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A Study on Reduced Support Vector Machines

Kuan-Ming Lin and Chih-Jen Lin

Abstract—Recently the reduced support vector machine  For large-scale problems, the difficulty of solving (2) results
(RSVM) was proposed as an alternate of the standard SVM. from the fully dense matrix@ + (1/2C)), which cannot be
Motivated by resolving the difficulty on handling large data sets saved in the main memory. Thus, traditional optimization algo-
using SVM with nonlinear kernels, it preselects a subset of data . . . ’ .
as support vectors and solves a smaller optimization problem. rithms like Newton or Quas"_NeWton cannot be directly used.
However, several issues of its practical use have not been fully Currently one major method is the decomposition method (for
discussed yet. For example, we do not know if it possesses comexample, [8], [18], [20]) which solves a sequence of smaller-
parable generalization ability as the standard SVM. In addition,  sized problems so the memory difficulty is avoided. However,
we would like to see for how large problems RSVM outperforms for huge problems with many support vectors, the decomposi-

SVM on training time. In this paper we show that the RSVM .. -
formulation is already in a form of linear SVM and discuss four tion method still suffers from slow convergence. On the other

RSVM implementations. Experiments indicate that in general the hand, if the linear kernel (i.€ (z;, z;) = x] x;) is used(Q is
test accuracy of RSVM are a little lower than that of the standard  directly the product of a rectangular matrix and its transpose so

SVM. In addition, for problems with up to tens of thousands of we can exploit more possibilities to design efficient algorithms.

data, if the percentage of support vectors is not high, existing 5 here we mainly consider the more difficult case by using
implementations for SVM is quite competitive on the training nonlir'16ar kernels

time. Thus, from this empirical study, RSVM will be mainly )
useful for either larger problems or those with many support Recently [10] proposed to restrict the number of support vec-

vectors. Experiments in this paper also serve as comparisons of: 1) tors by solving the reduced support vector machines (RSVM).
different implementations for linear SVM and 2) standard SVM  The main characteristic of this method is to reduce the m@trix
using linear and quadratic cost functions. from! x [ tol x m, wherem is the size of a randomly selected
Index Terms—Reduced support vector machine, support vector g pset of training data considered as candidates of support vec-
machine. tors. The smaller matrix can be stored in memory, so optimiza-
tion algorithms such as Newton method can be applied. RSVM
|. INTRODUCTION is different from directly solving smaller SVM problems with

E CONSIDER the support vector machine (SVM) witr® subset of training data because tlw®nstraints in the primal

. ; A S roblem (1) are still kept during the optimization process. In
a quadratic cost function [25]: Given a training set 0 . .
. : . " 10], the authors showed the performance (testing accuracy) is
instance-label pairsi(, v;),: = 1,..., ! wherez; € R™ and

€ {1,-1}, the support vectortéchhi ue solves the followin&s good as the regular SVM. As RSVM essentially uses less
Yi =10 =0 pF_) q %formation than the regular SVM, we feel there is a need to
optimization problem: . . o ) .
conduct some serious comparisons. This is the first aim of the
! paper. Our experiments show that in general the testing accu-
Zf? racy of RSVM is a little lower than SVM.
) . =1 Moreover, as the training efficiency is the main motivation of
subject to  y; (w” p(wi) +b) > 1 —&;. (1) RSVM, we would like to discuss its different implementations,

Since¢(x) mapsz into a higher (maybe infinite) dimensionaland compare their training time with the regular SVM. In ad-
P 9 y .dition, we investigate for how large problems, RSVM becomes

space, pra_ctlcally we solve its _dual, a quadratic Programmiid efficient alternate of SVM. Results show that for problems
problem with the number of variables equal to . .
with up to tens of thousands of data, if the percentage of sup-
) 1 port vectors is not high, existing implementations for SVM are
min —a” (Q+ — |a—eTa : e Y ) .
a2 2C quite competitive on the training time. Thus, from this empirical
subject to yTa =0, 0<a; i=1,...,1 ) study, RS\(M will be mainly useful for either larger problems
or those with many support vectors. We note that results here
where ¢ is the vector of all ones() is anl by [ pos- are mainly empirical and we do not conduct further theoretical
itive semi-definite matrix, Q;; = wviy;K(z;,z;), and analysis about the generalization error.
K(z;,z;) = ¢(x:)" ¢(z;) is the kernel function. This paper is organized as follows. In Section Il, we outline
the key modifications from standard SVM to RSVM. In Sec-
. . . _tion I, we detail the smooth SVM (SSVM) method used in
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Numerical experiments are in Section V which present that tivestead of (5). We put the details in Appendix A. The reformu-
accuracy of RSVM is usually lower than that of SVM. We alstation of (3) to (9) was first used in [19].

discuss that different techniques for solving RSVM have someThe idea of RSVM is to reduce the number of support vectors.
minor differences on the accuracy, but using LS-SVM methdtis achieved by randomly selecting a subsetrofamples for

is the fastest on training. In Section VII, there is an attempt tmnstructingw

make modifications on the original RSVM formulation. Finally

we have some discussions and conclusions in Section VIII. w = Z Yicip(z:) (10)
i€ER
Il. REDUCED SUPPORTVECTORMACHINE FORMULATION where R contains indices of this subset. By substituting (10)

