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Abstract—It is well known that some matrices (such as Dick-
inson-Steiglitz’s matrix) can commute with the discrete Fourier
transform (DFT) and that one can use them to derive the com-
plete and orthogonal DFT eigenvector set. Recently, Candan found
the general form of the DFT commuting matrix. In this paper,
we further extend the previous work and find the general form of
the commuting matrix for any periodic, quasi-periodic, and offset
quasi-periodic operations. Using the general commuting matrix,
we can derive the complete and orthogonal eigenvector sets for
offset DFTs, DCTs of types 1, 4, 5, and 8, DSTs of types 1, 4, 5,
and 8, discrete Hartley transforms of types 1 and 4, the Walsh
transform, and the projection operation (the operation that maps
a whole vector space into a subspace) successfully. Moreover, sev-
eral novel ways of finding DFT eigenfunctions are also proposed.
Furthermore, we also extend our theories to the continuous case,
i.e., if a continuous transform is periodic, quasi-periodic, or offset
quasi-periodic (such as the FT and some cyclic operations in op-
tics), we can find the general form of the commuting operation and
then find the complete and orthogonal eigenfunctions set for the
continuous transform.

Index Terms—Commuting matrix, discrete Fourier transform
(DFT), discrete fractional Fourier transform, discrete sinu-
soid transform, eigenfunction, eigenvector, offset DFT, Walsh
transform.

I. INTRODUCTION
T HE discrete Fourier transform (DFT) is defined as

F[m7n] = (l/\/N) . e_jZﬂ'mn/N7

Since the DFT has repeated eigenvalues, it has infinite number
of eigenvectors. The commuting matrix is very helpful for
finding the DFT eigenvectors with some specific form. For
example, in [1], Dickinson and Steiglitz found that the DFT
and the following matrix S commute

0<m,n<N-—1. (1)

SF = FS 2)
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where
S[n,n] =2cos(2mn/N)
Sn,n+1]=S[n+1,n]=1for0<n< N -2
S[N —1,0] =S[0,N —1] = 1
S[m,n] =0 otherwise. 3)

Since (i) S commutes with F and (ii) all the eigenvalues of S
are distinct, the eigenvectors of S are also the eigenvectors of F'.
Moreover, since (iii) the S matrix approximates the equation of
d2
dt?
and the solution of (4) is the p'" order Hermite-Gaussian func-
tion (HGF), the DFT eigenvectors derived from S are near to the
samplings of HGFs, which are the eigenfunctions of the contin-
uous Fourier transform (FT). Based on the results in [1], the dis-
crete fractional Fourier transform (DFRFT) was derived using
the eigenvector decomposition method [5], [6].
In addition to Dickinson and Steiglitz’s work, recently, in [4],

we found that the following matrix T can also commute with the
DFT matrix F:

hy(t) — t*h,(t) = Thy(t), whereT =—2p—1 (4)

T[n,n] = cos?*(nw/N), for0<n < N —1
cos[nmw/N]cos[(n + 1)n/N]

Tn,n+1]=Tn+1,n] =

2cos(m/N)
for0<n<N-2 (®)
T[N —1,0] =T[0,N — 1] = 0.5, T[m,n] =0 otherwise
TF = FT. (6)

The T matrix is the improved form of Griinbaum’s matrix [2],
which commutes with the central form DFT. We find that the T
matrix can even better approximate the differential equation in
(4) than the S matrix and the DFT eigenvectors derived from T
can approximate the HGFs with even less error.

Moreover, in [11], Candan proposed that the commuting ma-
trix of the DFT can be generated from an arbitrary N x N matrix

K =M+ FMF™' + F2MF~? + F*MF?
where M is an arbitrary N x N matrix 7)
KF =FK. (8)
In fact, any commuting matrix of the DFT can be expressed

in the form as in (7), which was proved in [11]. In other
words, (7) gives a complete characterization for the DFT com-

muting matrix. For example, when M[n,n] = cos(2rn/N)
and M[m,n] = 0if m # n, K in (7) becomes the S
matrix. When M[n,n + 1] = cos(2r(n + 1/2)/N),

M[n 4+ 1,n] = cos(2r(n — 1/2)/N), and M[m,n] = 0

1053-587X/$25.00 © 2008 IEEE

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:48 from |IEEE Xplore. Restrictions apply.



3892

otherwise, K in (7) becomes the T matrix. Furthermore,
Candan derived that, if

k _ . 2
M = (_1)m*1MAm where
' (2m)!
Am:\A*A*A* ...... *A (9)
m times

Aln,n—1]=An—1,n] = A[l,N] = A[N,1] =1
A[m,n] =0 otherwise, xmeans convolution
k is the largest number that

satisfies 2k + 1 < N (10)

then the DFT eigenvectors obtained from the commuting matrix

generated from M can very well approximate the samples of the

HGEF, especially for the lower order HGF.

Recently, as described in [19], Santhanam found another
matrix that can commute with the central form DFT. (In
Section V-B, we modify this matrix so that the modified version
can commute with the standard definition of the DFT.)

In this paper, we will generalize the previous works to a much
greater extent.

(A) In addition to the DFT, we find that, for any periodic
operation, we can use a formula similar to (7) to find the
commuting matrix from an arbitrary N x N matrix. We
can then use the commuting matrix to find the complete-
orthogonal eigenvector set of the periodic operation. See
Section II-A.

In addition to the periodic operation, we also find the

general form of the commuting matrix for the quasi-pe-

riodic and the offset quasi-periodic operations. See

Section II-B.

Several important properties of the commuting matrix

are discussed in Section II-C. Moreover, if a suitable M

(the matrix used for generating the commuting matrix)

is chosen properly, the eigenvectors we derive can be a

real and orthogonal eigenvector set. See Section II-D

and Table L.

Since (i) the offset DFT, (ii) the discrete cosine transform,

(iii) the Hartley transform, (iv) the projection operation,

(v) the Walsh transform (Hadamard transform), and (vi)

the matrix with a smaller number of eigenspaces, we can

use the proposed method to find the commuting matrices
of these operations and find the complete and orthogonal

eigenvector sets. See Sections III and I'V.

(E) We also further explore the commuting matrix of the orig-
inal DFT. We generalize (3) and (5) and find the multiple
diagonal forms of S and T. We also modify the results in
[19] and propose the n? matrix, which can commute with
the noncentral standard form DFT. When the order is low,
the DFT eigenvectors derived from the n? matrix can very
well approximate the HGF. See Section V.

(F) Moreover, we extend our result into the continuous
case, i.e., for any periodic, quasi-periodic, or offset
quasi-periodic continuous operation, we can find the
commuting operation from an arbitrary continuous
operator. Then, using the commuting operator, we can
derive the eigenfunction sets of these continuous opera-
tions. See Section VI.

