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Relations between Fractional Operations and
Time-Frequency Distributions, and Their
Applications

Soo-Chang Pefellow, IEEE,and Jian-Jiun Ding

Abstract—The fractional Fourier transform (FRFT) is a useful The FRFT has been further generalized into the linear canon-
tool for signal processing. It is the generalization of the Fourier jcaltransform (LCT)[6],[7], [9] (itis also called the special affine
transform. Many fractional operations, such as fractional convolu- Fourier transform [8] or the ABCD transform [10]). We can also

tion, fractional correlation, and the fractional Hilbert transform, . . h
are defined from it. In fact, the FRFT can be further generalized further extend the fractional operations by using the LCT.

into the linear canonical transform (LCT), and we can also use the N this paper, we will discuss the relations between the
LCT to define several canonical operations. In this paper, we will time-frequency distributions (TFDs) and the FRFT, the LCT,
discuss the relations between the operations described above andand fractional/canonical operations. We also discuss the appli-
some important time—frequency distributions (TFDs), such as the c4tjons of these relations and use these relations to illustrate

Wigner distribution function (WDF), the ambiguity function (AF), h In Section I il ) .
the signal correlation function, and the spectrum correlation func- Some phenomena. In section [, we will rTeview Some previous

tion. First, we systematically review the previous works in brief. Works. They will be used in the following parts. Then, in
Then, some new relations are derived and listed in tables. Then, we Sections IlI-VI, we will discuss the following.

use these relations to analyze the applications of the FRFT/LCT on 1) relations between the Wigner distribution function

the fractional/canonical filter design, fractional/canonical Hilbert : . .
transform, beam shaping, and then we analyze the phase-ampli- (WDF) and fractional/canonical convolution and the role

tude problems of the FRFT/LCT. For phase-amplitude problems, of each of the parameters of the LCT (Section I1I-A);
we find, as with the original Fourier transform, that in most cases, 2) use of the above relations to discuss the effects of using
the phase is more important than the amplitude for the FRFT/LCT. the filter designed by FRFT/LCT and the effects of the

We also use the WDF to explain why fractional/canonical convolu-

. h " fractional/canonical Hilbert transform (Sections I1I-B,
tion can be used for space-varlant pattern recognltlon.

. . . . 1-D);
Index Term§—Fract|onaI qonvolutlon,_fractlonal correlation, 3) amplitude/phase problem for the FRFT/LCT for image
fractional Fourier transform, linear canonical transform. . . . - )
processing by the inspection of WDF (Section 111-C);
4) relations between WDF and fractional/canonical correla-
I. INTRODUCTION tion and an explanation of why the fractional/canonical

HE WIGNER distribution function (WDF) [11]-[13] is a c_orrelation can be used for space-variant pattern recogni-
powerful time-frequency analysis tool. It can be used to tion (Section IV)_; , )

illustrate the time-frequency properties of signals. Meanwhile, 5 moment properties, ganomcgl spectrum correlation func-

the effects of some operations, such as the Fourier transform tion, and some other '”t:e’es“r?g p_ropertles petween WDF

(FT), convolution, and correlation, can also be illustrated by and FRFT/LCT and the|rappllgat|ons (Secﬂon V)

it. There are also some other time-frequency analysis tools re-6) relations between the amblgwty function (A.F) and the

lated to the WDF by the FT/IFT, such as the ambiguity function th? FRET/LCT, fractlonallcanonlcal cpnvolutlon, corre-

(AF), the signal correlation function, and the spectrum correla- Iatlon, and the Hilbert trapsform (Sections VI'A);.

tion function, etc. 7 r_elat|ons between the sgnal/spectrum correlation func-
The fractional Fourier transform (FRFT) [1]-[5], [24] is the tion and FRFT/LCT (Section VI-B).

generalization of the FT. It can analyze the signal in between

the time and frequency domains. Its relations with WDF are 1. PRELIMINARY

discussed in [3], [14]-[16], [31], [32], and [34]. Some frac- _ o )

tional operations, such as the fractional convolution [15], [L7f" Wigner Distribution Function

