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component Sii tangential to $ and a component S± normal 
to 8, it follows with the aid of (11) and (14) that 1° 

Sii = P0 3--~, E ~ 8.  (20) 

We may regard the constrained material as a constraint-mani- 
fold-Green-elastic material: to each E ~ g, the function e '  
assigns a unique Sii tangential to 8. 

(c) If there is a second constraint of the type (2), the 
dimension of the manifold g is reduced to four, and two 
Lagrange multipliers will appear in the expression corre- 
sponding to (14); up to six (independent) constraints can be 
treated by this procedure, at which stage the material be- 
comes rigidly constrained and S is completely indeterminate. 

4 Cauchy-Elast ic  and Other  Materials  Subject to an 
Internal  Constra int  

For Cauchy-elastic materials, a constitutive function 
exists, but there may be no strain energy function. For such 
materials, the construction in Section 3, which is based 
directly on the strain energy function, must be modified. A 
clue to how constraints in such materials can be dealt with is 
suggested by Remark (b) in Section 3, where it was observed 
that the component Sii of stress in a constrained Green-elas- 
tic material is uniquely defined (by (20)) at each point of the 
constraint manifold. Thus, we will suppose that for a 
Cauchy-elastic material subject to the internal constraint (2), 
the surface component of the stress S is given by a constitu- 
tive function S': 

Sii = S'(E),  E ~ $. (21) 

Again, we take S to be independent of strain-rate. Further, 
we assume that for any Cauchy-elastie material whose sur- 
face component of stress matches S' on 8, the stress power 
of the Cauchy-elastic material during any motion that satis- 
fies the constraint is equal to the stress power of the con- 
strained Cauchy-elastic material. For any matching Cauchy- 
elastic material, we then have 

S .  1~ = S'  E = S' .  E (22) 

for all 1~ satisfying (3). Consequently, the stress in the con- 
strained material is of the form 

34, 
S = S + A - -  

3E 

_ @~ 
= S' + A - ~ ,  E c 8  (23) 

where A and A are Lagrange multipliers. 
Again, we can start out with any Cauchy-elastic constitu- 

tive function S, specialize it to 8, add on an arbitrary part 
orthogonal to 8, and thereby obtain the corresponding inter- 
nally constrained material. 
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Divergence Instability of a Spinning 
Disk With Axial Spindle Displacement 
in Contact With Evenly Spaced 
Stationary Springs 

Jen-San Chen 1'3 and Cheng-Chou Wong 2'3 

The titled problem is studied numerically by finite element calcu- 
lation and analytically by three-mode eigenfunction expansion. It 
is found that divergence instability of the coupled system is 
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induced only when two times the number of nodal diameters 2n 
is equal to a multiple of the number of stationary springs N, but 
n ~tself is not a multiple of N. 

Introduction 
It has been known in the wood cutting industry that 

allowing the central clamping collar of the circular saw to 
slide freely along the axis of rotation can improve the stabil- 
ity of the cutting process. Mote's paper (1977), in which the 
collar was modeled as a line mass without stiffness, appears 
to be the first publication trying to explain the effects of the 
rigid-body translation on the stability of the floating circular 
saw. Mote's model failed to explain the observed improve- 
ment in stability that occurs by allowing the collar to slide 
freely, so Price (1987) extended Mote's model by considering 
the disk and collar system as an elastic plate with two 
concentric regions of different thickness. As the thickness 
ratio of the collar and plate becomes very large, Price's 
calculations show that the divergence instability induced by 
load system stiffness can be eliminated. These papers are 
mainly concerned with the dynamics of a spinning disk with 
axial spindle displacement in contact with a single stationary 
load system. In the wood cutting industry, however, the saw 
blade is usually restrained from lateral vibration by the 
presence of more than one guide pad. This Note presents the 
calculation results and analytical verification on the diver- 
gence instability of a spinning disk with axial spindle dis- 
placement in contact with multiple stationary springs. 