(B)

©)

D)
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TABLE I
WAYS TO CHOOSE M FOR DERIVING THE REAL, COMPLETE, AND
ORTHOGONAL EIGENVECTOR SET. WHEN B 1S PERIODIC OR QUASI-PERIODIC,
B, = B. WHEN B 1S OFFSET QUASI-PERIODIC, B; = B + o1

Conditions Related Better ways |Forms of] ril\:/(c)(rin;? Oet;l(\j/z-c-
theorem [to choose M A to%s
_ H — vl _ AH | complete and
(1) By =B, | Theorem9 | M=M A=A orthogonal
Hp _ i _ «H | complete and
(2) B, 'B,=pI|Theorem 10| M=M A=A orthogonal
(3)B,=+B," | Theorem 11| M=M" |A=AT | completcand
E'E=D,
AT
(4)B,=+B," ;h@lg; Ei;; M=M" and Aam? real, complete,
and B, is real & (4'5) M is real A is real and orthogonal
_pH _ AT
©) B, TiBL Th. 14.(31) M=M" and A=A real, complete,
and B, B, = | & (36). (44) M is real and and orthogonal
pl & (46) A is real g
— AT
(6)B,"B, =1 ;h(;st 8‘3‘; M=M" and Aam’; real, complete,
and B, is real & ( i 5) M is real Ais real and orthogonal
—_pT _AT
() B, HiBl_ Th. 14,(34) M=M" and A=A real, complete,
and By By = | & G8). (44) ] "y i e and . d orthogonal
pl & (46) A is real S

II. COMMUTING MATRICES FOR PERIODIC, QUASI-PERIODIC,
AND OFFSET QUASI-PERIODIC OPERATIONS

A. Case of Periodic Operations

If an operation B satisfies

B =1 (11)
then we call B a periodic operation with period p (There are
alternative names for these types of operations, such as the p*®
root of the unity matrix and the cyclic discrete transform [15].)
For example, since F4 =1 the DFTisa periodic operation with
period 4.

Theorem 1: Suppose that B is an N x N periodic opera-
tion with period p. Then, for arbitrary N x N matrix M, the
following matrix A generated from M will commute with B

A=M+BMB !'+B2MB 2 +.........

+ BP~IMB~ P! (12)
AB =BA. (13)
Proof:
AB=(M+BMB™ ' +B*MB % +......
+BP"IMB P*1)B
=MB+BM+B2MB ' +.........
+ BP-1MB~P*2 (14)
BA=BM+BMB ' +B>MB 2 +.........
+BPT2MBP*? 4 BPT'MBPT) (15)
=BM+ B MB ! +B3MB 2+ .........
+BP~!MB P*? 4 BPMB P*!
=BM + B MB !+ B3MB 2+ ......
+BP-IMB P*2 + MB
(since BP = Tand B"P*! = B).
= AB. (16)
#
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From the above theorem, we can derive the commuting ma-
trices for the transforms that satisfy B? = I, such as the offset
DFT when a = b (see Section III), the discrete cosine transform,
the Hartley transform, and the discrete Walsh (Hadamard) trans-
form (see Section IV). Note that (7) is a special case of (12).
Theorem 1 is a further generalization of Candan’s work [11].

B. Cases of Quasi-Periodic and Offset Quasi-Periodic
Operations

Theorem 1 can be further generalized. If a matrix B satisfies

B? =C -1, where C issome constant

a7

then we call it a quasi-periodic operation. For example, the
offset DFT when a # b (See Section III) is a quasi-periodic
operation.

Theorem 2: If an N x N matrix B is quasi-periodic, then,
since in (16), BPMB Pl = CMC-'B = MB, and the
following commutative relation is still satisfied:

AB =BA where A =M +BMB™! + B2MB~?
o + BP~IMB P!

M is an arbitrary N x N matrix. (18)

Proof:

AB=MB+BM+B*MB~ ! +.........
+ BPIMBPH2
=BB 'MB+BM+BBMB ' +.... ... ..
+ BBP2MB P+2
=B(A - B 'MB + BP " !MB P*!).

Since B> = C - I, BP"IMB P™' = BPB-'MBB? =
CB~'MBC-'=B~'MB, AB = BA. #
Theorem 3: Furthermore, if an N x N matrix B satisfies
(B+oI)’ =C-1I, where C and o are some constants (19)

we call it an offset quasi-periodic matrix. In this case, we can
first set By = B + ol. Because

B =C-1 where By =B + 01 (20)

we can apply Theorem 2 to find the commuting matrix of By.
Then, since B = B; — oI, if AB; = B{A

AB =AB; —0A=B;A -0A =(B; —cl)A =BA.
21
That is, the commuting matrix of By is also the commuting
matrix of B. Therefore, in (18), we can substitute B by By =
B + o1I. Then, the commuting matrix for B is

A =M+ (B+oD)M(B+0l) 1+ (B+0I)2M(B +oI) 2
Foinnnn, + (B +oD)P"'M(B + oI)"P*  (22)

where M is an arbitrary N X N matrix. The matrix A satisfies
AB = BA.

3893

Corollary 1: For example, suppose that an N x /N matrix B
has only two eigenspaces, which correspond to the eigenvalues
of A1 and \. Since the eigenvalues of B — (A1 + A2) - I/2 are
(A1 — A2)/2 and the eigenvalues of [B — (A1 + o) - 1/2]? are
[(A\1 — X2)/2]%, we have

B_ Mty 2: M= A 21.
2 2

That is, B is an offset quasi-periodic operation with period 2.
Then, from Theorem 3, the commuting matrix of B is

(23)

A=M+ (B - +X) - I/2)M(B - (A + Xp) - I/2) "

(24)
where M is an arbitrary N x N matrix. For example, the pro-
jection operation (see Section I'V) is an offset quasi-periodic op-
eration with period 2.

C. Properties of Commuting Matrices

Theorem 4: If A commutes with B and all the eigenvalues of
A are distinct, then the eigenvectors of A are also the eigen-
vectors of B. The proof of Theorem 4 can be seen from [1].

Theorem 5: If A1,Aq,...... , and Ak commute with B,
then it is easy to prove that
(i) A linear combination of Ay, Ag,...... , and Ak also

commutes with B.
Proof: If L = Zszl T Ak

K K K
LB=) nAB=) nBA =B mAx=BL.
k=1 k=1 k=1
(25)
(ii) The product of A7 - Ag - ...... - Ak also commutes
with B.
Proof: B(AjAy - Axk) =
ABA, - Ax =A;ABA; - Ak =
...... =(A1A,------Ak)B. #

Theorem 6. In Theorems 1 and 2, (12) and (18) can be mo
ified as

o

p—1
A= Z BYTTMB® .