[18], fractional correlation [15], [19]-[21], the fractional Hilbert The WDF [11]-[13] of f(¢) is defined as

transform [22]-[24], and the fractional filter [15], [24]-[27] are

defined from the FRFT and can extend the utilities of the orig- 00

inal operations. Wit w) =1/27 - / FE+1/2) (- 1/2)
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whereF'(w) is the Fourier transform of (¢): TABLE |
PROPERTIES ORNIGNER DISTRIBUTION FUNCTION (WDF)

Flw)=1/V2r - /700 ft)-e 9%t dt. 2

(1) Projection property |f(tX2 = wa/(t,a))dw, |F(w}2 = waf(t,w)dt

Some important properties of WDF are listed in Table | [12]. (2) Recovery property | [* W,(t/2,w)e’™ dw = £(t)- £*(0)

There are some other time-frequeljcy analysis t(_)ols closi [, (hw/2)e ™ dt = F(w)- F*(0)
related to the WDF, and we can obtain them by doing the fc * 0 o
ward and inverse Fourier transform from the WDF: (3) Mean conditionlf f()=|f(t)-e”".  F(o)=|F(w) ™,
a) Signal correlation function: frequency and meanithen  ¢'(e)=|f(e) " - [ oW, (6,0)- dov,

condition time N ‘P’(a)) _ |F(a))‘2 Ect W, (t,a))- dt

Cp(t. 1) =1/V2m - f(t+7/2) [ (t—=7/2). (3

) ] (4) Moment properties "W At,w)dido = | t"|f () ? dt,
b) Spectrum correlation function: [ Lew o) Lol

([ o Wf(t,a))dtdw/z [ o"|F) do.
Sy(n, w) =1/vV2r - Flw+n/2) - F"(w—1n/2). (4)
¢) Ambiguity function (AF): where
° . . [ f as by ar b1
Ayt 7y =172 [ /2 (=2 (6) [g h} = [ dJ | [ dJ |

We draw the relations among the WDF, the AF, and th&/€ especially have
signal/spectrum correlation function in Fig. 1. Other properties (d,—b,—c,a) | ~(a,b, e d) _
of the WDF and other time-frequency analysis tools can be O LOF (f (t))J = /). (10)
seen in [12]. The applications of LCT are similar to those of the FRFT, but

B. Fractional Fourier Transform, Linear Canonical Transform,It is much more flexible, especially for optical system analysis

and Their Related Fractional Operations and sy_nthe5|s. . . .
In this paper, we will use the following notation to represent

« 1 _1 cot v j/2-cot a-u? =~ —j-csc a-u- = 0%
OR(f(1) =[5 freman [ e Falu) = OR (1))
' 2 - Flap,c,a)(w) =0p" "7 (f(t)). (11)
. C]/Q-cot(y-t f(t) . dt. (6)

Many operations related to the Fourier transform have been gen-

Whena = 7/2, it becomes the original Fourier transform (FT)eralized by the FRFT [3]. We list some of them in Table II. For
and wheny = 0, it will be an identity operation. It transforms the fractional correlation, we usually sBf as— /2 so that its
a function into a intermediate domain between time and fréermula can be simplified as
quency whenx # N - 7 /2, whereN is an integer. It satisfies PP . .
the additivity property as Ocai 2(x(t), y(1)) = IFT (Xp, (u) - Y7, (w)) . 12)

8 /e e (A8  atd Since the LCT is the generalization of FRFT, the fractional
Op (Op(J()) = OF (Op(f(t))) =0 (®). operations associated with the FRFT can be further general-

The FRFT is a very useful tool for signal processing and hid into the canonical operation by using the LCT. We list

many applications such as optical system analysis, filter desi§RMe canonical operations in Table IIl. Their applications are

signal synthesis, solving differential equations, phase retrievl€ Same as their fractional counterparts.

and pattern recognition, etc. At the end of Section II, we will list the relations between the
The FRFT has been further generalized intdted [6]-[10] WDPF and the FRFT, the LCT, and some conventional operations

(whichis also called the special affine transform or ABCD trand? Table IV. They will be used in the following parts of this paper.

form). Its definition is From the relations (1) and (2) in Table IV, we find that the

FRFT just corresponds to the rotation operation for WDF, and

O;i“ bie,d) (f(®) the LCT just corresponds to the twisting operation for the WDF.
1 Graame 7 Gy From (5) and (6) in Table IV, we find the multiplication in the
=4/ J2rh e ‘o / e time domain corresponds to the convolution operation along the

(G /2)(a/B)F w-axis, and the conventional convolution operation corresponds
IR f(t) - dt - (ad—bc=1).  (8) to the convolution operation alortaxis for the WDF.