Here, we outline the key modifications from standard SVM it (4), we can get a similar problem as (9), with the number
RSVM in [10]. They start from adding an additional teby2 ~ Of major variables (i.ex) reduced tamn:

to the objective function of (1) 1 1
. min —(aTQrra +b*) +C ZE?
min l(wTw + bz) +C Z £2 ) abe 2 i=1
wbE 2 — ‘ subject to Q. ra+by>e—¢ (11)

: T
subject to  y; (w” ¢(z:) +b) > 1-&;. (4)  \wherea is the collection of ally;, i € R. Note that nown is the

size of R. We useQ). r to represent the submatrix of columns
corresponding t&. Thus, there are stillconstraints. Following

T the generalized SVM by Mangasarian [10], [13] simplified the
) a-ca term(1/2)a” Qrra to (1/2)a’ & so RSVM solves

Its dual form becomes a simpler bound-constrained problem

1, I,
min S <Q—|—%—|—yy

subjectto 0<«;, i=1,...,1 (5)

. 1 _T — 2 l 2
The approach of addinf /2 and then obtaining a bounded (Ixnl}% §(a at+b)+0 (Z fi)
dual was proposed in [4] and [14]. This is equivalent to adding subject to Q. ga + by > e — 5.1_1 (12)
a constant feature to the training data and finding a separating N -
hyperplane passing through the origin. Numerical experimentster on we will address more about this simplification. Note
in [7] show that the accuracy does not vary much whief2 is  that throughout the discussion we omit writing the constraint

added. & > 0 as it is always satisfied at the optimal solution.
It is known that, at the optimal solution; is a linear combi-  The idea of using (10) is similar to the Radial Basis Func-
nation of training data: tion (RBF) networks [17] which either select a subset of training
. data or generate some “centers” in order to construct a decision
w = Z i (). (6) function. The RBF networks directly start from a form similar to
~ (10) and the regularization term usediSa /2. If the inequality
(12) is replaced by an equality, (12) is in a form of the RBF net-
If we substitutew into (3), using works. There are already comparisons between SVM and RBF
. networks. For example, [22] shows that SVM performs better
T bl = v b T (s as the RBF networks use less information. Therefore, we are
piw §(a:) ;ghy]ajd)(lj) #lzi) curious whether similar scenarios apply to SVM and RSVM,

which will be one of the main aims of this paper.

!
_ Z Qija; = (Qa);, and (7)
j=1

I1l. DIFFERENTIMPLEMENTATIONS FORRSVM
In [10], the authors solved RSVM by SSVM, which basi-

l
wlw =" yiaip(z;) w cally approximates the original problem by an unconstrained
i=1 one. However, we observe that (12) is already in the primal form
_ ! 7 8 of the original linear SVM. Therefore, existing methods which
= Z 2i(Qa)i = & Qa ®)  focus on solving linear SVM can be applied here. To see this,
=t supposeR contains indicegji, ..., jm }, in the following we
we obtain a new optimization problem point out the relation between (3) and (12):
1 ! SVM RSVM
. T 2 2
Z b C .
sy 36"+ (6] L
subject to Qa +by > e —¢&. 9) T; [yqutjl,n-,yqutjm]T

Though (9) is different from (5), the dual problem, we caitherefore, if we consid€iy: Qij, - - -, ymQij. )7 i =1,...,1
show that for any optimal of (9), the corresponding defined as the training data, then the number of attributes iand (,
by (6) is also an optimal solution of (3), so we can solve (9) are coefficients of the separating hyperplane. In other words,
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it is like that we are training a linear SVM with data. For We solve (15) by a Newton’s method implemented in the soft-
linear SVM the number of features is usually much smaller thavare TRON [12], which uses both the information of the first
the number of data so there are methods which take this prolerivative (gradient) and the second derivative (Hessian).
erty. However, for nonlinear SVM where the dimensionality of While [10] did not give the explicit form of the gradient and
the feature space is large, such methods may not be applicatile.Hessian, we list them here as a reference. By defining
Thus, usually the dual problem is considered instead. Now we _
choosem < [ so we are safe to apply methods which were v = exp (—ﬂ(e - Qa))
originally mainly suitable for linear SVM.
In Section 1lI-A we will discuss the SSVM originally then
used in [10] while in Sections I1I-B-IlI-D, we consider three _ ~ ~
methods which were suitable for linear SVM: Least Square V/(@) = —2Q" (diag(Pﬁ(e—Qa)) diag(e+”)_1)e
SVM (LS-SVM) [23], Lagrangian SVM (LSVM) [15], and the 1.
decomposition method for linear SVM. + 50 and (16)
Before describing different implementations, for the sake OfVQf(&) =2Q" diag(e+v) 2

convenience, with the following substitution: _ - T
X (I—l—ﬂdiag(v)diag (Pﬁ(e— in))) Q+ ol a7)

Q=1[Q.r vy, a= {ﬂ wherediag(v) is a diagonal matrix with elements ofon the
diagonal. Details on deriving them can be found in Appendix A.
we consider a simpler form TRON was originally designed for large sparse problems.
Now the Hessian is dense so we use the modification in [7] to
. solve (15). As a Newton’s method is used, TRON possesses the
+C ( ) property of quadratic convergence.
@t Time complexity analysis Now the Hessian isn by m so
subject to O > ¢ — £, (13) the Newton’s method_tgke@(m3) ope_rations in each_ iteration
for inverting or factorizing the Hessian. However, in order to
obtain the Hessian, in (17), we need more operatioign?).
HenceO(Im?) is the complexity of each iteration.