Equations of Motion 
The motion of a spinning flexible disk with axial transla- 

tion can be described in two coordinates frames. The local 
frame o-xyz is attached to the rigid, massless collar and 
translates in the Z-direction relative to the inertial frame 
O-XYZ. Both the Z- and the z-axes are coincident with the 
rotation axis of the floating circular disk. The disk is clamped 
by the collar on the inner radius r = a and free on the outer 
radius r = b. The position of the collar is measured by Z 
from the origin O. The elastic transverse displacement w of 
the disk is measured with respect to the local o-xyz frame. 
The disk rotates about the oz-axis with constant rotation 
speed fl  and is in contact with N evenly spaced point 
springs. By D'Alembert 's  principle, the equation of motion of 
the disk in terms of w and with respect to the nonrotating 
local coordinate system (r, 0) can be written as 

h 
ph(w,, + 2aW,o + a w,o0) + D V ' w  - 

r 

hob 
r2 W,o o + phZ 

=-~.~ ~(r-~)~(o-oj)(w+z).  (1) 

The parameters p, h, and D are the mass density, thickness, 
and flexural rigidity of the disk, respectively. ~(:) is the Dirac 
delta function. The point springs are evenly located on a 
circle with radius r = ~, where a _< ~ _< b. The membrane 
stresses o7 and % are due to the centrifugal effect. 

By considering the force balance in the Z-direction be- 
tween the total inertial force on the disk and the forces 
exerted by the stationary springs kz, one can obtain an 
additional equation of motion 

N 

mZ + [.2~r fbphw,,rdrdO + ~ kz[w ( ~,Oj) + Z]  = 0 (2) 
j = l  

where m is the mass of the circular plate. 

BRIEF NOTES 

~5 

4 0 - - - - - -  

- 4 0  - 

l O P  

r -  . . . . .  1 1 - - - -  r - - T  - - -  

I I . . . .  t I - __1 

8 ~  

,~ 40 

.~ 2o 

0 
0 20 40 60 80 I00  120 

Ro ta t i on  speed ~ , Hz 

Fig, 1 Eigenvalues of the spinning disk in contact with four sta- 
tionary springs k z = 3000 N / rn 

Numerical Results 
The eigenvalues of the coupled system are obtained by a 

finite element computation which is similar to the one pre- 
sented in Ono et al. (1991). The material properties of the 
disk used in the calculations are p = 7.84 × 103kg/m 3, D = 
19.36 Nm, h =  1.02 mm, a = 101.6 mm, b = 2 0 3 . 2  ram. 
Figure 1 shows the cases when the spinning disk is in contact 
with four evenly spaced stationary springs k z at the radial 
position~ = 0.9b. The ordinates are the natural frequency ~o 
and the real part c~ of the eigenvalue (A = a + iw). The 
solid lines represent the cases for stiffness kz = 3000 N/re. 
The dashed lines correspond to the case of a freely spinning 
disk with rigid-body translation (i.e., k~ = 0). Attention is 
focused on the divergence instability when a backward wave 
meets its complex conjugate near the critical speed. Figure 1 
shows that divergence instability is induced when (1, 2) b 
meets its complex conjugate, but no divergence instability is 
induced when (1, 3)~ and (1, 4) b meet their complex conju- 
gates. Mode label (m, n)b represents a backward wave with 
m nodal circles and n nodal diameters. Subscripts " f "  and 
" r"  in the mode label in Fig. 1 represent a forward and a 
reflected wave, respectively. From these observations and 
additional calculations not shown here it is found that diver- 
gence instability is induced when 2n is equal to a multiple of 
N and n itself is not a multiple of N. 

In order to study the behavior of divergence instability as 
k~ changes, we consider the case when i2 is fixed at 85 Hz, 
just higher than the critical speed Oc = 81 Hz of mode (1, 2). 
The solid lines in Figs. 2(a), (b), and (c) show the eigenvalue 
A as a function of kz when N = 2, 3, and 4, respectively. In 
Fig. 2(a), the two eigenvalues are purely / imaginary except 
when k~- < k~ < k~. When k~- < k z < kz- ~ the eigenvalues are 
complex numbers. In Fig. 2(b) the two eigenvalues are always 
purely imaginary, with one increasing monotonically with kz 
and the other decreasing as k~ increases until kz = k~. As 
k z > k~ this eigenvalue increases from zero as k~ increases. 
This represents the phenomenon that critical speed increases 
in the A - ~ diagram whenk~ increases. In Fig. 2(c) one of 
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Fig. 2 Relation between eigenvalues and stiffness k z when the 
disk is spinning at ,~ = 85  Hz  and in contact with (a) two, (b) three, 
and (c) four springs, respectively 

the eigenvalues is always purely imaginary and the other 
becomes a real number when k z > k*. This means that the 
divergence instability is induced when k z > k*. 