Whena = d = cosa, b = —c = sin«, it becomes the FRFT.

It also has the additivity property I1l. RELATIONS BETWEEN THEWDF, AF, AND FRACTIONAL

CONVOLUTION AND THEIR APPLICATIONS

Ol b2 020 2) (Ogl’b“c“dl)(f(t))) =0 oM (r)) In Table IV, we have listed the relations between WDF and
(9) the operations of the FRFT, LCT, and conventional convolution,
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Fig. 1. Relations among the WDF, AF, signal and spectrum correlation function.

TABLE I
FRACTIONAL OPERATIONSRELATED TO THE FRFT
Fractional Formula Applications
operations
(1) Fractional o (x(t), )= 0" (01‘;‘ (x(t)) -0%( y(t))) Filter design, beam
convolution shaping, mask,
[15]{17][18] fractional Hilbert
transform
(2) Fractional o type 1: Space-variant
correlation OB (x(e), (1)) = OP (01}:1 (x()of (y (-t ))) pattern recognition
[15](19](20]{21] |, type 2: (use in this paper)
OB (+(0) »(e) = OF (X (0)- ¥, @)
(3) Fractional Hilbert| 05 ()= 07*(esu)+ ¢ #s(- u))O£ (x(t))) | Edge detection.
transform where s(u) = 1 when u 2 0, s(u) = 0 when u <0.
[22][23][24]
TABLE Il

CANONICAL OPERATIONSRELATED TO THE LCT

(1) Canonical convolution |02 (x(¢), y(¢))= Ot~ (Ol(;a’b’c’d) (x(2))- Ol ) (y(t)))
(2) Canonical correlation Ocorr(x(t)7 Y (t)) = 01(;1 shaicads) (X(al ba ,dl)(u) . YZzz b2.02.d2) (u))

(3) Canonical Hilbert | O # (x(1)) = 0~ ([¢5(uu) + e5(- u)) 0 (x{t))
transform

correlation, and Hilbert transforms. In Sections IlI-V, we will « Relation between Wigner distribution function and
discuss the relations between WDF and the fractional/canonical fractional convolution

operations, and we will use these relations to discuss some ap- W.(t, w)

plications and properties of FRFT/LCT. RSN
:/ W, (tcos?oc—l—wsinoccosoc—psinoc

A. Relations Between Wigner Distribution Function and the —oo
Fractional/Canonical Convolution tsin o cosa + wsin? a + pcos a)
We first discuss the relation between the WDF and the frac- “Wy(t + psine, w — peosa) - dp. (14)
tional convolution. Ifz(¢) is the fractional convolution of(¢) It can also be rewritten as
andy(t)

W.(o -ty +p-wy)

#(t) = () ¥a y(#) = [Tttt
+,: fractional convolution of ordesx  (13) —oo
Wylot1+p-wi—p-wy)-dp (15)

then we can use the relation between the WDF and FRFT and the

where
relation between the WDF and conventional convolution listed . .
in Table IV and obtain the following [3], [14]-[16], [31], [32], o =tcosa+wsina, p=—tsina+ wcos o
[34]. t1 =(cos v, sina), w1 = (—sinq, cosa).  (16)
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TABLE IV
RELATIONS BETWEEN WDF AND FRFT, LCT,AND SOME CONVENTIONAL OPERATIONS

Operations Relations between WDF and the operations
(1) FRFT If W, (u,v), WFa (u,v) are the WDF of f{Y), F(u), respectively, then
[3][143[15](16] We, (u, v) = Wf (cos au-sinav, sina-u+ cosa-v) .

() LCT If Wowv), We oo (u,v) are the WDF of f{2), F\, 5 . 2(w), respectively,
then W ewses (u,v)= W, (du = bv,— cu + av),
(au +bv, cu + dv) = W, (u, v).

WF(a,b,c,d)

(3) Folu) |F, )’ = [ W, (cosau~sinav, sinau+cosav)-dv

) Flapea() ‘F(a o 1 [ w(du-bv,-cu+av)-dv

(5) Conventional | If z(¢)= x(t)(t), then W, (t,0)= Eo W (t.o)W,(t,0-p)-dp.
multiplication

(6) Conventional | 1f z(r)= x(t)* y(t) = (27)" [ x(z)y(t - 7)dz , then
convolution W)= [ W(p0) W, p.o)-dp.