min —a" «
2

A. Using SSVM
By defining(-)+ = max(-,0) and applying the property thatB. Using Least-Square SVM
whenevekg; > 0, theith constraint (13) must be active, the con- Least-square SVM (LS-SVM), first introduced in [23]

strained problem (13) can be transformed to the unconstrained, <;ve linear SVM efficiently. It changes the inequality

one constraints to equalities, and solve the resulting linear system.
. Taking (3) as an example, they change the primal inequalities
1 ~ 2 T .
min saa+C (Y ((e _ Q&)i) 14) @ to yi(wd(z;) +b) = 1 - & and remove constraints
@ 2 = + & > 0. Thus, substituting into the objective function we get
an unconstrained problem:
If the objective function is differentiable (or twice differ-

entiable), we can use general methods (for example, Newton 1

l
T 2 T (0. 2
method, quasi-Newton method, etc.) to find an optimal solu: 5(“’ w+b7) +C <Z (1= i (w"(x:) + b))
’ =1

tion. Unfortunately(e — Q&) is not differentiable so SSVM 18)
approximates the functioft) by Of course, changing inequalities into equalities may affect the
meaning of separating hyperplanes though this is not the topic
Ps(t) =t + B log (1 + exp(—pt)) we would like to discuss here.

Forlinear SVM (i.ex; instead ofj(z; ) is used), we can solve
whereg is called the smoothing parameter. Whgapproaches (18) directly by a linear system ¢f. + 1) variables where. is
to infinity, P5(t) converges tdt).. the number of attributes as well as the lengtivoFor nonlinear

We observe that ifC' is large, sometimes huge objectiveéSVM wheren > [, we must substitute) = . y;a;$(x;) into

values of (14) may cause numerical difficulties. For examplél8) and solve a linear system with variablesand b. Thus,
if a method for solving (14) uses the absolute difference ovhen! is large, the same problem of conventional SVM for-
objective values of two successive iterations as the stoppimglations occurs: thex [ matrix cannot be placed in the main
criterion, the large objective values may cause very lomgemory, so itis noteasy to solve a large dense linear system. As
iterations before reaching a specified tolerance. Hence, waesult, LS-SVM so far is more suitable for linear SVM prob-
divide the objective function by’ lems.

Following the same procedure, here we change the inequality

(13) to an equality:

PR B <
min f(a) = 550" a + ; Pyle—Qa)i.  (15) Oi—e—¢ (19)

Authorized licensed use limited to: National Taiwan University. Downloaded on March 18, 2009 at 03:02 from IEEE Xplore. Restrictions apply.



1452 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 14, NO. 6, NOVEMBER 2003

and substitute into (13). Similar to the case of SSVM, weearlier comparison with LIBSVM, a decomposition method for
divide the objective function by’ and get an unconstrainedstandard SVM, is in [5], which shows that LSVM is slower when

problem wherex is the only variable using nonlinear kernels.
. We have mentioned earlier that RSVM is equivalent to a
. ~ L or AP linear SVM problem, so the Lagrangian SVM algorithm can be
= — - 20 . 1o
Hzl;m f(@) 20" + ;(e Qa); (20) used here. First, we write down the dual form of (13)
. 1 ~ 1
W|th m}n §&T (QQT T %> d _ GT&
~ | e - U ~__ «
1(@) = 5507a +a(QTQ)a - 2T Qa + e subject to @; >0, i=1,....1. (25)
we minimize f by finding the solution of 0f/(da;)) = 0, Let
1 =1,....m

HE<@@T+%>.

Lagrangian SVM solves

éa +2Q7Qa —2Q%e =0,
(@7 @+ 55 )a-are @1)
2 =i (e ((HF - o) - pat),)
a positive definite linear system of size. Asm < [, (21) is
smallenough. Thus, we can use direct methods suchas Gaussian ~ — -1 [, 4 <<@@T + A ﬂf> aF — e) .
elimination or Cholesky factorization to efficiently solve it. 2C +
Time complexity analysis The cost of Gaussian elimination, L ) ) )
O(m?), is less than that for computing the matrix multiplicatiorti€re. /" is calculated using the SMW identity
QT @ which costsO(Im?). Hence the total time complexity is

2 o (I == _1_ AT e\
O(Im?). H 1—<%+QQT> —20<I—Q<ﬁ+QTQ> QT).

C. Using Lagrangian SVM ~ ) )
In order to geta, now the primal variable, we apply the rela-

Here, we discuss Lagrangian SVM (LSVM) [15], anOthe{ionship (6):
technique to solve SVM problems. LSVM is an iterative algo- '

rithm which solves the dual form (5). Defidé = Q+(7/2C)+ a=Qa.
yyT . Then the Karush—-Kuhn—Tucker (KKT) optimality condi-
tions of (5) are Time complexity analysis The generation and then inver-

sion of them xm matrix((1/2C)+QT Q) costsO(Im?2), where
Ha—e2>0, a2>0 the main task is the matrix multiplication. This can be done be-
(Ha —e)Ta =0. fore all iterations. Then in each iteration, the main cost is several
matrix-vector multiplications which costs(lm) operations. So
the total time complexity i§#iterations) x O(Im)+O(Im?).
Compared with SSVM, LSVM method seems need more itera-
a>0, b>0, a"b=0ca=(a—pBb)y, VB3>0 tions since it guarantees only linear convergence.

