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ABSTRACT

Motivated by the recent works [2] [14], a new
robust model reference control (MRC) scheme for a
class of multivariable unknown plants is presented in
this paper. The controller is devised using the concept
of variable structure design which prevails in the robust
control context. Such a new scheme solves the model
reference adaptive control (MRAC) problem for a
multivariable plant of interest subject to exactly the
same conditions but with better performance. It is
shown that the global stability of the overall system is
achieved and the tracking errors will converges to a
residual set whose size can be directly related to the size
of unmodeled dynamics and output disturbances
explicitly. Furthermore, in the absence of unmodeled
dynamics and output disturbances, the tracking error
can be driven to zero in finite time.

1. Introduction :

With the advance in designing robust adaptive
controllers for single—output (SISO)
uncertain dynamical systems, a multi—input multi—
output (MIMO) model reference adaptive control
(MRAC) scheme has been established [1] [2]. Since the
parametrization issue was solved, the research problems

single—input

will be to focus on the design of the controller and the
adaptation law for robust MRAC of MIMO plants. The
object is achieved in the SISO case, although the
control perforinance are different from one to the other,
by using the concept of persistency of excitation, e.g. [3]
[4] [5] or by modifying the adaptation law, e.g. [6] [7] [8]
[9] [10]. Also, a general framework is proposed in [11] to
analyze a wide class of robust adaptive laws. The
methods described in [11] are further transformed into

work in dealing with the robust MRAC of MIMO
plants.

Recently, some researches are interested in the
controller design with variable structure concept for
either SISO plants [12] [13] [14] [15] or MIMO plants
[16]. In this paper, we propose a new model reference
control (MRC) scheme using variable structure design
for a class of MIMO plants. This is an outgrowth of [14]
and [15) which use the concept of variable structure
adaptation and give an improvement in transient
response and convergence property. A modified version
by fixing the control parameters at some constant
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values is used to control a linear fast time—varying
unknown plant [17]. Motivated by the researches above,
a combined technique is developed for the MIMO model
reference control. It can be shown that the well behaved
transient performance still holds with all closed loop
signals remaining uniformly bounded. Also note that
the complexity in a standard MIMO MRAC design is
reduced since only a simple control law is used.

The paper is organized as follows: in section 2, we
give a detailed problem formulation and the control
structure for an MIMO MRC scheme. The resulting
error model and the robust controller for a class of
plants are presented in section 3. Section 4 gives a
simulation to demonstrate the effect of the robust
controller. Finally, a conclusion is made in section 5.

2. Problem Formulation and Controller Design :

In this paper, we use the concept of modified left
interactor (MLI) matrix and modified right interactor
(MRI) matrix [2] for the parametrization of a MIMO
plant Py(s).

.1 Syst scription :

Consider an MIMO linear time-—invariant plant
with N inputs and N outputs described by the following
transfer matrix

Py(s) = Po(s)[I + pAP(s)] + pAPss)

Py(s) = Zp(s)Rp™(s) (2.1)
where Poy(s) represents the nominal plant transfer
matrix and pAP(s) pAP(s) are multiplicative and
additive unmodeled dynamics rest)ectively with some p
> 0. The control objective is to design a control law
up(t) such that the output yp(t) of the plant tracks the
output yn(t) of a linear time—invariant reference model,
ie. yn = Wa(s) ref where Wy(s) is a stable strictly
proper rational matrix and ref (¢f) is a uniformly
bounded reference input signal vector. To make the
problem more tractable, several assumptions on the
plant and the unmodeled dynamics are made in the
following:

(A1) The MLI ( MRI ) matrix &y(s) ( €7(s) ) of
Pofs) is known.
(A2) An upper bound v on the observability index

of fl-l(s)g?(s)}’o(s) ( resp. fr‘l(S)Po(S)EZL(S) ) is known.
(A3) The matrix K, ( resp. K,.) such that ngpl(f



=T, >0 ( resp. K7 =T, > 0) is positive definite is
known.

(A4) Py(s) is nonsingular and has stable zeros.

