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An Unbounded Extremal Domain of the
Constant Mean Curvature Equation

by

Yng-Ing Lee and Ai Nung Wang !

We describe in this note an unbounded domain which is a generalization

of "extremal domains” originally defined only for bounded domains. Let
Q= {-f(z) -1 <y < f(z) = 35z} where ¢ will be determined by the
existence functions u(z,y) £ const satisfying

D
divTu = div——r— =2 in Q) (1)

v/ 1+ |Dul?
Tu-v=cosy=1 on 02
|Du| — 00 as z — 400

The existence of such v entrainent the non-existence of any bigger domain
hosting the same equation (1). In fact u will be constructed as the decreasing
limit of u,, defined on a smoothly truncated domain €2, (see figure) satisfying

diwlu, =H, >2 1inQ,

Tu,-v=1 on 09,
and normalized by u,(0,—1/2) = 0.
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By Stokes’ theorem

T z 7,1 z w1
([ 1+ 5+5G+1@7) = [Visr + SG+1@) @
0 2 42 0 2°2
As © — oo we require H, — 2 and get
X T X e
1. 2/ __/ /1 72 _ —):
wgrolo( 0f+$+ 8 0 +f 4
So it amounts to solve
T T oo
2m — = — 1+ 2 — 1) =
ez -2 /O 1+ f ) =0

Since v1+ f2—-1< ¢ +$2)4, and [;° de = 11675, such a ¢ does exist
and it remains to show H, > 2. But thls follows easily from the fact that in
(2), with ¢ determined as above and z sufficiently large,

T [ i+ i@y - [Gfiv s - 10 = TG+ i) >0