(22)

Again, we denote max,(0) by (-). The authors of [15] used
the following identity between any two vecterandb:

so the optimality conditions are equivalent to D. Using Decomposition Methods for Linear SVM

Originally the decomposition method [8], [18], [20] was pro-
Ha—-e=(Ha-e—fa)y, VYB>0. (23)  posed to handle the nonlinear SVM whose kernel matrix is fully
Gdense and cannot be stored. It is an iterative process where in
each iteration the index set of variables is separated to two sets
B and N, where B is the working set. Then in that iteration
oftl = g1 (e + (Ho* —e— [3ak)+) ) (24) Vvariables corresponding t¥ are fixed while a subproblem on
variables corresponding 8 is minimized.
[15] showed that LSVM algorithm is linearly convergentiis ~ If ¢ « [ is the size of the working se® and further tech-
chosen so that nigues such as caching and shrinking are not used, in each it-
erationq columns of the kernel matrix are used for calculating
0<B< 5 QA«, whereQ is the kernel matrix and\« is a vector with
at mostg nonzero modifications in one iteration. Therefore, the
otal complexity is

Thus, an optimad is a solution of the fixed-point equation an
they applied the following iterative scheme:

Though in each iteration, we must invert thel dense matrix ¢
H, for linear SVM'’s, the Sherman-Morrison-Woodbury (SMW)
identity can be used. But it cannot be applied to nonlinear ker- #iterations x O(lqn)
nels where the input vectors are mapped into high (maybe in-
finite) dimensional spaces. Thus, LSVM method so far is netheren is the number of attributes and we assume each kernel
practical for large-scale problems using nonlinear kernels. Awaluation cost® (n). However, for linear SVM() is in a form
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of XXT andX, anl x n matrix, contains all training data. Itis shown in [3] that ifC > 0, the KKT condition of (28) is

Thus equivalent to
_ T - _ . )
QAa = X(XTA«) (26)  m(a) = max <ai max_ -Vf(a)i, max Vf (a)z>
costs onlyO(ng) + O(In) = O(In) operations. < min < min ~ Vf(a);, min —Vf(a)i>
Therefore, for large problems where caching recently used @ <Cyi=—1 @i>0.yi=1
Q. is notvery useful, in each iteration, using (26) can tienes =M(a). (29)

faSter than the regular decompOSition methOd ThIS triCk haSFor practica| imp|ementation3, a Stopping tolerandg set’

(version 2.03 and later) [7]. Of course the selectiogloécomes

anissue. It should be larger than the one used for nonlinear SVM m(a) < M(a) +e (30)

but also cannot be too large. Otherwise solving the subproblevhere we choose = 0.001.

which hasg variables may cost more th&@n(in) for (26). To check the performance of using linear and quadratic cost
For RSVM, sincem < [, we consider RSVM as a linearfunctions, we also modify LIBSVM to solve (2). It is easy to see

SVM and apply a decomposition method to solve its duahat a similar stopping criterion can be used. Another decompo-

However, we consider the formulation with linear cost functiosition software BSVM is used for solving RSVM as described

C 25:1 &; so instead of (25), the dual problem is in Section IlI-D. It also has a similar stopping criterion.
The LSVM method, another implementation for RSVM,
min 1 AT@@T@ _Ta solves pr.ob.Iems in the dual form (25), hence a stopping criteria
a2 can be similar. Now

subjectto 0< q; <C, i=1 l. 27)

geeey

Via) = (QQT + %) a—e.

The reason is that we will use the software BSVM which solves

(27) but not (25). The KKT condition of (25) shows that if

In the following, we summarize the time complexity of the min Vf(&); > maxVf(&); and &; >0, Vi
four approaches discussed earlier, see the table at the bottom of @i >0
page. thené is an optimal solution. Note that during LSVM iterations,

the&; > 0 constraints are not maintained. Thus, we consider a
IV. | MPLEMENTATION |SSUES stopping criterion as follows:
. . . . € .
A. Stopping Criteria Jmax Vf(&) <minVf(&)+e and &; > BTG
v 100
In order to compare the performance of different methods, we (31)

should use comparable stopping criteria for them. However, ¥é also set = 0.001 hgre. . _ _
many differences among these methods prohibit us from findingFor the SSVM, we simply employ the original stopping cri-
precisely equivalent stopping criteria for all methods. Still, wigrion of TRON:
ggtgl use reasonable criteria which will be described below in va(&k)n2 <e ||Vf(&1)||2 (32)

In the next section we will use LIBSVM as the representati\)@here{(sa) is defined in (15),a' is the initial solution, and
for solving the regular nonlinear SVM so we first explain it§ = 107>, _ _ _
stopping criterion. LIBSVM is a decomposition method which Note, that for LS-SVM implementation, we use direct

solves the dual form of the standard SVM with a linear co§téthods to solve the linear system, therefore no stopping
function: criterion is needed.