(A5) The unmodeled dynamics APy(s) and APa(s)
are stable proper and strictly proper transfer matrices
respectively. Furthermore, there exists ¥ > 0 such that
IAPs)l|, and [[Pri(s)APy(s)] < 7, where [|H(s)], =
o(H(jw)) and 5(.) denotes the largest singular value of
the argument matrix.

Remark 2.1 [2] : The MIMO linear time—invariant plant
yp(8) = Po(s)up(s) can be represented as

0o() = S (E(5))12ls)

a(s) = Py(s)up(s) 22)
or wo(s) = P()2(s)
up(s) = £1(s)€"1(s)o(s) (23)

where Py(s) = f;(s)¢7(s)Po(s) ( resp. P(s) = f4(s)
Py(s)€ '1',”(5) }is an N x N transfer matrix whose MLI (
resp. MRI ) matrix is fe(s)l( resp. fr(s)I) i fy(s) ( resp.
f{s) ) is an arbitrary Hurwitz polynomial of degree d, (
resp. d. ) and d; ( resp. dr) > the maximum degree of

the elements of (Tg(s) ( resp. 5’;,‘(3) ). ooo

Remark 2.2 : In this paper, the plant Po(s)" will in
general be assumed to have a diagonal MLI or MRI
matrix which can be specified with only the knowledge
of relative degree of each matrix entry. ooo
Remark 2.3 : The assumptions (Al) — (A4) are equi—
valent to the relative degree, upper bound for the order
of transfer function, the sign of high frequency gain and
minimum phase assumptions in model reference control
scheme for SISO plant. ooo

Furthermore, the plant is assumed to be operated
subject to bounded output disturbances ¢, € R"*!
(which are usvally modeled in a real system as

measurement noise), i.e. Jp = yp + (o
2.2. Controller Structure Design :

By the way of parametrization described in (2.2)
and (2.3), we can use the standard MRC structure for
MIMO plants in a way similar to that in an SISO case.
In this section, the MRC structure based on MRI
matrix formulation is discussed and that based on MLI
matrix can be obtained similarly as in as [2]. We now
express the system equation in the following form:

5(9) = G ()u(s) + Cols)

up(s) = [;7(5)E™(5)2(s) (2.4)

where
G(s) = Pl + WAP(3)] + WAPx(s)

P(5) = [ Po(s)€(s) = 2, () Bxi)
APy(s) = (€™(5)) "APY(s)E™(5)
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APy(s) = [ 9)AP()ET(s) (2.5)
and Zp 1(5) and Rp 7(5) are right coprime polynomial
matrices of dimension N x N and R (s) is column
proper. The standard MRC structure will be used and
the control input up for the plant is given as:

p= Cr(s,ﬁ)N;‘(s)v + Dr(s,02,03)N;}(s)@p + Ky ref+ vp

up = [ (8)E N (s)v (2.6)
where
Cls6) = 0”2 + ... + O,v
D (5,00,05) = 0us"2 + ..... + b1 + B3N ()
b = [Bigyernneny O]
by = [Oy1ye...., bova]" (2.7)

and Nr(s) = diag{nr(s)}; nr(s) is an arbitrary monic
stable polynomial of degree »—1 and Kj is a constant
matrix. The design of the control input is similar to
that in [2] but with a difference in the additional term
vp t0 be specified later. Under this structure and with
the condition of g = 0, (o = 0, and »p = 0, it can be

easily shown that there exist constant matrices ' , 0’5,

65 and Kg such that the closed loop transfer function
matrix matches the reference model Wrn(s). It can be
easily observed that a suitable choice for the reference
model is simply fr'l(s)I whose strictly positive real
(SPR) property can be easily checked from the order of
the polynomial fr(s). For an analysis on error models
and Lyapunov design in the next section, a definition of
the concept of " generalized relative degree " for an
MIMO plant is naturally given as follows:
Definition 2.1 :

Consider an MIMO linear time—invariant plant
Py(s) to be parametrized as either (2.2) or (2.3) so that
a simple MLI matrix fy(s)/ or MRI matrix f(s)I is
obtained. Then the plant Py(s) is defined as a system of
generalized relative degree n if fg(s) or ff(s) is an n—th
order polynomial. [alla]
3. Robust MRC Design For MIMO Plants with

Generalized Relative Degree One :

In this section, the MRI matrix fr(s)I is considered,
where f(s) is a first order Hurwitz polynomial, such
that the reference model fr'l(s)l is SPR.