Eigenfuneton Expansion Method 
Equations (1) and (2) can be rewritten in the matrix 

operator form 

Mu,. + Gu,t + (K + K)u = 0, (3) 

where the vector u is defined as u - - - / ~  }. The matrix 
k ~ /  

operators M, G, and K are associated with the freely spinning 
disk, while K is associated with the stationary point springs. 
The inner product between two eigenvectors u I and u 2 is 
defined as 

27r b 
(uDu2) = f0 fa wlw2rdrdO + Z1Z2" (4) 

the overbar means complex conjugate. The orthogonality 
relations among eigenfunctions of a freely spinning disk with 
respect to operators M, G, and K in Eq. (3) have been 
established in Wong (1994). 

In order to study the eigenvalue changes near the critical 
speed, we express the eigenfunction of Eq. (3) in terms of the 
eigenfunctions of three neighboring modes of the freely spin- 
ning disk 

U = ClUmn q- C2U.mn "F C3U00 (5)  

w ereum ={ wm )0  n uoo=lOl 
the eigenfunction of the mode (m, n) with n ¢ 0, whose 
natural frequency is Wm,. Rmn(r) is a real-valued function of 
r. Substituting Eq. (5) into (3) and taking the inner product 
between each of the three eigenfunctions and both sides of 
Eq. (3) with use of the orthogonality properties described in 
Wong (1994), we obtain a system of three homogeneous 
linear algebraic equations with unknowns cl, c2, and c 3. For 
the existence of nontrivial solutions the determinant of the 
coefficient matrix should vanish. Consequently, the eigen- 
value A can be obtained by solving the following equation: 

Ol0/~6 + ( ~ 0  "}- ~31•)/~4 + (~0 "q- ~1 • "-~ ~ 2 ' 2 )  A2 

+('01• + '02 •2 + '03• 3 ) = 0 (6) 

where 

= 4 ,2 = 4A(S~, ,  . , 2  2 a o A R  . . . .  flO -}- l~mnO)mn), 

fl, = 4R*,. U [ R*. + AR2,. ( ~ )] ,  

2 2 
Yo = 4A ¢.omnSmn , 

2 ~ ) a o o m n S m n  ] Yl 4N[S2mn + R*m2n 2 _1_ R m n (  = O)m n 

Y2 = R Z n ( ~ ) [ 4 R * n (  N2 - K,) + R Z n ( , ~ ) A ( N  2 - K2)], 

2 2 
"01 = 4 N°°mnSmn , 

"02 = 4RZm~( sC )wm,Sm~( N2 - K, ), 

'03 = R 4 , ( ~ ) [  N3 - (2K1 + K2)N + K3] 

and 

b 2 
e = k z / p h ,  A = 7r(b 2 - a2), R~n = ~rJ~ Rmn(r)rdr  , 

N N 
Sin, = 7 r n ~ ( 2 n O  + win, ), K 1 = E E e2in~(J-k)/N, 

j=l  k=l 

N N 
K2 = E E eain~r( j -k) /N'  

j - 1  k=l  

; . 
j = l k = l l = l  

The roots of Eq. (6) are solved and plotted as dashed lines in 
Fig. 2. It can be seen that the three-mode expansion is an 
excellent approximation to the finite element solution. 

Case I. Neither n nor 2n is a multiple of N. In this case 
K t = K 2 = K 3 = 0. The eigenvalues can be solved as 

eN 
A 0 2 = - - A  --- and A2 = - ( G + H ) + 2  G~G-H 

where G and H are two positive real numbers 

ENR~n( ~ ) 
G = n2~~ 2, H = ( n ~  + O)mn) 2 "Jc" 

2Rm, 

It is clear that all the eigenvalues remain purely imaginary as 
the stiffness parameter e changes. )t o corresponds to the 
mode with frequency proportional to ~ in Fig. 2(b). 
A+ corresponds to the mode with frequency decreasing to 
zero as k z increases. A+ changes sign when • = • * =  

2Smn 09mn 
NRZm,( ~ ) '  which corresponds to k* in Fig. 2(b). A_ is an 

extra root and corresponds to mode (m,  n)f, whose natural 
frequency is beyond the range of Fig. 2. Therefore no diver- 
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gence instability will be induced by the stationary springs in 
this case. 

Case II. 2n is a multiple of N, but n itself is not a 
multiple of N. In this case Kt = K3 = 0, and K 2 = N 2. The 
eigenvalues can be solved as 

eN 
A ~ = - - -  and 

A 

A2 = - ( G + H ) + 2  G H +  16 .2 
-- R m  n 

It is obvious that A 2 and /~2 are  always negative and corre- 
spond to stable modes. On the other hand the sign of A 2 
depends on e. It can be shown that A 2 becomes positive 

Stun O)mt l 
when • > •* N R ~ , ( s c ) .  The eigenfunction corre- 

sponding to positive A2+ is an unstable mode with zero 
natural frequency. In other words, divergence instability is 
induced in this case. It is noted that •* corresponds to k* in 
Fig. 2(c). 

