-0.5(x,-0.2)°),
ZE :exp{-0.5x}) . In (27) and (28), The membership
functions of s; for the fuzzy sets ZO and NZ are given in

triangle function, as shown in Fig. 3. It has a property that,
for all 5, pue(s.)+ tyz(5,)=1. When holding the
condition |s,|2 5! with s} =0.3, it can be seen that the
control law is the same as the proposed FSMC. However,
the amount of hitting control in region ]s,.l< siis
dominated by the grade of the membership function of NZ,
that is, the hitting control could be attenuated by the grade
of NZ.

The tracking curves and the state trajectories of the
phase plane for g,{¢#) and gx¢f) are shown in Fig. 4-§,
respectively. The simulation resulis reveal that the
proposed FSMC, encountering the combined effects of
friction, parameiric uncertainties, unmodeled dynamics and
external disturbance, can attenuate the tracking error
efficiently. Moreover, without using any a priori linguistic
information, our adaptive fuzzy sliding mode controller
has successfully executed the trajectory following control
of the robot system.

7. Conclusion

The goal of this work is the development and
implementation of a direct adaptive fuzzy control based
SMC for the robust trajectory tracking of MIMO control
systems with unknown nonlinear dynamics. This design
obtains robustness in the sense that the self-tuning
mechanism can automatically adapt the fuzzy controller by
using a Jearning algorithm and the global asymptotic
stability of the algorithm is established via Lyapunov
stability criterion, The simulation presented in the two-link
robotic manipulator contrel indicates that the proposed
approach is capable of achieving a good chattering-free
trajectory following performance without the knowledge of
plant parameters. Although only the two-link robotic
systemn has been studied in this paper, the proposed control
scheme can also be used to address the other class of
MIMO nonlinear systems.
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