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A Computationally Efficient DFT Scheme for
Applications With a Subset of Nonzero Inputs
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Abstract—Fourier transformation is a powerful analytical tool
with wide-ranging applications in many fields. In certain cases,
some of the inputs to the transformation function are zero, while
the others are real or complex. For the case, where the nonzero
inputs are complex, the transform decomposition (TD) method en-
ables a significant reduction in the computational complexity. This
letter proposes a modified TD (MTD) algorithm to further reduce
the complexity when the nonzero input data are consecutive and
real-valued. The analytical and numerical results confirm that the
complexity of the MTD scheme is not only significantly lower than
that of the original TD method, but also lower than that of the tra-
ditional split-radix fast Fourier transform (FFT) method when the
length of the input sequence is short.

Index Terms—Discrete Fourier transform (DFT), fast Fourier
transform (FFT), transform decomposition (TD).

I. INTRODUCTION

FOURIER transformation is widely applied in many dif-
ferent fields, ranging from communications and optics on

the one hand to medical science and X-ray crystallography on
the other. Advances in digital signal processing capabilities have
prompted the development of powerful discrete Fourier trans-
form (DFT) and inverse discrete Fourier transform (IDFT) al-
gorithms. However, even with today’s sophisticated processors,
there is an urgent need to reduce the number of computations
and storage elements. Consequently, intense research effort has
been expended in developing more efficient numerical proce-
dures. For most applications, the DFT and IDFT processes can
be regarded as mapping an -point long sequence in one do-
main to a corresponding -point long sequence in another do-
main. In some applications, e.g., computing the high-resolution
spectrum and transition-region (between the passband and stop-
band) response when designing a filter, some of the elements
of the input sequence are zero, while the remainder are real or
complex.

Various researchers have presented DFT algorithms for such
applications [1]–[3]. One of the well-known examples is that
of the pruning algorithm [1], [2], based upon the conventional
one-butterfly radix-2 fast Fourier transform (FFT) scheme [4].
However, the transform decomposition (TD) method presented
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in [3] yields a significant reduction in the computational com-
plexity when the nonzero inputs are complex. This letter mod-
ifies the TD scheme to further reduce the number of computa-
tional operations required when the nonzero inputs are consec-
utive and real-valued.

II. MODIFIED TRANSFORM DECOMPOSITION (MTD)
METHOD FOR REAL-VALUED INPUTS

Let the th element of the DFT matrix be
given by , where . In
general, the DFT operation on an arbitrary complex sequence
can be expressed in matrix form as

(1)

Assuming that only the first consecutive elements of are
nonzero, (1) can be rewritten as

(2)

where is an matrix containing the first
columns of the DFT matrix , and the 1 vector
is extracted from the first nonzero elements of , i.e.,

.
To simplify the computation of (2), consider the case where
is divisible by , i.e., the variable , where , has

an integer value. Furthermore, if is not divisible by the data
length , then zeros can be padded at the end of the
data sequence. Under these assumptions, the matrix of
size can be expressed as

...
...

(3)

where denotes the th row of and is an
matrix constructed by extracting equally spaced rows

of , i.e.,

...
(4)

where denotes the modulo of and is an arbitrary initial
index. In addition, is an permutation matrix such that
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(3) is fulfilled. Since and , the matrix
has the form

...
...

. . .
...

...
...

. . .
...

. . .
...

. . .
. . .

...

(5)

As a result, the matrix can be decomposed into -point
DFTs, , i.e.,

...
...

...
(6)

Note that a similar result was obtained in [3] for the particular
case of . Clearly, different values of the initial index
result in different sets of transforming matrices ,

.
In the fast Fourier transform (FFT) scheme, the computa-

tional complexity for real-valued inputs is half that for complex
inputs [3], [5]. By contrast, the complexity of the conventional
TD method is essentially independent of the input data type.
However, this letter presents a modified TD algorithm (des-
ignated as MTD), in which the computational complexity for
real-valued inputs is significantly reduced by specifying an ap-
propriate value of the initial index . For an even value of and

, it can be shown that

. . .
...

. . .
. . .

...

(7)

In other words, if the value of the initial index in matrix
in (6), , is specified as , and

, then

(8)

Hence, the corresponding transformed sequence can be written
as

(9)

and

(10)

For real-valued inputs , it can be observed from (9) and (10)
that both and can be obtained by executing
just two real-valued -point DFT operations on

and . In addition, when , the matrix

becomes an identity matrix , and thus
is also real-valued. Consequently, for , a total of

-point real-valued DFT operations
are required. Note that when , a complex DFT operation
is required since is a complex diagonal matrix. Therefore,
when the nonzero inputs are real-valued, the computational com-
plexity of the proposed MTD algorithm reduces to real
DFToperationsand1complexDFToperation.Note that thesame
result is also obtained when the value of the initial index is speci-
fied as . By comparison, a total of complex DFT
operations are required when the nonzero values are complex.

The analyses presented above are valid for the case where
is even. However, when is odd, similar results can still be
obtained by setting . For odd values of ,
it is easily shown that the MTD algorithm requires just
real-valued DFT operations when the inputs are real-valued.

III. COMPLEXITY ANALYSES

This section compares the computational complexity of the
proposed MTD scheme with that of the split-radix FFT method
and the conventional TD method for the case where is a power
of 2. The split-radix FFT [3], [6] requires a total of

(11)

multiplications and

(12)

additions to execute an -point DFT operation.
The computational complexities of the original TD algorithm

for complex and real-valued data are summarized in Table I [3].
It is noted that there is no significant reduction in the computa-
tional complexity of the original TD algorithm when the input
data are real-valued.

If the input data are complex, the MTD algorithm requires
a total of complex FFT operations. Hence, the computation
involves a total of

(13)
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TABLE I
COMPUTATIONAL COMPLEXITIES OF SPLIT-RADIX FFT METHOD,
CONVENTIONAL TD ALGORITHM, AND PROPOSED MTD SCHEME

multiplication operations and

(14)

additions. In other words, the MTD algorithm requires fewer
computations than the original TD scheme even when the input
data are complex rather than real-valued. In evaluating the com-
putational complexity of the MTD scheme for the case of real
inputs, it is recalled that the -point real-valued split-radix FFT
requires [3], [5]

(15)

multiplications and

(16)

additions, which is approximately one half the number of op-
erations required when the input data are complex. Since the
proposed MTD algorithm requires just real FFT opera-
tions and one complex FFT operation when the input data are
real-valued, the MTD algorithm requires just

(17)

multiplications and

(18)

additions.

Fig. 1. Computational complexities of split-radix FFT method, conventional
TD algorithm, and proposed MTD scheme for 2048-point DFT.

The analyses presented above clearly demonstrate the lower
computational complexity of the proposed MTD algorithm
compared to the original TD method for problems involving
real-valued inputs. Fig. 1 presents the numerical results ob-
tained for the split-radix FFT method, the conventional TD
algorithm and the proposed MTD scheme when applied to a
2048-point DFT. It is observed that the MTD algorithm has a
significantly lower computational complexity than the original
TD algorithm. In addition, the MTD method is also more
computationally efficient than the split-radix FFT method when
the number of nonzero input data is small.

IV. CONCLUSIONS

This letter has proposed a MTD method for DFT operation
in which consecutive inputs to the transformation function
are real, while the others are zero. The analytical and numer-
ical results confirm that the complexity of the MTD scheme is
significantly lower than that of the original TD method when
the nonzero input data are real-valued. In addition, the compu-
tational complexity of the proposed scheme is also significantly
lower than that of the traditional split-radix FFT method when
the length of the input sequence is short.
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