3.1 Error Model :

It can be =asily verified that the state~space
representation of (2.4) (2.5) can be given with a
minimal realization (Ap, Bp, Cp) of the transfer matrix
P T(s) as follows:

Xp = ApXp + Bpv+ Bpu(i; Xp € R

ip = CpXp + Co (3.1)



where pu(; represents the effect of unmodeled dynamics
satisfying:

X = A X + B

Gi= CX + Do (3.2)
with (4¢, B, G, D) being a minimal realization of the
transfer matrix APy (s) + Pol(s)APx(s) which is
proper stable from assumptions (A4) and (A5) so that
A is Hurwitz. Also define the signal vector w and
with dimension (2n x ») as :

re re 0
wy w1 0 n

W= wal = | we + 0 =w+{ (3.3)
p Yp Co

where
w = S(s)N Y(s)v=(sI— A)1Bv
wy = S(S)N H(s)jpp = (sI— A)1Bijp
(3-4)
with S(s) = (I, sI, .... ,sV'allT, and def(sl — A) = n,(s)
so that the control input up can be rewritten as:
v=0" W+ vp 5 vp= L )ET(S) v
(35)
with 0 = [Ko, 01T, 6, 03]T. Thus, a state space
representation of the plant loop is given by:

Tp Ap 0 0)[zp By
=] 0 A of|w|+|B | i+
wy BCp 0 Ajlwo 0
By 0
+ 10 [ uCi+ 0] ¢
0 B
Tp

Yo = [va 0, 0] Wy (36)

Lwe
By the " matching condition " described in last section,
the reference model fr‘l(s)l can be realized by a
nonminimal state—space (Ac, B, Cc) as:

tn ]| [Ap+Bp01Co By 0t Bp 03" (2n

Huw|=| BOIG  A+BET BOST| |win
Wom BCp 0 A Wam
Bp
+ |B {K} ref
0
In
Yn = [Cp, 0, O] Wi (3.7)
Wom
Define the state error vector e as:
Zp In
e= |wi| — |Win (3.8)

Wym

(%]
so that the error model can be derived from the

subtraction of (3.7) from (3.6) as:
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& = Ace+ Bc(¢Tw+ Vp) + Bupi + Bea(8)Co
e = Yp— yn = Cce

where By = (BL, 0, 0]%, Bea(8) = (03B, 6,87, BT,

(3.9

and ¢ = §— 6" is the parameter error vector.
3.2 Robust Controller Design :

A new MRC scheme using variable structure design
concept is given in this section. This method is an
outgrowth from the one proposed by Fu [14], [15] for
SISO MRAC scheme with unknown plant of relative
degree one or two whose transient response is drastically
improved. But, because of the fact that the control
parameters converge to zero at a rapid rate by using
variable structure adaptation, a modification which
fixes the control parameters # at a zero vector ( or zero
matrix as MIMO plants are considered ) at the very
beginning has been used for the control of linear fast
time—varying unknown plant successfully [17].
Furthermore, the complexity due to a lot of
computation for adaptation is reduced when the control
parameters are fixed. Hence we will focus on the choice
of vp in (2.6) so that the overall system is guaranteed to
be globally stable and the tracking error is ensured to
converge to a residual set whose size is a simple function
of 4 and of the bound on ¢y when they are small. The
following theorem gives the robust property with global
stability and bounded tracking performance.

Theorem 3.1 :

Consider the error

system (3.9) satisfying

assumption (A1) — (A5) with v}, being specified as :

vp = —K sign (&0)(fo lul + B1) (3.10)

where & = e + (o , sign(o) = [sign(2o1), sign(ep2), ... ,
sign(eon)]” and ].1 denotes the two morn of a vector or
induced two norm of a matrix. Let 8(f) = 0Y ¢> 0, then
there exists y* > 0 such that for all p € (0,4%] all signals
inside the closed loop system are uniformly bounded
and the tracking error will converge to a residual set
whose size can be written as an explicit class K function
of p and p where p > [ (o] is the upper bound for output
disturbances. ooo
Proof:

If the control parameter f is set to be zero, then ¢

= —6* and the error system will be:

&= Ace + B(—0""w + vp) + Beap( + Beao

e = Cee (3.11)

where B, = [0, 0, BT]T. Furthermore, the input signal v
simply becomes vp. Construct a Lyapunov function:
1T 1 7T

ez = g€ Pee+ gz Pz (3.12)

where P = PE > 0 satisfies




Pedc + AtPe=—~2Qe ; PeBK = Cp  (3.13)
due to the SPR property of the transfer matrix Ce(sI
Ac)1BcK, for some Qe > 0 and P > 0 satisfying

Tp
P A+ ALP = —2Q; (3.14)
for some Q > 0. Then the time derivative of V along
the trajectories of (3.2) and (3.11) subject to vp (3.10)
can be computed as :
V= =" Qee + (20— C0) KN 6T w + vp)
\ T
+ ,Ue’l PeBc1Gi + CTPeBc2CO - l‘l{ ngg + l‘ngngVP
(3.15)
Let get, ge2, et 42 be strictly positive such that :
ger] € Qe < geal QQIS Qg < (IQZI (3.16)
Then
V< —qulel? - paul 712 + & K;,l(—{)*Tiu + 6%
+ 1/,,] & K—rl(_er”w + up]+ ulel | PeBas] (ICcl ||
+ 1001wl + el 1PeBal 1 G0l + ] | PcBcl el
(3.17)
Since &5 sign(2o) = |eo]; where ].|; means the one
norm of a vector and
Ive] = 1K, sign(@0) (8ol ] + B)] < bl + o
(3.18)
for some ki, k» > 0, we can find that
V< ~talel? - pagl a2 ~laal[Bol o] + i
VIO ] = L1871 ol ) + 1601 K71 (k] 01
k4 16 Jul) + kel lzg] + kil el (] + k)
+ ksl zg) [l + ko) + kel el 1ol (3.19)
where ]Q; = lPeBml ICQI, ky = IPCBCIIIDQL ks =
|PB| and ks = |PeBea|. If we choose the control
parameters
Bo > B = K21 10°)
B> B = pl K 10°]
then ¥ will be subject to the following inequality:
V< —ger) €] — ngeaf 22 + IeI[ukaM + pks + ksp]
+ la| [ﬂmm + /dcw) + ks el |z ] + p[knlful +
kvl + kw] (3.21)
for some suitable & ~ ki3 > 0. Also it can be easily seen

that the relation between wand e is
w= wpn + Ge

(3.20)

(3.22)

where
wy = [ref T, wmlT, wm2T, yg]T

0 00

0 I

0 0

and G= (3.23)

O~

which implies that
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liof < Jwn| + [Gllef + 1¢o] € bia + hasle] +p (3.24)
for some constants ki4 and k5 > 0. Hence,
V< —| et — kige — k1w2/3) Je)? —lllékl - knﬂl/a) lzgl’

+ |pkis + ksp] lel + pholzc| + Faop (3.25)
with suitable constants kg ~ ks, where we use the fact
that

pab < % (u"/ 302 + u2/ 3p2) (3.26)
Hence, there exists p* > 0 such that
é%l > (kyep* + k17lt*2/ 3
30> k3 (3.27)
and thus
i 1
V<~ gale]2 ~ gt 7|2 + max(up)hu] e
+ uklglzcl + kaop (3.28)
for some ky; > 0. We now define the vector X as
T T\T
X = (&, 2T (3.29)

so that we can see that there exist constants a3 ~ ag > 0
such that
o] X]2< V< o) X)?