7=0

(26)

Proof: Note that (26) is just (12) [or (18)] multiplied by

B? and B*. Since B?, the matrix A in (12) [or (18)], and B* all

commute with B, from Theorem 5, their product also commute

with B. #
Similarly, in Theorem 3, (22) can be modified as

p—1
A= Z(B + o) "M(B + oI)* 7.

7=0

27)

Theorem 7: If A commutes with B and det(A) # 0, then
A~ also commutes with B. In this case

A'A=1 A"'AB=BA'A, A"'BA =BA'A.
(28)
Multiplying both sides by A~1, we obtain A~1B = BA™".
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Corollary 2: If A commutes with B and det(A) # 0, then
AF also commutes with B, where & can be any integer (even a
negative integer).

Theorem 8: 1If B is real or conj(B) = B~1, when A com-
mutes with B, then

Re(A), Im(A), and conj(A) (29)
also commute with B.

Proof: Since AB = BA, if B is real, then Re(A)B =
Re(AB) = Re(BA) = BRe(A).

If conj(B) = B~71, then, from AB = BA, B™'A =
ABfl, we have
Aconj(B) =conj(B)A
conj(A)B =Bconj(A)
conj(A)B + AB =Bconj(A) + BA
Re(A)B =BRe(A). (30)

The fact that Im(A) and conj(A) also commute with B can
be proven in similar ways. #

D. Generating the Real and Orthogonal Eigenvector Set

The matrix M used for generating the commuting matrix can
be any matrix. However, if we want to derive a real and orthog-
onal eigenvector set, we should choose M to satisfy some con-
straints.

Theorem 9: If the periodic or quasi-periodic matrix B is Her-
mitian symmetric or asymmetric

BHY = +B (31)

where the Hermitian operation ¥ means transpose and conju-

gation (B® = conj(BT)), then we can also choose M as a
Hermitian symmetric matrix

MH = M. (32)

In this condition, from (22)

AH :MH + (B—I)HMHBH 4 (B—Z)HMH ((B2)H

o, + (B7PHLH)HH(gP-1)H

=M + (£B) 'M(£B) + (£B) 2M(£B)*+
......... + (£B)" PP M(+B)P!

=M + (£C'BP HM(£CBP 1)
+ (£CIBP I)M(£CB P2 4 ...
+ (£C7'B)M(+CB™)

=M+ BP!MB Pt f BP2MB P2 .
+BMB !

AH —A. (33)

That is, the commuting matrix A is also a Hermitian symmetric
matrix. Note that the eigenvectors of a Hermitian symmetric
matrix are always orthogonal if all of its eigenvalues are distinct.

In fact, even if there is an eigenvalue multiplicity, we can select
an orthogonal eigenvector set from the eigenspace.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 8, AUGUST 2008

Corollary 3: For the case where B satisfies (19) (i.e., offset
quasi-periodic), (31) is modified as

(B + oD)® = £(B + o1). (34)
In this case, if we set MH = M, then from the process similar
to (33), we can also prove that AH = A and the eigenvectors
of A form a complete-orthogonal set if all of its eigenvalues are
distinct.
{Process to find the complete-orthogonal eigenvector set}
If an N x N matrix B is a Hermitian symmetric or asym-
metric matrix that satisfies (31) (when B is periodic or quasi-pe-
riodic) or (34) (when B is offset quasi-periodic), to find the
complete-orthogonal eigenvector set of B, we can follow the
following steps:
Step (1) First, choose an N x N matrix M. The only con-
straint for M is M = MH,
Step (2) Then, generate A from M by (12), (18), or (22).
Step (3) Find the eigenvalues and eigenvectors of A.

If all the eigenvalues of A are distinct, which is
usually the case, then the eigenvectors of A form a
complete and orthogonal eigenvector set of B.

If A has repeated eigenvalues, we may return to
Step 1 or choose eigenvectors from the eigenspace
properly carefully. For example, if the multiplicity is 2
we can try to select two eigenvectors, one which is even
the other odd, from the eigenspace. Then, sometimes
both the even and the odd eigenvectors

are eigenvectorsof B, such as the case

of the offset DFT. 35)

Theorem 10: If a periodic or quasi-periodic matrix B is
orthogonal

BHB = p.1I where p is some constant (36)

we can choose M to satisfy M = M. It is not difficult to
prove that the commuting matrix A derived from M satisfies

A=AH (37)
and we can also apply the algorithm in (35) to derive the com-
plete-orthogonal eigenvector set of B from A. When B is offset
quasi-periodic, the theorem can also be applied, but (36) is mod-
ified as

(B4 o) (B+0I)=p-1 where pis some constant. (38)

Theorem 11: When a periodic or quasi-periodic B satisfies

B = +BT (39)
if we choose M = MT, then it is not difficult to prove that
A = AT, In this case, the eigenvectors of B derived from A
may not satisfy the orthogonality property

EHYE =D (may be not satisfied) (40)
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where D is some diagonal matrix and each column of E is an
eigenvector derived from A. However, if all the eigenvalues of
A are distinct, then the eigenvectors derived from A satisfy

ETE = D; (satisfied) 41)
where D4 is a diagonal matrix. If B is offset quasi-periodic,

(39) is modified as

(B+oI)T = £(B + oI). (42)

Theorem 12: When B is periodic or quasi-periodic, if
(i) B is a real matrix, or (43)
(ii) conj(B)=7-B~! where 7 is some constant  (44)

we can choose M as a real matrix. Then, the commuting matrix

A generated from M is also a real matrix. Case (i) is very easy

to prove. Case (ii) is proved as follows (note that for the DFT

and the offset DFT, when a = b = L/2, where L is an integer,

the transform matrix F is periodic and conj(F) = F~1).
Proof:

conj(A) =M + conj(B)Mconj(B™1)
+ conj(B?)Mconj(B™2) +......
+ conj(BP~1)Mconj(B~P*1)
=M+B'MB+ B 2MB? +......
+ B PtlyvBP-1
=M+ C~1BP-IMB-P*t1lC
+C 1BP 2MB P20 4 ... ..
+CIBMB'C (where BP = CT)
=M+ BP'MBP*+! { BPT2MBP+24
...... +B'MB™! = A.

#
Corollary 4: When B is offset quasi-periodic, Theorem 12

can also be applied, but (43) and (44) are modified as

(i) B + ol is a real matrix, or (45)
(ii) conj(B + oI) = - (B 4+ oI)™*
where 7 is some constant. (46)

Theorem 13: If a periodic or quasi-periodic matrix B is real
and B = +BT7, then, from Theorem 9 (or Theorem 11) and
Theorem 12, we can choose M as a real matrix such that M =
MT. Then, the commuting matrix A generated from (12) and
(18) satisfies

Aisreal and A =AT. “mn
From the theorem in linear algebra, if all the eigenvalues of A
are distinct, the eigenvectors of A are not only complete-or-
thogonal but also real.