1 .
min f(a) = ~aTQa — ¢Ta B. Multiclass RSVM

) T 2 Although SVM was originally designed for binary classifi-
subject to y"a =0, cation, several methods have been proposed to solve multiclass
0<ao; <C, i1=1,...,L (28) classification. A common way is by considering a set of binary
Method Time Complexity
SSVM #iterations x O(Im?)
LS — SVM (w/ direct method) O(Im?)
LSVM #iterations x O(Im) + O(Im?)
Decomposition #iterations x O(lm)

Authorized licensed use limited to: National Taiwan University. Downloaded on March 18, 2009 at 03:02 from IEEE Xplore. Restrictions apply.



1454 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 14, NO. 6, NOVEMBER 2003

TABLE |
PROBLEM STATISTICS

Problem | #training data | #testing data | #class | Fattribute
dna 2000 1300 3 180
satimage 4435 2000 6 36
letter 15000 5000 26 16
shuttle 43500 14500 7 9
mnist 21000 49000 10 780
ijjcnnl 49990 45495 2 22
protein 17766 6621 3 357
adult 1605 32561 2 123

SVM problems, while some authors also proposed methods thata set no examples are with this class. We give problem statis-
consider all classes at once. These methods in general can titsoin Table I. Some problems with a large number of attributes
be applied to RSVM. may be very sparse. For example, for each instance of protein,
There have been some comparisons of methods for multiclasdy 17 of the 357 attributes are nonzero.
SVM. In [6] we compare different decomposition implementa- We compare four implementations of RSVM discussed in
tions, and in [24] some comparisons of methods for multicla§&ection Il with two implementations of the regular SVM:
LS-SVM are given. They both indicate that the one-against-ofieear and quadratic cost functions [(28) and (2)]. For reg-
method performs well in practice. So we use it for our impletlar SVM with the linear cost function, we use the software
mentation here. Suppose thereamasses of data. This methodLIBSVM which implements a simple decomposition method.
constructs:(k—1)/2 classifiers where each one trains data frotd/e can easily modify LIBSVM to solve the formulation with
two classes. In classification we use a voting strategy: each 8iguadratic cost function, which we will refer to as LIBSVM-q
nary classification is considered to be a voting where votes ciérthe rest of this paper. However, we will not use it for solving
be cast for all data points—in the end point is designated toRSVM as LIBSVM implements an SMO type algorithm where
be in a class with maximum number of votes. the size of the working set is restricted to two. In Section I1I-D
The implementation of all methods mentioned above is availe have shown that larger working sets should be used when

able at http://www.csie.ntu.edu.tw/~cjlin/libsvm/libsvmtools. @PPlying decomposition methods to linear SVM.
The computational experiments for this section were done on

a Pentium I11-1000 with 1024 MB RAM using the gcc com-
piler. For three of the four RSVM methods (SSVM, LS-SVM,
In this section we conduct experiments on some commordnd LSVM), the main computational work is some basic ma-
used problems. We choose large multiclass datasets from titbe operations so we use ATLAS to optimize the performance
Statlog collection: dna, satimage, letter, and shuttle [16]. W27]. This is very crucial as otherwise a directimplementation of
also consider mnist[9], an important benchmark for handwrittéhese matrix operations can at least double or triple the compu-
digit recognition. The problem ijcnnl is from the first problemational time. For decomposition methods where the kernel ma-
of IJCNN challenge 2001 [21]. Note, that we use the winnerisix cannot be fully stored we allocate 500 MB memory as the
transformation of raw data [2]. Problem protein, is a data set foache for storing recently used kernel elements. Furthermore,
protein secondary structure prediction [26]. Finally, the probleiBSVM, LIBSVM-q, and BSVM all use a shrinking technique
adult, from the UCI “adult” data set [1] and compiled by Platso if most variables are finally at bounds, they solve smaller
[20], is also included. For the adult dataset, there are several rgabblems by considering only free variables. The details on the
izations. Here, we only consider the realization with the smallesttrinking technique are in [3, Section 4].
training set; the full dataset with training data (including du- Next, we discuss the selection of parameters in different im-
plicated ones) removed is taken as the test set. We choose piigsnentations. It is of course a tricky issue on selectinghe
dataset because it has been tested in the RSVM paper [Bi}e of the subset of RSVM. This depends on practical situations
Our preparation of the training and test sets is also similar $ach as how large the problem is. Here in most cases wie fix
theirs. Except problems dna, ijcnnl, protein, and adult whobe 10% of the training data, which was also considered in [10].
data values are either binary or already in a small range, Wer multiclass problems, we cannot use the saurier all bi-
linearly scale all training data to be ir-IL, 1]. Then test data, nary problems as the data set may be highly unbalanced. Hence
available for all problems, are scaled accordingly. Note that fare choosen to be 10% of the size of each binary problem so a
problem mnist, it takes too much training time if the wholsmaller binary problem use a smalier In addition, for prob-
60000 training samples are used, so we consider the trainlams shuttle, ijcnnl, and protein, binary problems may be too
and testing data together (i.e. 70000 samples) and then cutldrge for training. Thus, we set = 200 for these large binary
first 30% for training and test the remaining 70%. Also, notproblems. This is similar to how [10] deals with large problems.
that for the problem satimage, there is one missing class. Tkaice the size is determined, for all four implementations, we se-
is, in the original application there is one more class but in thect the same subset for each binary RSVM problem.

