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Structural Synthesisand Geometry Analysisfor Multi-Finger Hands
NSC 89-2212-E-002-015

ABSTRACT

Thiswork presents a new approach for the structural
synthesis of multi-fingered hands. It takes into account
both the total mobility and the force closure criterion of
the system. Based upon the Griibler's mobility equation,
relations regarding the numbers of fingers, contact
geometry, and object freedoms are established.
Subsequently, by applying the force closure criterion, the
total number of possible multi-fingered hands with given
mobility are synthesized.

This work also performs the workspace analysis of
planar hand mechanisms. The result of analysis provides
necessary conditions for the geometry constraints
between the object and finger geometry in order to have
minimum non-empty workspace.

INTRODUCTION

The structure of robotic manipulator generally
employs a seria type of kinematic chain attached with an
end-effector, or the gripper, capable of simple gripping.
The use of such structure has shown limited functions,
such as unable to provide fine motion or force controls.
Therefore, anthropomorphic hands with multiple fingers
have been devel oped to meet the condition where the
dexterous manipulation or fine motion controls are
required. The mechanical hands are designed to have a
plurality of fingers, each with a number of joints, such
that they can emulate human hand’ s functions. Various
multi-finger hands could be found in the literature
[3,5,6,7,11,13]. Generally, these designs have been made
to develop improved hands for different applications, for
example, prosthetic devices or remote manipulation. The
structures of the mechanical hands basically resemble the
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skeleton of human hands. Salisbury ever performed the
number synthesis of hand mechanisms up to three fingers.
Subseguently, a three-finger hand with three joints on
each finger was designed [10]. Except this, most other
mechanical hands were devel oped from the emulating
work of grasping patterns observed from human hands.
Not much literature addressed the multi-finger hands
from the structural synthesis viewpoint.

The objective of this study is to enumerate total
number of admissible hand mechanisms where the object
and the hand base are kinematically linked together
through fingers. The contact geometry between the
object and the hand will be firstly reviewed. Then,
several design constraints for the structural synthesiswill
be discussed and developed. Finally, admissible hand
structures with mobility up to six and finger numbers up
to six will be enumerated.

CONTACT GEOMETRY

A rigid body without any constraint has six degree-
of-freedom (DOF) in the three-dimensional space. If the
body is brought into contact with another rigid body, the
motion of therigid body will be restricted. The degree to
which the motion of the body is restricted depends upon
the nature of the contact, that is, the pairing geometry as
well asthe frictional restraint in act [2,11]. Thus, the
relative DOF between two contacting bodies with or
without frictional restraint can be summarized as shown
in Table 1. It can be seen that there is every possible
physical pairing to generate the contact DOF from zero
to five between two contacting bodies. This result can
facilitate our structural synthesis procedure since the
contact freedom can be assigned from zero to five.

Tablel. Contact geometry and degree-of-freedom

Typeof contact | Point | Line | Plane | Soft finger!
Without friction | 5(2)2 | 4(1) 3 2
With friction 3(1) | 1(0) 0

1. Seeref.]11]. 2. Numbersin () represents the 2-
dimensional case

CONSTRAINT CONDITIONS

When a multi-finger hand grasps an object, it
becomes a mechanism with multiple loops, as shown in
Fig. 1. In thiswork, we assumed that the contact between
the hand and the object only occurs at the distal portion




of the finger, i.e. the fingertip position. Further, all the
contact is of the same type of contact geometry. In
addition, each joint on the finger is considered to have
single degree of freedom. Hence, the total mobility of the
hand-object mechanism from Gribler’s formula can be
written as

F=6(2+4 N, -1)-[54 N, +n(6-)] (1)
i=1 i=1
where
F : total mobility of the hand-object mechanism,
n: number of the fingers,
N : number of the links of thei™ finger, also
number of the joints of thei™ finger,
f: contact DOF between the finger and the object,