Theorem 14: Generally speaking, if (I) one of the constraints
in (31), (34), (36), and (38) is satisfied and (II) one of the con-

straints in (43), (44), (45), and (46) is satisfied, then we can set

Misreal and M = MT. (48)

3895

Then the commuting matrix A generated from M satisfies

Aisreal and A = AT, (49)

Thus, under these conditions, we can also follow the process in
(35) to find the real, complete, and orthogonal eigenvector set
of B. The only difference is that, in Step 1, A should be real
and M = MT.

For example, for the case of the DFT and the offset DFT when
a = b= L/2, where L is some integer, since the transform ma-
trix F is periodic, FHF = T [satisfies (36)], and conj(F) =
F~1 [satisfies (44)], we can choose M to be a real matrix and
satisfy M = MT and use it to generate the commuting matrix
A.. Then, the eigenvector set of F derived from A is real, com-
plete, and orthogonal.

In Table I, we summarize the theorems stated in this subsec-
tion and show the methods of choosing M if we want to derive
the real, complete, and orthogonal eigenvector set of B.

III. COMMUTING MATRICES FOR OFFSET DFT
The offset DFT [10] is defined as

N-1
Xap[m] = Z F, y[m,n]zn)]
n=0

where  F, 4[m,n] = VN-Te=/ K m-a)n=b) (50

This is a generalization of the DFT and is useful for filter de-
sign, fast algorithm design, and signal representation. In [7], the
eigenvectors of the offset DFT when a = b = 1/2 were derived.
In [8], we found that, when a+ b is an integer, the following ma-
trix will commute with the offset DFT:

"Dy Co 0 0 --- 0 Cy T
C, Dy Cy 0 -+ 0 0
0 Ci Dy Oy : :
Sap=| 0 0 C; 0
L | R O 0
0 : : -+ C; Dn_y Oy
¢, 0 0 --- 0 C; Dy_1]

Sa,bFa,b :Fa,bsa,b
where D,,, =2 cos 27 (m — (a + b)/2) /N]
Cy=ed 7 =a) 0y =i T (@=b)

03 :ej%(b—a)e—j%'rb7 04 — ej%((l,—b)e—jQTra,. (52)

(5D

In fact, this previous work can be much generalized by Theorem
2 described in Section II-B.

A. General Commuting Matrix of the Offset DFT
Note that when a + b is an integer, the offset DFT satisfies

(Fap)* = exp [j2m(a —b)*/N] - L (53)

From (17), the offset DFT is a quasi-periodic operation with
period 4. Therefore, from (18), if

A=M+F,,MFY, +F2, M (F2,)" +F3, M (F3 )"
where M is an arbitrary N x N matrix (54)
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then matrix A commutes with the offset DFT F, 1,

AF., = FapA. (55)
Moreover, since ngFa,b = 1, i.e., the second condition in
Table I is satisfied, in (54), we can choose M as an N x N
matrix that satisfies

M = MH. (56)
Then, since A = AH_if all the eigenvalues of A are distinct,
we can use A to derive the complete-orthogonal eigenvector
set of the offset DFT Fg 1,.

Specifically, when a = b = L/2, where L is some integer,
then the seventh condition in Table I is satisfied. In this case, we
can set M = MT and M is real. Then, we can use the com-
muting matrix A generated from M to derive the real, com-
plete, and orthogonal eigenvector set of the offset DFT.

From (54), we can much generalize the work in [7] and [8] to
find many commuting matrices of the offset DFT and derive a
variety of orthogonal eigenvector sets of the offset DFT.

B. Generalized S Matrix for Offset DFTs
In (54), we can choose M as the following diagonal matrix:
Mn,n] = cos (2rk[n — (a + b)/2] /N)
forn=0,1,...,N -1

M[m,n] =0 otherwise. (57)

Then, the resultant commuting matrix is shown in (58)—(61), at

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 8, AUGUST 2008

is a special case of (58) when k = 1. As S, 1,,, the new S, b x
matrix is also a matrix whose entries are nonzero only in three
oblique lines. The difference is that the distances between the
two off-diagonal lines and the main diagonal line are k, not 1.
In addition to the conditions where N is even and N/2+a+b
is even, all the eigenvalues of S, , k are distinct. Therefore, the
eigenvectors of S, 1,k are also the eigenvectors of the offset
DFT. Even when N is even and N/2+a+b is even, although the
multiplicity of A = 0 is two, we can divide the eigenspace into
the “even part” and the “odd part.” Then the obtained vectors
are also the eigenvectors of the offset DFT. Moreover, since

Sabk = Sibx (62)

we can use S, bk to derive the complete-orthogonal eigen-
vector set of the offset DFT.

C. Generalized T Matrix for Offset DFTs

In [4], we modify Griinbaum’s work [2] and propose the T
matrix [see (5)], which can commute with the original nonoffset
DFT. However, until now, there has been no similar work for the
case of the offset DFT. Here, we find that, if in (54) we choose
M as of the following form:

M{n, n+Fk] = 4el Tk@=b)
x cos(2m {k[n—(a+b)/2]+k*/2} /N)
Mn+k,n] = M*[n,n+k] for 0<n<N—-k+1 (63)
M[r—k+n,r] =4¢) Fhla—b)=j2ma
x cos(2m {r [n—(a+b)/2]—k*/2} /N)

the bottom of the page. Note that the S, p, matrix proposed in [8] Mr,r—k+n] = M*[r—k+n,r] for0<r<k<1 (64)
r Do 0 0 Cy 0 0 Cy 0 0 0 7
0 Dy O 0 Cs 0 0 Cs 0 0
0 0 Dy 0 0 Cs 0 0 Cs 0
c, 00 D 0 0 Cy 0 0 Cy
0 C; O 0 Dip 0 0 Cy 0 0
Sapk=C| 0 0 G 0 0 Dy 0 0 Ch 0 (58)
Cy, 0 0 Ch 0 0 Dn_p 0 0 Cs
0 Cy O 0 Ch 0 0 Dn_i41 0 0
0 0 C4 0 0 Ch 0 0 DN_k42 0
L O 0 o --- Cy 0 0 Cy 0 0 Dn_4
where D,,, =2cos 2k (m — (a + b)/2) /N]
Cy =™ =/N 0, = O (59)
03 _ ej%k(b—a)ej%'ra
Cy = THa=b)g=327a " ¢ i some constant (60)
SabkFab =FabSabk- (61)
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and M[m, n] = 0 otherwise, then the commuting matrix gener-
ated from M (denoted by Ty 1, k) is
Ta7b7k[’l’b, n + k‘]
= eI 7@ cos (21 {k [n — (a + b)/2] + k?/2} /N)
Topk[n+k,n]
=T pxlnsn+k] forn=0,1,....,N—-k~—1

Ta7b7k[’l’b,’n+k‘—N]
4 . 27[' a—l—b
_ j & k(a—b) ,—j2ma = _ 2 2
el N e cos(N{k[n 2}+k/}>
Tupkln+k—N,n]=T;,  [n,n+k— N]
foron=N-k,N-k+1,...,.N—-1

To b k[m,n] = 0 otherwise.