V. EXPERIMENTS
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TABLE I
A COMPARISON ONTESTING ACCURACY

SVM RSVM

LIBSVM LIBSVM-q SSVM LS-SVM LSVM Decomposition
Problem(C,y rate |C,y rate [C,y rate |C,y rate (C,y rate |C,y rate
dna 24,276 95.4472227° 95.4472'%2 2710 92.833024,275 92.32712%,277 93.0022°2°¢  92.327
satimage2? 2° 91.3 [23,2° 91.9 2,271 89.8 212273 899 p22-! g0 Pl 27! 90

letter 24,22 97.98p252!  97.88p! 27! 95.9 2272 95.1402!12271 9542R'22°1  92.76
shuttle (21,23 99.9242!1 23 99.9382'2 2% 99.7812'22*  99.58[21° 2% 99.8142!22*  99.772
mnist  [26,27%  97.75327.27° 97.75327.27% 06.8332°27°% 96.4802%27% 96.5782'227% 96.129
ijennl 2128 98.76[20,2°  98.6922'%2 273 95949272272 91.6762!2,27% 96.7672!2,27!  96.11
protein 21,273  69.97R',273 69.7932!,27° 65.95722,27% 66.2442° 2% 65.9572'1,27% 66.138
adult [2%,276 83.8612—2,2—4 83.9742'1 278 83.8722!1, 277 83.7882'!,278 83.842021227° 83.899

We need to decide some additional parameters prior to expearameters(, v) and the corresponding accuracy rates. It can
iments. For SSVM method, the smoothing paramgtersetto be seen that optimal parametets () are in various ranges for
5 because the performance is almost the samg@ for 5. For different implementations so it is essential to test so many pa-
LSVM method, we sett = (1.9/C) which is the same as thatrameter sets. We observe that LIBSVM and LIBSVM-q have
in [15]. We do not conduct cross validation for selecting thewery similar accuracy. This does not contradict the current un-
as otherwise there are too many parameters. For BSVM whidérstanding in this area as we have not seen any report which
is used to solve linear SVM arising from RSVM, we use all deshows one has higher accuracy than the other. Except ijcnni,
fault settings. In particular, the size of the working set is 10. the difference of the four RSVM implementations is also small.

The most important criterion for evaluating the performanckhis is reasonable as essentially they solve (12) with minor mod-
of these methods is their accuracy rate. However, it is unfair ifecations.
use only one parameter set and then compare these methodBor all problems, LIBSVM and LIBSVM-q perform better
Practically for any method we have to find the best parametéhsn RSVM implementations. We can expect this because for
by performing the model selection. This is conducted on tHRSVM the support vectors are randomly chosen in advance,
training data where the test data are assumed unknown. Thigerefore we cannot ensure that the support vectors are impor-
the best parameter set is used for constructing the model fant representatives of the training data. This seems imply that if
future testing. To reduce the search space of parameter sets, pesblems are not too large, we would like to stick on the original
we consider only the RBF kerdl (z;, z;) = e~7ll=:==il* so  SVM formulation. We think this situation is like the comparison
the parameters left for decision are kernel parametand cost between RBF networks and SVM [22] since RBF networks se-
parametelC. In addition, for multiclass problems we considetect only several centers, it may not extract enough information.
that C' and~ of all k&(k — 1)/2 binary problems via the one- In general the optimal' of RSVM is much larger than that of
against-one approach are the same. the regular SVM. As RSVM is indeed a linear SVM with a lot

For each problem, we estimate the generalized amore datathanthe number of attributes, it tends to need a larger
curacy using differenty = [2%,23,22 ...,2710] and C so that data can be correctly separated. How this property
C = [212,211 210 272]. Therefore, for each problem weaffects its model selection remains to be investigated.
try 15 x 15 = 225 combinations. For each pair of( +), We also observe that the accuracy of LS-SVM is a little lower
the validation performance is measured by training 70% tifan SSVM and LSVM. In particular, for problemijcnnl the dif-
the training set and testing the other 30% of the training sétrence is quite large. Note that ijcnnl is an unbalanced problem
Then we train the whole training set using the pair ©f ¢) where 90% of the data have the same label. Thus, the 91.7% ac-
that achieves the best validation rate and predict the test sefracy by LS-SVM is quite poor. We suspect that the change of
The resulting accuracy is presented in the “rate” columns wfequalities to equalities for LS-SVM may not be suitable for
Table Il. Note that if several({, ) have the same accuracysome problems.
in the validation stage, we apply all of them to the test data
and report the highest rate. If there are several parameters FrafNumber of Support Vectors
achieve the same highest testing rate, we report the one withn Table Il we report the number of “unique” support vectors

the minimal training time. for each method. We say “unique” support vectors because for
the one-against-one approach, one training data may be a sup-
VI. RESULTS port vector of different binary classifiers. Hence, we report only

the number of training data which corresponds to at least one
support vector of a binary problem. Note that as we specified,

Table Il shows the result of comparing LIBSVM, LIBSVM-q, all three RSVM implementations have the same number of sup-
and the four RSVM implementations. We present the optimpbrt vectors.

