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The addition theorem for spherical harmonics and monopole harmonics is studied in a
unified approach. The given theorem is valid for all gauges.

PACS. 03.65.—w — Quantum mechanics.
PACS. 14.80.Hv — Magnetic monopoles.

I. Introduction

Sphericd harmonics are the angular eigenfunctions of the rotationally invariant Laplacian in
sphericd co-ordinates. They were well studied long ago. Withtheadvent of quantum mechanics, it
was realised tha they are quantum mechanical wavefuncti ons for theangul a momentum operators.
Dirac [1] introduced the concept of a nonintegrable phase factor into quantum mechanics with
the condderéion of the problem of an dectron in a monopole field. The motion of an dectron
in a monopole fidd is rotationally invariant dasscadly. Quantum mechanically the system is still
rotationdly invariant modulo a gauge factor. Tamm [2] first solved the Schrodinger equation
of an dectron in a monopole fidd and obtained the monopole harmonics. Without doubt, the
monopole harmonics are the wavefunctions for the angular momentum operators in this problem.
It was redised that angular momentum operators for the monopole problem have additiond parts
due to the contribution from the megnetic fied, but the algebra is still the same. Wu and Yang
[3] re-studied the monopole harmonics in the conceptud context of sections of the monopole line
bundle.

In [4] wefound a unified way of tregting the spherical harmonics and monopole harmoni cs.
The key point is to observe that the angular momentum operators in both cases satisfy the same
SU(2) dgebra The only difference is that, for ordinary angular momentum operétors L, they
stisfy +.L = 0, wherer is the radid unit vector. For the monopole angular momentum operators
J, we have the condition r.J = —eg = —¢q, where e and g are the electron and monopole charge,
respectively. Dirac [1] had shown that their product ¢ mugt be an integer or a hdf-integer. We
employed [4] the holomorphic representation of the angular momentum operators, which was first
dudied by Bargmann [5]. Indeed, this isjud a concrete representation of the angular momentum
operators by bosonic oscillators due to Schwinger [6]. The up and down spins are represented
by the two complex variables, v and v, respectively. We obtained a duet of rotated dates u’
and v’ such tha they are eigendates of r.J with the eigenvalues —% and % respectively. The
gauge degree of freedom appears in the ambiguity of defining «/ and v/, as aresult of the Hopf
mapping [7]. The states «' and v' come with reciprocal phase fectors The spherical harmonics

http: //PSROC.physntu.edu.tw/cjp 490 © 2002 THE PHYSICAL SOCIETY
OF THE REPUBLIC OF CHINA



VOL. 40 M. K. FUNG 491

and monopole harmonics can be built out of suitable combinations of the duet of the rotated states,
' and v’. The gauge factors just cancd out in the case of the spherica harmonics This was the
main content of [4].

Following their previous paper [3], Wu and Yang studied the addition theorem of the
monople harmonics in [8]. The addition theorem isjust a manifestation of the composition of two
rotations for the representation theory and is certainly an important theorem. Therefore we have
chosen to study the addition theorem for spherica harmonics and monopole harmonics here using
our unified gpproach. Our method has the advantage of keeping track of dl the gauge factors
throughout. Thetheorem canbegiven for dl gauges This paper isorganised asfollows In section
2 we directly apply our formula to obtain the addition theorem for the spherical harmonics. In
this case we do not need to worry too much about the gauge factors snce they just cancel out.
In section 3 we study the addition theorem for the monopole harmonics It can be observed
that in our gpproach, the gauge factors emerge quite naturally. We cond ude in the final section
with a simple computation. We explicitly multiply the SU (2) matrices for the group composition
formula  After some manipulations we do recover some cases of the addition theorem for the
pherical harmonics and monopole harmonics. This tests the correctness of our approach. It dso
reveds the underlying principle of the physics of the addition theorem, the manifestation of the
group composition law, with gppropriate phases in the ensuing representation.

II. Addition theorem for spherical harmonics

One of the key reaults of [4] is that the sphericd harmonics Y7, can be expressed as
—H—m —l m (Ru)l(RU)l
V(I +m)! —m)! I!

where u, v are two complex varigbles [6, 5] which denote the up and down spins, respectively.
The measures [du] and [dv] are ie~ %% /2 and ie =" /2w, regpectively, so that

/uhuh/ [du] = /vhvh/ [dv] = hopn 2

The rotation R rotates the z-axis directly into the (6, ¢) direction. The rotated states Ru and Rv
are then denoted by

[du][dv] , @

( Ru ) _ cos% sin%e—id) < u ) -
Rv —sin e’ cos? v )

Indead, thereisa U (1) gauge degree of freedom in the definition of R corresponding to a further
rotation of angle X around the (6, ¢) direction.

R < eix/2 0 > Cos % sin %e‘w @
0 e /2 —sin gei¢ cos g

However, for the spherical harmonic case the gauge factors just cancel out, and do not contribute
to the expression for the gherical harmonics. From the aove expresson it can be easily seen
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that
lem (Oa 0) = 5m0 . (5)

Equivalently, we can sum up the sphericd harmonics as

l+m Ul—m Ru l Ruv l
S Yinlt.o - R ©
= l +m)! \/(l —m)! !
If we now consider the composition of two rotations as
RX = RQ, Y

where we retain the gauge factors for ease of manipulation. The rotation ) is parameterised by
the three Euler angles «, (3, and ~,

Q- et 0 cosg sing e 0 ®
0 e i2 - sin% cosg 0 ez )7

We immediatdy get the formula
Yim(0,0) = ZD Y (¢, ), 9

where the function D! ,is given by

gtm g—m (Qu)l+m' (Qv)l—m
VIEAm) V(1 —m) (I +m) (1 —m?)!