After some simplification, Equation (1) becomes
F=6+AN, -n(6-f) @)
i=1

Equation (2) can be used to calculate the mobility of the
mechanism formed by the hand and object. This mobility
number serves a necessary condition index for dexterous
manipulation. The more dexterously the object can be
manipulated, the greater the mobility number is. Yet, the
reverse statement does not always hold as will be
discussed |ater.
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Fig. 1 A multi-fingered hand with n fingers

To carry out the structural synthesisby Eq. (2), one
can specify the mobility F, finger number nand the
contact DOF £, and then find the joints of each finger. It
is possible to enumerate the answers through the
exhaustive combination and permutation. However, it
can be more efficient to impose the embedded constraints
prior to the enumeration. Such procedure can reduce the
number of mechanisms so that we can obtain more useful
cases only. Following are the establishment of the
constraints.

Constraint Condition 1

From the practical point of view, it isdesirable for
the grasped object to have a full mobility six. On the
other hand, it is reasonable to specify three as the
minimum mobility of the grasped object since the
mobility less than three will be of little use. Similar
analogy can be applied to the limitation of the finger
number. We specify three for the finger number asthe

lower limit sinceit istrivial to discuss one or dual fingers.
We then specify six asthe upper limit sinceit is
reasonable to consider the number greater than human
fingers by 1 and too complex to be greater than six. Thus,
the limit for the total mobility F and the finger number n
are specified as
3EF£6
3ENnE6

(3
(4)

Constraint Condition 2

The mobility equation Eqg. (2) provides only an
index of moveable condition for the mechanism. It is not
sufficient to indicate whether the grasped object can be
held securely. To determineif the hand imposes
sufficient constraint to immobilize the object compl etely,
one must further count the constraints applied on object.
Reuleaux [8] found that at least 4 frictionless point
contacts are required to immobilize two-dimensional
objects. Somoff [14] and later Lakshminarayana[4]
showed that at least 7 frictionless contact points are
reguired to immobilize three-dimensional objects. Much
later, Rimon and Burdick[9] and Yashikawa[15] showed
that objects with special geometry can be immobilized
with number of contacts less than that derived by
Reuleaux. In this work, we shall apply the general force
closure criteria by Smoff and Lakshminarayanato
provide further constraint conditions. Therefore, when
the multi-finger hand grasps the object, the constraints on
the object should be greater than or equal to 7. This
resultsin

n(6-f)3 7

or, f £(6n-7)/n

where fassumes to the nearest integer number.

(5.9
(5.b)

Constraint Condition 3

Davies[1] ever studied the mobility relationship
between a kinematic chain and its kinematic subchain. It
was pointed that kinematic chains of mobility Fin which
all kinematic subchains have mobility ® Fform
mechanisms that always have total mobility. We wish to
synthesize mechanisms as having total mobility.
Therefore, the kinematic subchains formed by any two or
more fingers contacting with the object should have the
mobility greater than or equal to the total mobility.
Consider a multi-finger hand of nfingers, the kinematic
subchains formed by / fingers should have mobility
greater than or equal to the total mobility F. Thus, the
mobility of the kinematic subchains formed by 2 fingers
contacting with the object is

N, +N;-2(6-f)+6° F
Mohility of 3 fingers contacting with the object,

(6.9

N; +N; +N,-3(6-f)+6° F (6.b),
Or, in a concise form, the mobility of /fingers
where (2 £ /< n),
/terms
N;+N;+...+N, -1(6-f)+6° F (6.c)

The theory developed by Davies did not include the
condition of the open kinematic chain. In what follows,



we shall deduce the joint number constraint for one
finger condition from Eq.(6.a). First we write (1+1)
mobility inequalities for the kinematic subchains when
finger / and another finger (1 /) contacting with the
object

N, 3 (F+6-2f)-N, (7.8
N, 3 (F+6-2f)-N; (7.b)
N,13 (F+6-2f)-N; (7.0)
Ni.3 (F+6-2f)-N, (7.d)
Nn3 (F+6-2f)-N; (7.