Case III. n is a multiple of N. In this case K 1 = K 2 = N 2 

and K 3 = 2N 3. It is difficult to derive the explicit expression 
for A 2 in this case. However, we can show that the roots for 
A 2 are one negative real number and two complex conjugate 
numbers when e~ < • < •*+, where 

A w ~ . [ 2 P  - Q ± v/Q(-8P + Q) ] 
• *~ = 2 N ( P  + Q )  

OOmnRmn( ~ ) P = R ~ , ( n D + 4 w m ,  ), Q = A  2 

The real A 2 corresponds to the stable mode (m, n)f. The 
eigenfunctions corresponding to complex conjugate A z are 
two modes with the same nonzero natural frequency, one 
with positive and the other with negative real parts. There- 
fore merged-type instability occurs in this case. It is noted 
that e* correspond to k f  in Fig. 2(a). ± 
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R a d i a l  S t r e s s e s  in C o m p o s i t e  T h i c k -  

W a l l e d  S h a f t s  

Naki Tutuncu ~ 

Introduction 
Increasing use of thick-walled composite tubes as machine 

elements necessitates the investigation of through-the-thick- 
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ness stresses. These stresses might be due to externally 
applied loads such as pressure, torque or axial force, or due 
to thermal loads. A possible case which includes all of the 
above is presented by Tutuncu and Winckler (1993) with the 
assumptions that the cylindrical tube is long, i.e., no end 
effects are considered, and stresses and strains are indepen- 
dent of the circumferential coordinate. Based on the same 
assumptions, the present paper will address the problem of 
determining radial stresses in composite rotating shafts re- 
suiting solely from centrifugal forces which constitute the 
body force in radial direction. 

In conventional applications of cylindrical tubes as hollow 
shafts, the radial stresses may rightfully be neglected for they 
are of much less magnitude as compared with axial and hoop 
stresses. In laminated structures, however, these stresses may 
be of great concern because the transverse strength of a 
typical laminate is much less than its axial strength. Assuming 
the strength in radial direction is approximately equal to the 
transverse strength, a relatively small radial stress might 
cause delamination in the structure. 

A displacement based linear elasticity approach will be 
presented. The tubes in question may be multilayered allow- 
ing the possibility of each layer being made of a different 
orthotropic material placed at an arbitrary angle to the tube 
axis. For a complete discussion of stresses in thick-walled 
tubes with the absence of body forces the reader is referred 
to the papers by Pagano and Halpin (1968), Hyer, Cooper, 
and Cohen (1986), Hyer and Rousseau (1987), and Tutuncu 
and Winckler (1993). 

Differential Equation and Boundary Conditions. Con- 
sider a helical wound composite cylinder which is rotating at 
an angular velocity ~o. As a result of the assumptions made, 
the problem is reduced to a planar elasticity problem where 
the radial, circumferential, and axial displacements are given, 
respectively, as follows: 

bl r = I L l ( F ) ,  bl 0 = V ( z , r ) ,  U z = w ( z , r ) .  (1) 

The strain-displacement relations reduce to 

du u 8 w c) v v 

fir = ~ r  ' EO = --'r ez = OZ ~ ~lrO Or r ' 

Ov Ow 
% z = - - ,  %r = ~ .  (2) 

Oz Or 

The equilibrium equation in radial direction is 

do- r o- r - o- 0 
- -  + - -  + o ~ 2 o r  = 0 (3) 
dr r 

where ~o2pr is the body force per unit volume and p is the 
density of the material. 

On the account of the fact that all stresses are considered 
to be functions of r only and the boundary conditions %z = 
%0 = 0 at r = Ri, the shearing stresses rrz and %o vanish, 
and the remaining two equilibrium equations, with the ab- 
sence of body forces in axial and circumferential directions, 
are identically satisfied. The constitutive relation is then 
written as / /,cll c,2 c13 c,4,/ r } 

O'0 = ~C12 C22 C23 C24~ •0 

°'z / C l 3  C23 C33 C341 "z " (4) 

TOz t C l 4  C24 C34 C44J "70z 

Note that in cross-ply laminates, the extension-shear coupling 
terms C14, C24, C34 would not appear. Following the steps 
outlined by Tutuncu and Winckler (1993), the circumferential 
and axial displacements are found as follows: 
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