A. Accuracy
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TABLE 1l
NUMBER OF SUPPORTVECTORS
SVM RSVM
LIBSVM | LIBSVM-q | SSVM | LS-SVM | LSVM | Decomposition

Problem| #SV #SV (all same)

dna 973 1130 372

satimage 1611 1822 1826

letter 8931 8055 13928

shuttle 285 652 4982

mnist 8333 8364 12874

ijcnnl 4555 9766 200

protein 14770 16192 596

adult 642 1137 160

TABLE IV
TRAINING TIME AND TESTING TIME (IN SECONDS
SVM RSVM
LIBSVM LIBSVM-q SSVM | LS-SVM | LSVM Decomposition

Problem| training testing | training testing | training | training | training | training | testing
dna 7.09 4.65 8.5 5.39 5.04 2.69 23.4 7.59 1.52
satimage  16.21 9.04 19.04 10.21 23.77 11.59 141.17 43.75 11.4
letter 230 89.53 140.14 75.24 193.39 71.06 | 1846.12 446.04 | 149.77
shuttle 113 2.11 221.04 3.96 576.1 150.59 | 3080.56 562.62 74.82
mnist 1265.67 4475.54 | 1273.29 4470.95 | 1464.63 939.76 | 4346.28 | 1913.86 | 7836.99
ijjcnnl 492.53  264.58 2791.5  572.58 57.87 19.42 436.46 | 16152.54 6.36
protein 1875.9 687.9 | 9862.25  808.68 84.21 64.6 129.47 833.35 35
adult 1.89 15.2 2.67 39.89 8.43 1.37 27.91 16.67 3.73

For letter, shuttle and mnist the RSVM approach has a lar§e Training and Testing Time
number of support vectors. A reason is that subsets selected for
all binary problems are quite different. This is unlike standard We report the training time and testing time in Table IV. For
SVM where important vectors may appear in different bina@he four RSVM implementations, we find their testing time is
problems so the number of unique support vectors is not titite close so we post only that of the LSVM implementation.
large. An alternative way for RSVM may be to select a subsipte that here we report only the time or solving the optimal
of all data first and then for each binary problem support vegiodel. Except the LS-SVM implementation for RSVM which
tors are elements in this subset which belong to the two corg®lves a linear equation for each parameter set, the training
sponding classes. This will reduce the testing time as [6] hée of all other approaches depends on parameters. In other
discussed that if the number of classes is not huge, it is propwerds, their number of iterations may vary for different param-
tional to the number of unique support vectors. On the contraBfer sets. Thus, results here cannot directly imply which method
training time will not be affected much as the size of binarip faster as the total training time depends on the model selection
problems is still similar. strategy. However, generally we can see for problems with up

Though the best parameters are different, roughly we cthtens of thousands of data, the decomposition method for the
see LIBSVM-q requires more support vectors than LIBSVMraditional SVM is still competitive. Therefore, RSVM will be
This is consistent with the common understanding that ti@ainly useful for larger problems. In addition, RSVM possesses
quadratic cost function leads to more data with small nonzef@ore advantages on solving large binary problems because for
&;’s. For protein LIBSVM and LIBSVM-q both require many multiclass data sets we can afford to use decomposition methods
training data as support vectors. Indeed most of them are “fré@’solve several smaller binary problems.
support vectors (i.e. corresponding dual variakliesot at the Table 1V also indicates that the training time of decomposi-
upper bound). Such cases are very difficult for decompositidion methods for SVM strongly depends on the number of sup-
methods and their training time will be discussed in the negbrt vectors. For the problem ijcnnl, compared to the standard
subsection. LIBSVM, the number of support vectors using LIBSVM-q is
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TABLE V instead of Cholesky factorization is used. This change affects
TESTING ACCURACY. A COMPARISON ONSOLVING (21) AND (34) very little to the training time according to the time complexity
LS-SVM (21) LS-SVM (34) analysis in Septmn -B. A comp_arllson on the testing accuracy
between solving (21) and (34) is in Table V. We can see that
Problem S rate @) rate their accuracy is very similar. Therefore, we conclude that the
dna (2%,27%) 92.327 | (2%,271%) 93.086 use of a simpler quadratic term in RSVM is basically fine.
satimage | (2'%,27%) 89.9 | (28,279 89.7
letter 22,277 9514 | (22,2°%) 9462 VIII. DISCUSSIONS ANDCONCLUSIONS
shuttle (2!2,24)  99.58 (27,24 09.7 RSVQ//thfave dlisgussed (];Or:” multiclass i(;nEIemer_wtr?tionsdfor the
. 9 o6 7 o6 ormulations and have compared them with two decom-
_'T""St (i’ 2_2) 96.48 (1’2_6) 96.484 position methods based on LIBSVM. Experiments indicate that
ijennl (27%,27%) 91676 | (277,27°) 90.962 in general the test accuracy of RSVM is a little worse than that