V< —as] X|2 + aul X] + kaop (3.30)
where
o = min (é Pet, % Pcy)
o = man (4 pes, £ pa) (3.31)
with
Perl < Pe < peal and pil < P < peal  (3.32)
and

a3 = min (é Get, é 1)
oy = maez (pl/ ki, maz (1,0)k21)

(3.33)
Consequently, the ultimate boundedness property [18]
[19] of the overall system can be concluded now for all
< p*. Furthermore, the ultimate bound of e and, hence,
e can be shown to be a class K function of the following
form as a result of [18]

o2 [+ ¥} o4
Qo |_“|_"* |- (3.34)
jﬂn (20!3+ 403+ke°p]
for some go > 0. This completes our proof. AAA

Corollary 3.2 :

Consider the system as described in (2.1) but in the
absence of unmodeled dynamics and output dis—
turbances. Then the controller (3.10) will drive the
output error to zero in finite time with all closed loop
signals remaining uniformly bounded. oog
Proof:

In the absence of unmodeled dynamics and output
disturbance, i.e. ,» = 0 and (o = 0, the error model
described in (3.11) will be modified as the following
form:



e = Ace + Be(—0Tw+vp) ; o= Cee  (3.35)
Hence, by a simple Lyapunov function V(e) = eTPe, P
=P'> 0, it can be easily shown by a similar procedure
of the proof for Theorem 3.1 that ¥(e) < —my W(e) for
some positive constant my which concludes that the
state error e will converge to zero at least exponentially
fast. Furthermore,

8’1(; I‘;} €0
T n-q T
= €0 I/(CeAce + CeBe(—0 w + vp))
= A T Cedce + & TAK™ pI\’r[—sign(eo)(ﬂolwl + )
- K;}J*Tw]
<eols{malel - (Blul + b~ 1K116°1Nwl)) - (3.36)
for some positive constant my. Since |e| approaches
zero at least exponentially fast and (3.20) is assumed,
there exists a finite 7' > 0 such that
ég r;.l e < —mg| ey (3.37)
for all t > T and for some mg > 0, which implies that
the switching surface ep = 0 will be reached in finite
time [14]. AAA
4. Simulation :
A 2 x 2 transfer matrix Po(s) is given for computer

simulation.
31
s—1 s+3
Py(s) = 1 1 (4.1)
(5422 =3

It can be easily observed that the modified right

interactor matrix é';’(s) can be chosen as (s+2)I which
is diagonal and the high frequency gain matrix
31

K=K, = tim Py(s)€"(s) = o1 (42)
is nonsingular and positive definite. Hence, we will
choose the reference model as (s+2)1/ and the matrix
K, = I for our control design such that v is

sign(eo1)

vp = —[ ) (Bolwl + A1) (4.3)

S1gn( €p2
Also note that the observability index for the plant
Py(s) is 3. In the following simulations, the initial
conditions for Py(s) is assumed to be 3 and 2.5 for
diagonal elements and in the task of tracking, the
reference input refi(f) = 2 and ref(f) = 2Zsin(t) are
applied.
4.1 Idedl case :

In the absence of unmodeled dynamics and output
disturbance, the control parameters B, and f; are
chosen as 20 and 0 respectively. Fig.1 and Fig.2 are the
tracking performance for ey and ey whose finite time
convergence property is observed!

4.2 Unmodeled dynomic and output disturbance :

Consider the multiplicative and additive un—
modeled dynamics with g = 0.001

s+l

APl(S) - s+4 .

0o

(4.4)

w
—_

©0
RN

APy(s) = 542 ?-{-5 (4.5)
s+10
and output disturbance
0.1 cos(t)
1 0.1 sin(t)
The control parameters are now chosen as fy = 20
and § = 10 respectively. From Fig.3 and Fig.4 we can

(4.6)

see that the output tracking performance is still
acceptable for the existence of unmodeled dynamics and
disturbance.

5. Conclusion :

In this paper, a new model reference control (MRC)
scheme for a class of MIMO systems was presented.
With moderate unmodeled dynamics and bounded
output disturbances, the controller, which combines the
characteristics of variable structure design [14] [15] and
null adaptation process [17], not only stabilizes the
overall systems but also drives the tracking error to a
residual set whose size can be directly related to an
explicit function of x and p. It is noteworthy, however,
that such an MRC scheme solves the same problem as
the MRAC schemes usually do but the former
remarkably simplifies the complex computation
conventionally required by the latter.

In the absence of unmodeled dynamics and output
disturbances, the output error will be driven to zero in
finite time (modulo some chattering afterwards). As
indicated in [14] [15], this convergence property is a
remedy to the undesirable slow convergence usually
appear in traditional MRAC schemes. From the
simulation results, the drastic improvement for
convergence performance is observed.
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