Adding the terms on each individual side and an N; to
both sides of the inequalities, one yields:
AN, 3 (n-1)(F+6-2f)-(n-2N, (8)

Recall from the Eq.(2) that the total joint number is
AN_=F+n(6-f)-6
m=1

Substituting the above term into the left term of
Inequality (8) yields

N, 3 F-f 9
Since the subscript /7 is adummy variable, Equation (9)
can be ageneral constraint for the joint number of a
single finger. We note that Eq.(9) can be obtained from
Eq.(6.c) if the limit of variable /isextended to (1L £ /<
n).

In summary, the constraints for the structural
synthesis of multi-finger hands are rewritten as

[ F=6+&N, -n(6-f) @)
i=1

3EFE6 3)

3ENE6 4)

\ f£%(6n-7) (5.0)
/terms

/—H
LNGEN 4N D6 462 F (LE /<)
(6.c)

STRUCTURAL SYNTHESIS

In view of the constraints mentioned above, it can be
seen that the determination of the joint numbers of each
finger will be the main part of the synthesis procedure. In
what follows, we shall demonstrate the procedure by two
examples.

Example 1 Synthesize the structures of multi-finger hand
with mobility 3 and three fingers.
Step 1. Since F=3 and =3, find the limit for contact
DOF ffrom Eq.(5.b)

f£3 (20)
Equation (10) means the contact DOF between the finger
and the object must be less than or equal to 3; otherwise,
the hand is unable to restrain the object.
Step 2. Set the values of f. Substituting f=0 into
Eq.(2),and (6.c), yields

N,+ N,+ N,=15 (12)

N, 2 3 (12.9)
N,3 3 (12.b)
N, 2 3 (12.c)
N,+N,2 9 (13.9)
N,+N;2 9 (13.b)
N,+N,2 9 (13.c)

Step 3. Although there are 6 inequalitiesin Egs.(12) and
(13), it isnot necessary to check all the
inequalities for Ni’s. If we let N,EN,EN,, the
inequalities (12.b), (12.c), (13.b), and (13.c) are
satisfied accordingly. Adding this constraint can
avoid the repetition during the distribution of Ni’s.
Thus, the admissible solutions for (N;, N, N) are
(3,6,6), (4,5,6), and (5,5,5).

Step 4. The structures for various f’s can be obtained via
the same procedure from Step 2 to Step 3. The
resultsare listed in Table 2.

Table. 2 Structures for F=3, n=3
(N11 NZ! N3)

(36,6), (45,6),(555)
(255),(345),(444)
(1,44),(2,34),(3,3,3)
(1,2,3), (2,2,2)

WIN|FP|O|™

Example 2 Find the structures of multi-finger hand with
mobility 6 and four fingers.
Step 1. Find the limit for the contact DOF. We obtain
fE4 14
Step 2. Let f=0 and N,£N,EN,.EN,, we have the joint
number equation and inequalities as

N,+ N,+ Ng+ N,=24 (15)
N,3 6 (16)
N+ N,3 12 17)
N,+ N+ N, 3 18 (18)

Solving the above constrains yields (N;, N,, N,

N, )=(6,6,6,6). Similarly, for various contact DOF f's, the
admissible combinations for Ni’s are listed in Table 3. It
can be noted that the structures of this kind of multi-
finger hand have a symmetric form of joint number.

From the above illustration, a systematic procedure
for the enumeration of structures subject to the range 3
£FE6 and 3£n£6 can be developed and the admissible
structures of multi-finger hands can be obtained. The
total number of admissible multi-finger hands with given
mobility and finger numbers are listed in the Table 4.