(65)
This satisfies the commuting property
TabkFab=FapTapbk Wwhena+ bisaninteger. (66)

When N +a+0bis odd, all the eigenvalues of T, p, i are distinct
and T, 1, x commutes with F, 1,, the eigenvectors of T, 1, i are
also the eigenvectors of F . When N + a 4+ b is even, the
eigenspace corresponding to A = 0 has a multiplicity of 2. In
this case, if e; is an eigenvector of T, p x With A = 0, we can
divide e; into the even and the odd parts. Then, the resultant
vectors are also the eigenvectors of the offset DFT. Moreover,
since

Tabx = Thpx (67)

the eigenvectors of the offset DFT derived by T, 1 1 will be
orthogonal.

Note that the T matrix in (5) can be expressed as a linear
combination of T¢ 9,0, S, and I

T=S + T07070/COS(7F/N) + 21. (68)

D. Shifted n? Matrix for the Offset DFT and HGF-Like
Eigenvectors

In [19], Santhanam proposed a new matrix that can commute
with the central DFT, which is a special case of the offset DFT
where

a=b=(N—-1)/2. (69)

Here, we modify this work and propose a matrix that can com-
mute with the offset DFT.

For the offset DFT, we can use the following matrix to derive
the commuting matrix and hence the eigenvectors of the offset
DFT:

Min, ] = (n — (a+b)/2)°
for0<n< (a+b)/2+ N/2

Mn,n] = (n =N = (a+b)/2)’
for(a+b)/2+ N/2<n < N

M|[m, n] =0 otherwise. (70)
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Fig. 1. Form of S, b x in Section III-B and T, p, k in Section III-C (* means
the nonzero entry).

Then, we can substitute (70) into (54) and obtain the commuting
matrix of the offset DFT. We call the resultant commuting ma-
trix the offset n? matrix. Since the shifted n? matrix A satis-
fies A = AH the offset DFT eigenvector set derived from the
shifted n? matrix is complete and orthogonal.

Compared with the S, p x matrix and the T4y 1, x matrix, the
offset DFT eigenvectors derived from the shifted 7> matrix are
nearer to the samples of the eigenfunctions the continuous offset
FT. The eigenfunctions of the continuous offset FT [16] is

@) (z) = exp [j(n — T)a/2 — (20 — 1 — 7)*/8]
X Hp (x — (n+7)/2)
where H,,(x) is the p' — order

Hermite function. 71)

It is the shifting and modulation version of the Her-
mite-Gaussian function (HGF). Since the offset DFT with
parameters {a, b} corresponds to the continuous offset FT with
the following parameters:

n=x\/N/21, m=w+\/N/2rw, a=7+/N/2w, b=n\/N/2x

(72)
therefore, the eigenvectors of the offset DFT should be of the
following form:

ep(n) & exp [J"IJ_TGW - (2n—a-— b)27r/4N}
o ([-2] i)

when 0 <n < (N +a+b)/2

(73)
e,(n) ~ 51 exp [jnl b 3 @ \/21/N — (2n1 —a — b)27r/4N]
o (fu-22) )

when (N+a+b)/2<n<N-1

where n; = n — N.

(74)

s1 = 1 when a + b is even and s; = —1 when a + b is odd.
We then performed several experiments to investigate whether
the eigenvectors of the offset DFT derived from S, bk, Ta bk,
and the offset-n? matrix approximate the samples of the shifted
and modulated HGFs, i.e., satisfy (73) and (74).
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Fig. 2. The first four eigenvectors of the offset DFT derived by the offset-n? matrix when N = 61, a = 0.3, and b = 1.7. The two lines are the real part and

the imaginary part, respectively.

0.2 T T r .

0.15r  from Sy p, K Matrix
RMSE
01}
from'Y matrix
0.05} B
0 ; , ;
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order p

Fig. 3. RMSEs of the offset DFT eigenvectors derived from the S, 1, « matrix,
the Y matrix [defined in (75)], and the offset-n? matrix for N = 61,a = 0.3,
andb = 1.7.

from'Y matrix

_6 .
lOg]O,( RMSE) from offset n? matrix

10+
12+
14t . . s s 3
0 10 20 30 40 50 60
order p
Fig. 4. Log,,(RMSEs) of the offset DFT eigenvectors where N = 61,a =

0.3,and b = 1.7.

In Fig. 2, we plot the offset DFT eigenvectors (N = 61,
a = 0.3,and b = 1.7) derived from M, which we call the
offset-n2 matrix. Then, in Figs. 3 and 4, we compare these with
those derived from the S, 1, 1 matrix and the Y matrix, where

Y =8Sab1+ Tap1/cos(n/N)+ 2L (75)

We can find that the offset DFT eigenvectors derived from the
offset-n? matrix are indeed closer to the samples of (71) than
those derived from other methods, especially when the order p
is small.

E. Summary

In this section, we use Theorem 2 to find the commuting ma-
trices of the offset DFT, such as the S, 1, matrix, the Tj 1, ma-
trix, the offset-n2 matrix, and their combinations. We then use

these to find the eigenvectors of the offset DFT, which are very
close to the samples of the shifting and modulating version of
Hermite-Gaussian functions.

IV. COMMUTING MATRICES AND EIGENVECTORS FOR OTHER
PERIODIC AND OFFSET QUASI-PERIODIC OPERATIONS

We have stated that, if an operation is periodic, quasi-peri-
odic, or offset quasi-periodic, we can use Theorem 1, 2, or 3 to
derive the commuting matrices and hence the complete-orthog-
onal eigenvector set. An example of the offset DFT (a quasi-pe-
riodic operation with period 4) was given in Section III. In this
section, we show other examples using the generalized com-
muting matrix to derive the eigenvectors of discrete sinusoid
transforms, the Walsh transform, and the projection operation.