As an applicaion of this formula we observe tha

. ‘b . . ‘b
cos % sin % ev2 0 cos % sin %e*w ) 0
. = , o , , ()
—sin§ cos$ 0 e it —sinfe®  cos§ 0 eid

and we get
Vim(0,6) = €™ Yim(6,0). (12)

[dul[dv] . (10)

The addition theorem, here, can be expressed as
Yio(6 ZYW B, Y (6, 6') (13)
snce
Df}m’ (R_l): —m/( 0 ¢)

14
=Y (0,0). .
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II1. Addition theorem for monopole harmonics

The analogous formula for the monopole harmonics is

gl tm W™ (RXu)i—9 (RXv)ite dullde 15
i VGG —mi G- o

By this definition we have
e XYX.(0,4) = Om (16)

q,3,m
Thereis a symmetry which is not obvious in the spherical harmonic case. Thisis akind of charge

conj ugate transformation,

U=RXv V =RXu
_ = = a7
u= RXV v= RXU,
where
5 ez 0 ez 0
RX = L |’ S I (18)
0 e2 0 etz
Thus we have
Z 1,mX
qXYZf% =€ YXJ q " (19)
This symmetry was first observed in [8]. We now have the equivaent expansion formula
J J+m j—m X )/~ (RXp)Y+4
S Wl 9) o BRSPS 0
= VG +m)t/G=m)lt VG =)l V(i +9)!
The analogous compoasition formulais
q]m Z mm’ qjm/(gl ¢) (21)
where the function D/ is given by
ltm —-m u j+m’ v j—m’
D], Q" (PP fav). @)
V(G +m) /(G —m) (G +m) (G —m)!
We can a9 easily derive the following relations
(23)

YXH(9, ) = e™PY X (9,0),

q,j,m q:3,m
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or

YX

q,3,m

For the addition theorem for monopole harmonics we have to be a little bit careful about
the additiond phase factor. We should teke

RX = Rxt) (25

where Q is the area of the geodesic triangle formed by the rotations R/, R, and Q—!. This
ensures that the successive rotations will give the correct non-integrable phase factor [9]. Hence
we have

YN 0.0)=3" D7 QY 0. 8), (26)
but,

D QY=Y 0 (-8,—a). (27)
After some straightforward manipulations, we get the rdation

D7 Q1) = eetemixy s (6, 5). (28)

Hence, the addition theorem for the monopole harmonics in itsfind form is
OV (0,6) = 3 e ey (5 oY (0 4). (29

In [8], Wu and Yang gave a generalised addition theorem, which in our formulation reads
Yq)fﬁ—ql(e’ Cb) = ei(qQ*q’x) Z eiq/(aJr’Y)Yq)’(:kj,m’ (/67 7)}/;1),(j,m’ (0,7 ¢/) . (30)

To compare our results with those of Wu and Yang [8] we havetotake x =0 and X' = —(a+7).
IV. Addition theorem and the composition of two SU(2) rotations

The crucial piece of phydcs in the addition theorem is snply the compoasition of two
rotations We consider here the SU(2) matrices, snce we can discuss the role of the gauge
factors more directly in this representation. We consider the case in [8]; the compoasition law is
just

R =R Q. (31
Working out the explicit expression for R/, R—%, and Q, we get

6 e B 6/ . /8 . 6/ P
— = 4 i(at) = - = 2 ot(r—¢")
CcOS 5 e "z2e <COS 5 CcOS 5 + sin 5 sin B e > s (32)
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.0 Q 6.0 .. B 0.
20 iy ~ Z it el N 2
sin Se e (cos 5 sin e sin g cos Ze ) . (33
On closer scrutiny, these two rdaions are simply two cases of the monopole harmonics addition
theorem.

The above reations are equations for the half-angles of 6, 3, and 6. By algebraic manip-
ulations we can get equations for the whole angles:

cos = cos 3 cos @ +sin Bsinf’ cos(y — ¢'). (34)

Thisis an example of the addition theorem for spherical harmonics. Indeed, thisis the well-known
cosine law for the geodesic triangle, which implies

cosT = cos(y — ¢'), (35)

where we have defined the three angles of the geodesic triangle as B, T', and T”, the angles
opposite the sides 3, 0, and 0’, repectively. We dso have the equaion for sin 6

g

sin fe’® = e~ t) (cos2 5 sin@e’ —2cos g sin 5 Cos 6'e" — sin? 5 sin H'ei(%_d’/)) . (36)

It is readily realised that this is jugt one case of the generdised addition theorem for monopole
harmonics.

Indeed, we should first work out cos @ from the cosnelaw. Then we use the cosnelaw to
get the angles B and T". From the three caculaed angles the area of the geodesic triangle can
be readily obtained from the wdl-known formula

T+B+T =7-Q. (37)
Findly the quantity o + -~y can be caculated from the defining compasition law.
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