Table. 3 Structures for F=6, n=4
(N3, N N3 N,)
(6,6,6,6)
(5,55,5)
(4,4,4,4)
(3,3,3,3)
(2,2,2,2)

AIWIN|FR|O|™

WORKSPACE ANALYSISOF THE PLANAR-
HANDS

The workspace of a hand-object system can be
defined as the area swept out by one particular point



fixed in the object as the object is moved through all
possible positions. The workspace is generally
determined by kinematic properties of the hand-object
system, such as the contact geometry at the contacts,
shape of the object, and structure of the hand mechanism
(Kerr and Roth, 1986). In what follows, we will assume
that the contact geometry between the fingertips and the
object is point contact with friction, and the contact
points do not change during the manipulation. Under this
assumption, the revol ute-pairing can be used to replace

the contact geometry between the fingertip and the object.

In addition, we will only consider the planar hand for our
purpose.

A three-fingered planar hand

The workspace for athree-fingered planar hand can
be analyzed in away similar to that for a two-fingered
hand. Figure 2(a) shows a three-fingered hand. For the
sake of symmetry, the proximal joint of each finger is
located on the vertex of an equilateral triangle with edge
length L. The links length will also be symmetric for
each finger. Points Bq, Bo, B3 are referred to the contact

points and form a grasp triangle. Let P be the centroid of
the grasp triangle. Then, for a specified orientation of the
grasp triangle, f, the workspace of the point Pisto be
analyzed. By using the kinematic inversion method, the
trace of P generated by E1A1B41Pisan annular region

centered at C where E1C1 isparallel to B1P. Likewise,
the trace of P generated by the other fingers can be
obtained in asimilar means. Note the annular regions
generated by three fingers will be of equal size. In order
for the object to have non-empty workspace, the three
annuluses must have common intersecting area, i.e., the
radii of the outer circles must be greater than that of the
circumscribed circle of C1CoCg and radii of the inner
circles smaller than that of the circle of C1C>Cg. This
becomes:

(1, +1,) £ di[2sin(D)] (19a)

(1, +1,) £ d/[2sin(D)] (19b)
where d denotes an edge of the triangle DC1C>C3

formed by centers of annuluses and D isthe
corresponding opposite angle as shown in Fig. 2(b).

Fig. 2(a)

In case the grasp triangle DB1BoB3 is equilateral,
the triangle formed by points Cq, Co, and Cg will also be

equilateral. Let the coordinate system be defined as X-
axis pointing along the edge E1E». Then, the coordinates

Fig. 2(b)
for the triangle vertices Cq, Co, and Cg are:

C, :[/; xcos(f +p/6), I, sin(f +p/6)]

C,:[L- I;xos(f - p/6),- I,>sin(f - p/6)]

C,:[LI2+1,xcos(p/2- f),4/312xL- I,>sin(p/2- )]
where |3 isthe radius of the circumscribed circle of grasp
triangle DB1BoB3. Substituting the calculation of d
into Eq.(11a&b) and squaring both sides of (11a&b),
yields:

(I, +1,)%3 1.2+ 17 3- 2/+/3%, xL cos(f)

(I, - 1,)2 £ 12+ 12 13- 2/+/3%, xLcos(f)
While equality holds, Egs.(20a) and (20b) denote a
family of hyperbolasinl3-(11+l2) and | 3-|l1-1o| space,
respectively. It can also be noted that both equations
degenerate into two straight linesatf = 0andf =p.In

order for the object to have least non-empty workspace,
i.e., occurred atf =0, Eq. (20a) can be deduced to:

(20a)
(20b)

Max0.- (I, +1,) +%} £, £, +1,) +% 1)
On the other hand, Eq. (20b) may be rearranged as:

(h- 1,)? £y~ LIV3)? (22)
Solving the admissible range for I; resultsin

If 1,2 L/N3 then [,ELIN3-| 1 -1, [ or

L3 -1, +L/y3 (23a)
Else/, =1, (23b)

Solving the intersecting ranges of Eq. (21) and (233, b),
one can obtain the feasible range of |3:
If /e L/\/§,thenl3 must fall within the following
two inequalities:
LINB+| - 1, |E1L,ELIN3+| [ +1, |  (24a)
or
Maxq0, LIN3- (I, +1,)} £ 1, £ LIN3-| I - I, | (24b)

If /,=L/~3,thenl; must beequal tol, and the

workspace aways exists. (24c)
Equation (24) gives a necessary condition for the
range of the object size with respect to the hand
mechanism geometry in order for the object to have least
non-empty workspace. Likewise, in order for the object
to have maximum orientation range and non-empty
workspace, i.e., occurred atf =p, Egs. (20a) and (20b)



yield to:
Max0,| I, - I, |- LIN3YE I, £ (I, +1,)- LIJ3(25)

The object satisfying the above condition will have a
non-empty workspace for an orientation.