Example 1: Discrete Sinusoid Transforms and Walsh Trans-
forms: The discrete cosine transform (DCT), the discrete sine
transform (DST) [17], and the discrete Hartley transform
(DHT) [18] have a variety of definitions. Some of them are pe-
riodic operations. For example, the DCT of type 1 (denoted by
DCT-I) is defined as

Tmn >

[ 2
DCT-1 : B[m,n]: ﬁkmkn COS (N 1

knzl/ﬁ when n=0 or N — 1, k,, =1 otherwise. (76)

It has a period of two and satisfies

BZ2=1 (77)
Moreover, the DCT of types 4, 5, and 8, the DST of types 1, 4,
5, and 8, and the DHT of types 1 and 4 (definitions can be seen
from [8], [17], and [18]) also have a period of 2 and satisfy (77).
Therefore, for any N x N matrix M, if

A =M+ BMB, (notethatif B2 =1, then B! = B)
(78)
where B is the corresponding transform matrix of DCTs of
types 1, 4, 5, or 8, DSTs of types 1, 4, 5, or 8, or DHT of types
1 or 4, then A will commute with B. If all the eigenvalues of
A are distinct, the eigenvectors of A are also the eigenvectors
of B, and we can use A to derive the eigenvectors of the DCT,
DST, or DHT. Moreover, if we choose M as a symmetric ma-

trix, then A is also symmetric

A =AY ifM=M"E (79)

The eigenvector sets of the DCT, DST, or DHT derived from the
above commuting matrix A are complete and orthogonal. The
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recent tridiagonal commuting matrices of the DCT-I, DCT-1V,
DST-1, and DST-IV derived by Pei and Hsue [13] are special
cases of the general commuting matrix A in (78).

For the Walsh transform (also called the Hadamard trans-
form) matrix W [14], since

W? = NI (80)

from (18), the following matrix commutes with W:
A=M+WMW/N 81)
AW =WA (82)

where M is an arbitrary N x N matrix. Since W = W7 and
W is real, we can choose M as a real matrix that satisfies M =
MH  If the eigenvalues of A generated from M are distinct, we
can use A to find the real, complete, orthogonal eigenvector set
of the Walsh (Hadamard) transform.

Example 2: Projection Operations: The operation P that
projects an [V-dimensional space into a K -dimensional space
is the discrete linear operation with two eigenvalues, 0 and 1.
The eigenspace corresponding to the eigenvalue of 1 has the
dimension of K and the eigenspace corresponding to O has the
dimension of N — K. Note that

(P—-1/2)* =1/4. (83)
This is an offset quasi-periodic operation that satisfies (19).
Therefore, from (22), the following matrix will commute with
the permuting matrix P:

A=M+ P -1/2)M(P -1/2)"!
=M+ (P —-1/2)M(4P — 2I)
(from (P —I/2)~' = 4(P - 1/2))
where M is an arbitrary
N x Nmatrix
AP-1/2)=(P-1/2)A.

(84)
(85)

Thus, from Theorem 4, if all the eigenvalues of A are distinct,
the eigenvectors of A are also the eigenvectors of the permuting
operation P. Moreover, if P is a Hermitian symmetric real ma-
trix and the matrix M we choose is real and satisfies MH = M,
then

AT = A and A isreal (86)

and the eigenvectors of A form a real, complete, and orthogonal
eigenvector set of P.

(Example 3) The Matrix With More Than Two Eigenspaces:
In Corollary 1 and Example 2, we have showed how to use com-
muting matrix to find the orthogonal eigenvector set of a matrix
with two eigenspaces. Here, we show that if a matrix has H
eigenspace where H > 2, we can also use Theorem 3 to find its
orthogonal eigenvector set.

Suppose that a matrix B(B = B¥) has only three eigen-
values A1, )2, and \3. First, we set By as

By =[B — (A2 + A3)/2”. (87)
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It is not difficult to prove that By has two eigenvalues, (Ao —
/\3)2/4 and [)\1 — (/\2 + )\3)/2]2

(A2 = A3)?

Bax= x if Bx=MXyx or Bx=MA3x (88)

A2+ A3
2

2
Baox= ()\1 — > x if Bx=\x. (89)

Therefore, B2 has two eigenspaces and we can use the method
in corollary 1 to find its commuting matrix. Since B = BH,
A should be real, By = Bg is also satisfied. Therefore, we
can choose M to satisfy M = M and the eigenvectors of B
derived from the commuting matrix generated from M form a
complete and orthogonal eigenvector set. We denote the derived
eigenvector set of Bs by E

: e1,N1|62,1 €322 : e2,N3]

E=le11 e12
Ao+ A3\’

B1el,n= (Al_ 2—; 3) €1.n

(A2 —A3)*
4

B1e27n = €2 n, N1+N2 = N./ size(B):NxN.

(90)

Then, from (89), e1  is also an eigenvector of B and the
corresponding eigenvalue is ;. Although e, ,, may not be
an eigenvector of B, ez, € 2y U Q3 where Q5 and 3
are the eigenspaces of B corresponding to the eigenvalues
of Ay and A3, respectively. In fact, if y € €9 U Qg3, then
y can be expressed as a linear combination of ez, where

n = 1,2,..., N;i. Therefore
EzEeg =Yy, where E2 = [8271 €3 2 621N2] .
o1
If
(EY¥'BE;)z=7z and z2=E»z (note that z5 € Qs U Q)
92)
then
EflBz, =1z
EsEY Bz, = 7Eaz (note that Bz € Q, UQ3)  (93)
Bz, =725 (since zg € Qs U Q3
T = /\2 or /\3) (94)

That is, if (ESYBE2)z = 7z, then zo = Eaz is an eigenvector
of B corresponding to the eigenvalues of Ay or As. Thus, to
find the orthogonal eigenvector set of B(B = BH) with three
eigenspaces, we can

(i) First, find the eigenvectors of By defined in (87), which
has only two eigenspaces and Corollary 1 can be applied.
The eigenvectors correspond to A; can be derived in this
step.

(ii) Then, find the eigenvectors of EXXBE,. It also has only
two eigenspaces and Corollary 1 can also be applied. The
eigenvectors correspond to Ay and A3 can be derived in
this step.

When B have four eigenvalues, A1, A2, A3, and A4, then we

can first convert it into By where

Bs = [B — (A3 + A\1)/2%. 95)
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Then, we can prove that B3 has three eigenvalues: [A; — (A3 +
A1)/2)%, A2 — (A3 + A1) /2]2, and (A3 — \4)? /4. Therefore, we
can follow the process described above to find the eigenvectors
of B3. Then

if Bsgern = [M — (A3 + A1)/2)? €1n, Bein = Mein
if Bgean = [A1 — (A3 + /\4)/2]2 €xn, Bezn = Aoea
if Bgegn = (A3 — \1)?/4esn, e3n € Q3 Uy (96)

where (23 and {24 are the eigenspaces of B corresponding to A3
and Ay, respectively. We can use the process similar to (92)—(94)
to further derive the eigenvectors of B corresponding to A3 and
A4 from eg 5.