of the standard SVM. Though RSVM keeps similar constraints

doubled and then the training time is a lot more. This has belhthe primal form of SVM, restricting support vectors from
known in the literature as starting from the zero vector as tefandomly selected subset still downgrades the performance.
initial solution, the smaller the number of support vectors (i.EOT the training time which is the main motivation of RSVM
nonzero elements at an optimal solution) is, the fewer variab¥§ Show that based on the current implementation techniques,
may need to be updated in the decomposition iterations. As diSVM will be faster than the regular SVM on large problems
cussed earlier, protein is a very challenging case for LIBSVRI some difficult cases with many support vectors. Therefore,
and LIBSVM-q due to the high percentage of training data Jar median-sized problems, standard SVM should be used but
support vectors. For such problem RSVM is a promising alteier large problems, as RSVM can effectively restrict the number
nate: Using very few data as support vectors, the computatiofhsupport vectors, it can be an appealing alternate. Regarding
time is largely reduced and the accuracy does not suffer mudhe implementation of RSVM, least-square SVM (LS-SVM) is
Among the four RSVM implementations, the LS-SVMthe fastest among the four methods compared here though its
method is the fastest in the training stage. This is obvio@scuracy is a little lower. Thus, for very large problems it is ap-
as its cost is just that of one iteration of the SSVM methogropriate to try this implementation first.
Therefore, from the training time of both implementations we
can roughly see the number of iterations of the SSVM method. APPENDIX A
As expected, the Newton’s method converges quickly, usually RELATION BETWEEN (9) AND (3)
in less than 10 iter.ation_s. On the other hand, LS_VM vyhich is The derivation from (7) and (8) to (9) shows only thatif<
chgaper for each |ter.at.|on, needs hundreds of iterations. Iio,rg*) ando* are primal and dual optimal solutions, respec-
qwte_ a.few prqblems itis the slowest. . tively, then @*, b*, £*) is feasible for (9). Hence, before using
.|t.IS interesting to see that the decomposition method, n ) in practice we want to make sure that any optinalg, b)
originally designed for linear SVM, performs well on som £(9 truct an optimal for the primal problem (3)
problems. However, it is not very stable as for some difficuft ( .) can cons N optima P P )
cases, the number of training iterations is prohibitive. Itis easy to see this. By using = 3 ;¢ p yicid(:), (w, b,
’ §) is feasible for (3). Since we have shown that (b*, £*) is
VII. M ODIFICATIONS ON THERSVM FORMULATION feasible for (3)
l
Remgmber we mentioned in Section Il tha:choIIowln_g the l(w*)Tw* 4 (b*)2 n 02(55)2
generalized SVM the authors of [10] replad¢2)a” Qrr@ in 2 =
(11) by(1/2)a”@in (12). So far we only see that for the LSVM 1

implementation, if without doing so we may have troubles to - l(a*)TQa* + (b*)Z + CZ (g)z
obtain and use the dual problem. For SSVM and LS-SVM, 2 =
(1/2)a’Qrra can be kept and the same methods can still 1 !
be applied. As the change leads to the loss of the property > —aTQa+ b + CZS,?
on maximizing the margin, we are interested in whether the 2 i=1
performance (testing accuracy) is sacrificed or not. 1 . , L ,
Without changing thé1/2)a” Q rra termin (20), LS-SVM =gwwtb +C Z & -
formulation is i=1
' N 1, N ! ~ Thus, (, b, &) is optimal for the primal.
I%Hl fla) = 20% QRrro + Z(e - Qa);. (33)
i=1 APPENDIX B
Thus, we will solve a different linear system DERIVATIONS OF (16) AND (17)
(@T@ + iQRR) a=QTe. (34) In order to simplify the comple®s (e — Qa) term, we define
20 the vector
Though (34) is nearly the same as (21), it is only a positive semi- ~
definite but not positive definite system. Thus, LU factorization v = exp (—ﬁ(e - Q&)) (35)
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and then

Pyle — Qa) = (e — Qa) + B~ log(1 + v).

The differentiations ot and Ps are

1o} ad ~
% = 55 eXP (—[3(6 — Q(Nl)k)
= — B(~Qu) exp (~Ble — Q)
= BQrivr.
W 8(3 (e —Qa + ' og(1 —|—v))k
= - Qu+pM 1+ Uk)_lgialz
= — @ki + ﬂ_l(l + 'Uk)_lﬂékivk

- @ki + @kz(l + vg) "oy,
= — Qi1+ vp) !

Finally we obtain the gradient and Hessianfof

of l ~ L\ 9 (1
95, o0&, (; Ps(e — Qa)k> + 9% <%o¢ a)
: ~_OPs(e—Qa)p\ 1
=2 Ps(e — Qa)y—— <k ) | Z 5,
; 804,; C
l
= —-2C Z @kip/g(e - @a)k(l + ’Uk)_l
k=
. 1
+ Eai
0% f 0 af
oa,00; — da <%)
0 1o}
:a—a]<a—az ZQ]”P@ G—QOZ)
( +v1)7")))
1 0 _
+ Ea—ajat
l
= —2(2@]“8 (Pg(e—Qa) (l—l-vk) 1))
k=1 @)
1

I

|

o

O

T
~
Q‘)
Q Q
.

(Pg(e - Qa)k)
X (1+ )" (e —
g
-2 <i Qui (—ij(l +u) 72

k=1

+ Py(e — Qa)i(—1)
x(1+ vk)_z[)’@kjvk))

+ Pg

(36)
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1
+ 667_]
l
2(2@ iQrj (1 +ve) ™
k=1
~ 1
X [1+ ﬂfukP@(e — QOé)k)) + 65ij7

whered;; is defined as

5. — 1, ifi=j,
G0, dfi#g
V1 0
If we definediag(v) = for vectorv with
0 F

dimensiond, we obtain a more clear matrix form

Vi@a) = —2Q7 (diag (Rg(@ - @a)) diag(e + v)_l) e

+1ia
C ?

V2 f(a) =2Q 7 diag(e + v) 2

N (I + pdiag(v)diag (Pﬁ(e - @&))) Q+

Ql~
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