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Abstract

Fu and Chau have proposed a new family of Cayley graphs, named cyclic-cubes. In this note we show that cyclic-cubes are
isomorphic to the well-known wrap-around butterfly graphd.999 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction The edges ofGX are generated byk2generator
functions, denoted by, g~1, f1, f~1, £2 F2, ...,

k=1 p—(k—1 ; ;
Recently, Fu and Chau [3] have proposed a new / ./ =1, which are defined as follows.
family of Cayley graphs with even fixed-degrees, Jirl e et L
: - S (G T e
named cyclic-cubes, which is a generalization of ) o o
Vadapalli and Srimani's work [5]. In [2], the latter was = 7.t
shown isomorphic to the binary wrap-around butterfly

’ ) —:L(tjz+1 1 jl—ltjl)

graphs. In this note we show that the cyclic-cubes are 8 \li+1 ---In fp 110
also isomorphic to the wrap-around butterfly graphs.  _ ji jix1 Jngt -1
! i ’ = RO PN Y e

In the following, we review the structures of the cyclic- .l lfl ! -1

i (il Ji42 Jn 2 J1 Ji

cubes and the wrap-around butterfly graphs. - N i e re e
Letr,r,..., 1, ben symbols with an ordenng_of _ e i ji it
t > tp > --- > t,, Where> represents a total ordering. =hyo ety el

Each symbol is assigned a rank frgiy 2, ..., k}. We i=12,..., k=1

J indicati i —i (11 Jn 1 Ji-1 i
user; to de_note a ranked symbol, |nd|cat|ng_tlzya|s N G s i 7o
assigned with ranlf. The vertex set of a cyclic-cube S o .

. . . — t]lfl t]lJrl t]” tjl t1171
contains all circular permutations of ranked symbols A A R A TR A I
ordered by>. We useG¥ to represent a cyclic- i=12...,k-1,

AN .
cube whose ver/tf)jzset (j:ontamts distinct circular where 1< < n,
1 v y Jn >
permutations of;*%,°...1;", wherej; € {1,2,...,k} it _ Gk
forall 1< < n. +1 Tl JiTl ’
and
* Corresponding author. Email: ghchen@csie.ntu.edu.tw. tl][ﬂ = tl(ﬂﬂ)Jrk if j—i<O.
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Fig. 1. A drawing ong with the outer two columns identical.

Formally,G* can be defined as follows.

Definition 1. The vertex set ofG is {t{ltgz o
J2.J J Jn 4 J Jn— .

S E AR SN gt e {2, k} for
all 1 <1 < n}. Two verticesr andy of GX are adjacent

if and only if §(x) = y, wheres € {g, g~ L, i, 7|
i=1,2,... k—1).

Fig. 1 shows a drawing o6:3, wherea > b >
¢ is assumed. The vertices Gg are grouped into
different columns according to their first symbol. For
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levels

200
010
110
210
020
120
220
001
101
201
011
111
211
021
121
221

002
102
202
012
112
212
022
122
222

Fig. 2. A drawing ofBF(3, 3) with level O replicated.

the convenience of drawing, the column with the first » levels, numbered @, ...,n — 1, each ofk" ver-

symbola is duplicated. tices. Each vertew is represented by a two-tuple
We useBF(k,n) to denote amm-dimensionalk- (I, BoP1...Bu-1), Wwhere 0< I < n — 1 is the level of

ary wrap-around butterfly grapiBF(k,n) contains vandpBoB1...Bn—1is ak-ary sequence thatis used to
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Fig. 3. Redrawing oGg.

distinguishv from the others with the same level as 1} forall 0 <i < n—1}. Two vertices/, oB1...Bn-1)
v. The edges exist between adjacent levels. Formally, and (', ﬂoﬂl .. ~5r/,71) are adjacent if and only if =
BF(k,n) can be defined as follows. [+1modn andg; = ﬁlf forall0<i<n—1landi #1.
Definition 2. The vertex set oBF(k, n) is {{/, BoB1 Fig. 2 shows a drawing dBF(3, 3). It was shown

S Bu—1)11€{0,1,...,n—1}andB; €{0,1, ...,k — in [1] thatBF(k, n) is an instance of the Cayley graphs.
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2. The isomorphism D@G2=D . G =), (I+1, (1—D (2= ... (i —
D@1 —1+D)0G2 =1 ... (ju — D)), which is an
Two graphsGi = (V1, E1) and G2 = (V2, E2) are edge ofBF(k, n). Similarly, (¢ (x1), ¢(x2)) is an edge

isomorphidf there exists a one-to-one correspondence of BF(k, n) if (x1, x) is induced byf~*. 0O
¢ from Vy to Vo so that for alla, b € V1, (a,b) € E1 if
and only if (¢(a), ¢ (b)) € E2. For example, it is easy In [3], a shortest-path routing algorithm fagX

3 . . . -
togsee thaGs IS |sgmorph|c td3F(3_’ 3) ifwe redraw  \yas proposed. According to Theorem 1 the algorithm
G3 as shown in Fig. 3. The following theorem shows can be adapted tBF(k, n). A shortest-path routing
that G} is isomorphic taBF(k, n). algorithm for BF(k,n) was also proposed in [4],

independently.
Theorem 1. G’,‘l is isomorphic to BFk, n).

; i1 i Jn 4 J1

Proqf. For an arbitrary vertex =" ;.5 ... t;" 1]

ot ofcﬁ,definey_:mx): I 3G1i—D(2—1)...
(jn — D). Clearly,¢ is a one-to-one correspondence. WE A B a0 AL Rosenberd. G _

. k . Annexstein, M. Baumslag, A.L. Rosenberg, Group action

Since G” and BF(k,n) have the same number of graphs and parallel architectures, SIAM J. Comput. 19 (3)

edges, they are isomorphic if and only if for each edge (1990) 544-569.
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