We can further generalize the above method to find the or-
thogonal eigenvector set of a Hermitian symmetric matrix B if
B has more than four eigenspaces.

V. FURTHER EXPLORATION OF DFT EIGENVECTORS

We can also use the proposed theorems to further extend the
previous works about DFT eigenvectors. The commuting ma-
trices of the DFT that have been found are as follows:

(a) the S matrix in (3);

(b) the T matrix in (5);

(¢) Candan’s matrix in [11]; and

(d) the matrix proposed by Santhanam (commutes with the

central-form of the DFT) [19].
In this paper, we find that the matrices described in
Sections V-A, V-B, and V-C can also commute with the
DFT:

A. Multiple Off-Diagonal S and 'T Matrices

In (58) and (65), if we set a = b = 0, then the matrices Sg o x
and T ok can commute with the non-offset DFT. They have
the multiple diagonal forms as in Fig. 1 and are the generaliza-
tions of the S and T matrices in (3) and (5).

B. Improved Form of n? Matrix

In (70), if we set a = b = 0, then

Min,n] =n?, forn < N/2
Mn,n] =(N —n)? forn > N/2
M[m,n] =0 when m # n. 97

If we set

A =M+ FMF! (98)
[note that, since F2MF 2 = M, (12) can be simplified as
(98)], then A commutes with the original DFT (In comparison,
in [19], Santhanam proposed a matrix that commutes with the
central-form of the DFT.) We call A in (98) the n2 matrix.
Since all the eigenvalues of A are distinct and A is a real matrix
that satisfies A = AT, the eigenvectors of A are the real and
complete-orthogonal eigenvector set of the DFT.

We then compare the DFT eigenvectors obtained from the n?
matrix and those of the S matrix, the T matrix, S + 15T, and
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0.2

RMSE from S matrix
01r \

from T matrix

orderp

from n? matrix

Fig. 5. Comparison of the RMSE of the DFT eigenvectors obtained from the
S matrix, the T matrix, S + 15T, Candan’s matrix, and the n? matrix where
the number of points N = 50.

4¢

Bt
log,,(RM
-8+

10+

0 10 20 30 40
order p

Fig. 6. Comparison of log,,(RMSEs) for the DFT eigenvectors obtained by
the n? matrix and other methods when N = 50.

Candan’s matrix [11]. We calculate the RMSE between the DFT
eigenvector and the Hermite-Gaussian function (HGF)

N_1 ) 0.5
RMSE, = (Z ’hp(t 2r/N) — ep[n]‘ )
n=0

hy(t):p™ order HGF

ep[n]: p*® DFT eigenvector(sorted by zero crossings).

99)
When p = 0, the RMSEs of the DFT eigenvectors are
S matrix : RMSE =4.81 x 10™*
T matrix : RMSE =2.35 x 1074
S+ 15T : RMSE =3.38 x 107¢
Candan's matrix : RMSE =1.15 x 10~ 13
n? matrix : RMSE =9.68 x 1076, (100)

In Fig. 5, we plot the RMSE for all ps for N = 50. From
(100), and Fig. 5, it is apparent that in most of the cases the
RMSE of the DFT eigenvectors obtained from the n? matrix
is much less than those obtained from S, T, S + 15T, and
Candan’s matrices. We also plot log;,(RMSE) for N = 50
in Fig. 6 and plot log;,(RMSE) for N = 20 and 40 in Fig. 7.
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(a) T
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order p
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(b) T
o=
‘ A
5|S+15T
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log, ,(RMSE) / 2
-10
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order p

Fig. 7. Comparison of log,,(RMSEs) when (a) N = 20 and (b) N = 40.
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Fig. 8. Relation between the order p and the eigenvalue of the n? matrix when
N = 50.

Note that the approximation error of the DFT eigenvector de-
rived from the n? matrix is especially small when the order p is
very small. In fact, from a series of experiments, we find that

when p < 0.72N —8 RMSE < 1074 (101)

When the order p is near to IV, the approximation error of the
DFT eigenvector obtained from the n? matrix may be as large as
those obtained from other methods. There are two ways to illus-
trate the phenomenon. First, the n? matrix can be viewed as the
“digital implementation” of (4). To make the digital implemen-
tation accurate, the coefficients should not vary fast. However,
the term n? varies fast when 7 is larger, and most of the energy
of the eigenvector concentrate on the region where n is larger
when the order p is higher. Therefore, when p is lager, the n2
matrix may not be a good way to digitally implement the differ-
ential equation in (4).

Moreover, from 7 = —p—1in (4), the eigenvalues of the con-
tinuous Hermite-Gaussian functions are linear with p. However,
for the n2 matrix, the eigenvalues is linear with p only when p
is not near to N. For example, when N = 50, the relation be-
tween p and the eigenvalue of the n? matrix is plotted in Fig. 8.
Therefore, the n? matrix cannot well approximate (4) when p is
larger.

C. Linear Combination Form

Since the S matrix, the T matrix, the Sg o x matrix, the
To,0x matrix, (i.e., multiple diagonal S and T matrices),
Candan’s matrix, and the n2 matrix all commute with the DFT,
from Theorem 5, their linear combination also commutes with
the DFT

X =nol+nA +nC+ ZTkSO,o,k + ZUkTo,o,k
% %

XF =FX (102)

TABLE II
AVERAGE RMSES OF THE HIGHER-ORDER DFT EIGENVECTORS
DERIVED FROM DIFFERENT METHODS

X matrix
0.080501

n* matrix
0.082696

Candan’s
0.093102

T matrix
0.143401

S matrix
0.156541

where A is the n2 matrix, C is Candan’s matrix, and 10, M1 M2,
Ty, and o} are some constants.
For example, when N = 50, we can choose

X =A +0.056C + 0.1580,0,1 +1.35T0,0,1

—1.5Tp,0,2 + 10T 0,2. (103)
[The coefficients in (103) are obtained by the sequential opti-
mization from iterative computer simulations.] Then, the DFT
eigenvectors derived from it have lower RMSEs when the order
p is higher. In Table II, the average RMSEs of the higher-order
DFT eigenvectors is measured by

5 (Z_ ot 27r/N>—ep[n1\2>

N-1 2\ 8
+ 3 |hg(t/27/N) = egfnl ) J(N = Ny)  (104)
n=0

where N; = round(2N/3) and ¢ = N — mod(N,2). The
RMSE in (104) is similar to that in Wikipedia. The difference
is that we consider only the higher order case. The second term
in (104) comes from that the highest order DFT eigenvector is
similar to the N — mod (N, 2)*" order HGF.