CONCLUSIONS

In this work, the structural synthesis of multi-finger
hands has been studied via the mobility equation and
force closure theory. Certain constraints for the synthesis
procedure have been established and the admissible
multi-finger hand structures within the limits 3 £F£6 and
3£n£6 have been enumerated. It is hoped that the result
will help designersin the initial stage of designing multi-
finger hands.

The workspace of planar hand-object mechanisms
was investigated via the kinematic inversion method.
Criteriafor obtaining non-empty workspace were also
established. In order for the object to have |least non-
empty workspace and maximum orientation range,
geometry constraints between the object and the hand
mechanism must fulfill Eq. (24-25) for the three-fingered
one. It is hoped that this work will help designersrealize
the topological as well as geometry characteristics of
hand-object mechanismsin theinitial stage of designing
mechanical hands.
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Table. 4 The total number of admissible structures of
multi-finger hands with given mobility and
finger numbers.

Mobility

Finger
number

Contact
freedom

Admissible structures of
multi-finger hands

(366),(456),(555)

(255),(345),(444)

(1,44),(2,34),(3,33)

(1,2,3),(2,22)

(3,6,6,6),(456,6),(5556)

(2555),(3455),(4445)

(1,444),(2344),(33,34)

(1,2,3,3),(22,2,3),(1,1,1,2)

O |[WIN|FP[O|W[IN|F|O

(3,6,6,6,6), (4,5,6,6,6),
(555,6,6)

=

(25555),(34,555),
(44455)

(14444),(234/44),
(33344)

(1,23,33),(22233)

(1,11,22)

O |l N

(3.6,6,6,6,6), (4,5,6,6,6,6 ),
(5,5.,5,6,6,6 )

(5,6,6)

(455)

(344)

(2,3,3)

(5,6,6,6)

(4,55,5)

(3444)

(2,3,3,3)

(1,2,2,2)

(5,6,6,6,6)

(455,5,5)

(344,44)

(2,3,3,3,3)

(1,2,2,2,2)

(5,6,6,6,6,6)

(455555)

(344,444)

(233333)

(1,2,2,2,2,2,)

[

(215151555:5 )1 (31415551515 )1
(444555)

(114141454:4 )1 (21314541414 )1
(333444)

(1,23333), (2.2,2,333)

(111111212121)

(46,6),(556)

(355),(445)

(244),(334)

(1,33),(2.23)

(4,6,6,6),(556,6)

(3555),(4455)

(2444),(3344)

(1,33.3),(2233)

(1,1,2,2)

(4,6,6,6,6), (55,6,6,6)

(35555),(44555)

(24444),(333444)

(1,33,33),(2.2333)

(6,6,6)

(55,5)

(444)

(3,3,3)

(6,6,6,6)

(5,55,5)

(4444)

(3,3,3,3)

(2,2,2,2)

(6,6,6,6,6)

(55,5,5,5)

(444,44)

(3,3,3,3,3)

(2,2,2,2,2)

(6,6,6,6,6,6)

(55,5,5,55)

(444,444)

(3,3,3,3,33)
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(2,2,2,2,2,2,)

(1,1222)

(4,6,6,6,6,6), (55,6,6,6,6)

(355,5,5,5), (44,5555)

(244444),(334444)

(1,33333),(2,2,33,33)

AIWIN|IFP|([O|R[WIN[(FP|IO[R|W[IN|FP([O|WIN|FR(O|A~W]| N

(111121212121)
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