D. Discrete Fractional Fourier Transform

As in [3]-[6] and [10], one can use the eigenvectors of the
DFT (denoted by ey) to define the discrete fractional Fourier
transform (DFRFT)

N-—-2
DFRFT: F* =Y e /™ esef + e 7™M e e];
k=0

(105)
where M = N —1 when N isodd and M = N when N is even.
If we define the DFRFT based on eigenvectors generated from
the n? matrix, this will work in a similar way to the continuous
FRFT.
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VI. EXTENSION TO THE CONTINUOUS CASE

A. General Commuting Operations for Continuous FTs

We can also extend the results in Section III into the case of
the continuous FT. The differential equation in (4) is known to
be commutative with the continuous FT (denoted by <) [3]

2 2

S %hk(t) - 47T2t2hk(t):| = [%}Lk(t) - 47r2t2hk<t) S.
(106)

Therefore, the eigenfunctions of (4), which are Her-
mite-Gaussian functions, are also the eigenfunctions of the
FT. Now, as we found that for the DFT there are many com-
muting matrices other than the S matrix in (3) and the T matrix
in (5), we also ask whether there are other operators commuting
with the continuous FT. In fact, (see Theorem 15).

Theorem 15: For any continuous operation Oy, if

O4=03+S0,S3 ' +3%20,3724+3%0,,372 (107)

then O 4 will be the operator commuting with the continuous
FT. If all the eigenvalues of O 4 are distinct, the eigenfunctions
of O 4 are also the eigenfunctions of the continuous FT. Using
Theorem 15, we can derive a variety of operators that commute
with the continuous FT.

B. General Commuting Differential Equations for Periodic or
Quasi-Periodic Continuous Linear Operations

The general theorem for commuting matrices in Sections II-A
and II-B can also be extended to the continuous case. For a con-
tinuous linear operation O

Onlo(®)] = [ K(s.g(ti. (108)
We define O as performing the operation Ogm times
OB l9(t) = [ K(sitm)+o-+ [ Klta,t)
X /K(tl, tg(t)dtdty - - - dty,. (109)

Theorem 16: If the continuous operation Op satisfies

O% lg(t)] = C - g(t), where Op, [g(t)] = O [g(t)] + og(t)

(110)
o and C are some constants, i.e., Op is a continuous offset
quasi-periodic operation, then the eigenfunctions of Op; are

also the eigenfunctions of Op. In this case, we can first use the
following way generate the commuting operation O 4:

O4 =0p+Op, OMOgll + OJZBIOMOE? +oee
p—1 —p+1
+ OB, OmOp;
040 =004
where O, is any continuous operation. If all the eigenvalues

of O 4 are distinct, then the eigenfunctions of O 4 are also the
eigenfunctions of Op; and, hence, Op.
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Proof:

0405 =005 + OOy + 0501,05" + 0301057
+o. + 0510y, 057
=0p0y + 050105" + 0300 05° + ...
+ 05 0y 05" + 0005
=0g (Om + OO OF' + 0301057

"'OBBOMOJE3 + ... + O%‘10MOEP+1)
= 0504 (113)
#

Note that Theorem 16 is analogous to Theorem 3. Specially,
in (110), when o = 0 the continuous operation Op is said to
be quasi-periodic. When ¢ = 0 and C = 1, Op is said to be
periodic.

periodic :  O% [g(¢)] = g(t)
O [9(t)] = C - g(2).
In these cases Theorem 16 can also be applied.

Moreover, as the discrete case, we can choose Oy is a sym-
metric linear operation

quasi-periodic : (114)

O [g(t)] = /KM(&t)g(t)dt and K (s,t) = Kj(t, s)
(115)
then O 4 is also symmetric and we can use O 4 to derive the
orthogonal eigenfunction set of Op.

Many continuous operations are periodic, quasi-periodic [sat-
isfy (114)], or offset quasi-periodic [satisfy (110)]. For example,
the continuous cosine transform, the continuous sine transform,
and the continuous Hartley transform have periods of 2. The ro-
tation operation by the angle of 27 @)/ P has a period of P. The
Hilbert transform has a period of 2. The reflection operation has
a period of 2. Moreover, sometimes the twisting operation in
geometry and some operations in the optics system are also pe-
riodic. For these operations, we can use (111) to find their cor-
responding commuting operations O 4 and use O 4 to find the
eigenfunctions of these operations.

For example, as the discrete case, the projection operation in
the continuous case (denoted by O,) is offset quasi-periodic.
Since O,, has only two eigenvalues, 0 and 1

O3, lo(t)] = g(t)/4  where Op, [g(t)] = Op [9(1)] - g(t)/2.

(116)
From Theorem 16 and (111), the following operation will com-
mute with Opg1:

O4 = O]M‘i'OBlOJMOEi- (117)
If all the eigenvalues of O 4 are distinct, the eigenfunctions of
O 4 are also the eigenfunctions of O p; and hence the eigenfunc-
tions of the projection operation O,,.

Moreover, with some modifications, Theorems 4 to 14, Corol-
laries 1 to 4, and Table I in Section II can all be applied in the
continuous case.
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VII. CONCLUSION

Candan previously found the general method to derive the
commuting matrix of the DFT [11], and in this paper we have
shown that, for any periodic (B? = I), quasi-periodic (B? =
C'-1), and offset quasi-periodic transforms (B +oI)? = C-I),
we can use Theorems 1, 2, and 3 to find the commuting ma-
trix from an arbitrary matrix M and hence derive the com-
plete eigenvector set of these operations. The proper ways to
choose M for generating the commuting matrices are summa-
rized in Table I. We have shown the examples that use the pro-
posed theorems to derive the eigenvectors of the offset DFT
(quasi-periodic, p = 4), the DFT (periodic, p = 4), the DCT, the
DST, the DHT (periodic, p = 2), the Walsh (Hadamard) trans-
form (quasi-periodic, p = 2), the projection operation (offset
quasi-periodic, p = 2), and the matrix with H eigenspaces (can
be decomposed into H — 1 offset quasi-periodic matrices with
p = 2.) For example, for the offset DFT, we found that the
multiple-diagonal S matrix, the multiple-diagonal T matrix, the
offset-n2 matrix, and their combinations can commute with the
offset DFT, and the eigenvectors derived from these matrices
are orthogonal and very similar to the samples of the shifted
and modulated version of HGFs. Moreover, we also extended
our results into the continuous case and found general ways of
generating the commuting operators for any periodic, quasi-pe-
riodic, and offset quasi-periodic continuous operation.
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