(7) Conventional | If z(t)= x(t)® y(t)=(2z)" [ x(r +1)y'(r)dr, then
correlation Wz t’w _ EQWx 0, a,),Wy(_,Jr p,0)-dp.

(8) Conventional | If y(t) is the Hilbert transform of x(¢)
Hilbert J’(t) =0y (x(t)) = ]FT[FT(x(t))- —J sgn(a))],

transform then W, (t,0)= f w (- p,w).Zsin(Z\a)lp).d_p_ W.(t,0).
= '\/ﬁ Wx (t’a))*z—axis hw (t)

where *, i denotes the convolution is along the r-axis, and

h, (t)=2sin(2w))/ 7t - 5(t)

-axis

direction

(t, @)

This is the relation between WDF and the fractional convolt® direction
tion. Properties 5 and 6 in Table IV are just the special case ti fw1 oft,
«a = 0 andrw/2. From Table IV, we know that for the WDF,

the multiplication operation just corresponds to the convolutic _ A s
along the direction parallel to the-axis, and the conventional \\
convolution corresponds to the convolution along the directic \\ )Q\ @ = tan"\(~c/d)
parallel to thet-axis. Now, from (15), we find that the fractional

convolution corresponds to the convolution operation along the

Fig. 2. Direction of convolution on WDF for (a) fractional convolution and (b
line that intersects the-axis with the angle ofr in the counter- _uarical corvaruton oo or (@) fractional convolution and (b)
clockwise direction for WDF, as shown in Fig. 2(a).

For the case of canonical convolution, #(t) = This equation can also be rewritten as
2(t) *(a,b,c,a) ¥(t), then we can also use the relations between W
29565 o i A N N . t .
the WDF and the FRFT and the conventional convolution listed o Oﬁ )

in Table 1V and obtain the following. = / W,(o-t1+p-wy)
» Relation between Wigner distribution function and Wylo - t1+pu-wy —p-wy)-dp (18)
canonical convolution Where
o =at+ bw, w=ct+ dw
oo tq I(d, —C), W1 = (—b, CL). (19)
W.(t, w) = / We(adt 4+ bdw — bp, —act — bew + ap) ] ] _
—oc0 We find, for the WDF, that the canonical convolution cor-
Wy (t + bp, w — ap) dp. a7 responds to the convolution along the line that intersects

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:34 from |IEEE Xplore. Restrictions apply.
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the w-axis with the angle ofan—!(b/a) in the counter- w-axis
clockwise direction, as shown in Fig. 2(b). Wi P, Gt W
From (18), we find that the parameters of LCT will affect the p !
canonical convolution from the following ways.
1) The value ob/a will affect the direction of convolution W b
This is becausevy = (~b, a) is the direction of the e\ S (=)W1 raxis
convolution.
2) The value ot:/d will shear the Wigner distribution func- / ot R
tion of the result
This is because the direction &f = (d, —¢) IN £ 3 vawe ofv., (1. w) [defined as (21)] at the locaticR will be the

Fig. 2(b) is determined by/d. For example, Suppose Wesame as the valud’. (#, w) at the locationP.

use the same values of b as in Fig. 2(b), but the value

of ¢, d is changed tg, ¢. Then, the direction ot is )

changed [we denote the new directipng) to t, butthe ~ 2) Sometimes, we may also control the valuesfaf
direction of wy, i.e., the direction of convolution, will ~ 3) Itis always unnecessary to control other parameters.

remain unchanged]. To see why the WDF is sheared, we o )
suppose that B. Applications of the Relations Between WDF and

Fractional/Canonical Convolution for Filter Design

2(t) =x(t) (a0, c, ay Y(t) From the relations between WDF and the fractional/canon-
ical convolution, we can discuss the performance and the
21(t) = () *(a,b, p, ) Y(1)- (20) design methods for the applications associated with the frac-

_ tional/canonical convolution.
Then, the WDF ok(t) is the same as (18) and (19), and Many papers [15], [24]-[27] discuss the use of the filter de-

the WDF ofz(t) is signed by the FRFT or LCT to remove noise or distortion. The
effect of the filter designed by the LCT can be written in the
W.i(o-ta + pn - Wi) following equation:

=/ Welo-ta+p-wy)

Wylo -tz +pe-wi—p-wi)-dp (21)

u(t) = O 77 (H(w) - 0" D (a(t) . (29)

Itis just a special case of canonical convolution.
whereo = at + bw, s = pt + qw, t2 = (g, —p), There are many possible types of canonical filter. The sim-
w1 = (—b, a). Then, from the relation that plest is the pass-stopband filter. The transform function of the
pass-stopband filter is
goti+pu-wr=0-ta+ w1 = (¢, w) (22)

. H(u) = H((v — uo)/B). (25)
after some computation, we can prove

That i
Wolo ta+ 2us —p) - wr) =Wo(o -ty +p-wrp). (23) atis

Thus, ifb/a is unchanged, and only the value ©fd is H(u) =1, whenuo = B/2 <u <wuo+B/2

changed, then the WDF of the canonical convolution re- H(u) =0, otherwise.
sult is just sheared along the directionw{ = (-5, a)
(see Fig. 3).

o ] The WDF of H(u) is
Most of the applications of the LCT, such as the filter de-

sign, are associated with the canonical convolution, and from
the above discussion, only the valuespd andc/d will affect Wir(u, v) = (mv) ™ sinv - (2B — [4(u — uo)]))

the results of canor_ucal convolution; therefore,_ only the values (1 — u0)/B) (26)
of b/a andc/d are important for the LCT. Besides, since the

value ofb/q affects the direction of convolution for the WDF,

and the value of/d just shears the WDF, we can conclude thand if a(¢) = O ™"~ (H(u)), then the WDF of(t) is
the value ofb/a is more important than the value efd. The

LCT has four parameters, and for the applications about LCT, sin((ct + dw)(2B — |4(at + bw — up)|))

it seems we have to adjust four the parameters, but in fact, we Wi(t, w) = (et + dw)

have the following.

1) We can just control the values bifa (it is always enough I at 4+ bw — ug
to satisfy our requirement.) ' B )

(27)
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In addition, from (17), the WDF of the filter outpytt) is desired part

cutoff line undesired

Wy (t, w)
:/ W,(ad - t+bd-w—b-p,—ac-t—bc-w+a-p)

undesired
' sin((ct + dw — p)(2B — |[4(at + bw — uo|)) part cutoff line
7(ct + dw — p)
(at + bw — Uo) Fig. 4. Using WDF to filter out the undesired signal by pass-stopband
I —2 ) -dp canonical filter.
B
o>
= Wo(dn — bp, —cn + ap) We suppose that(t) is interfered (here, “interfered” just means
—oo

. sin((ct + dw — p)(2B — [4(1 — ug|)) linear addition) by the chirp and modulated Gaussian function

7w(ct + dw — p)
(n — o) n(t) =0.5-exp(j- 0.3 (t +8.6)%) + exp(—j - 3t)
1 < B ) do (28) cexp(—0.1- (£ —7)%). (34)

wheren = at + bw. Since The interfered signal is shown in Fig. 5(b). It is hard to use the

original convolution to remove the undesired function, but we
I((n —uo)/B) =0 whenn <wuo— B/20rn>uo+ B/2 can use the canonical convolution. We can first calculate the
(29) WDF of z(t) + n(t) and then use the WDF to determine the
parameters of the canonical pass-stopband filter. We draw the
WDF of z(t) +n(¢) in Fig. 6(a). The central ellipse in Fig. 6(a)
is the WDF ofz(¢), and the left line and the right ellipse are the
WDF of n(t). Others are cross terms.
ug — B/2 < at+bw <up + B/2. (30)  Then we can use two parallel lines to separate the desired
and the undesired part on the WDFf) + n(¢) (we do not
That is, if the WDF of the undesired part oft) is outside the consider the cross terms), as shown in Fig. 6(b). The left cut-off
region of (30), then we can filter out the undesired part by tH&€ passes through-6, 0) and (0, 3.6), and the right cut-off
method as (24) and (25). Thus, from the WDF of the receivéi#€ passes through (6, 0) and (10, 2.4). They both have the slope

signal (such as Fig. 4), we can design the pass-stopband caf§if2-6. Then, from (32), we obtain/b = —0.6, up = 0, and
ical filter. In fact, we have the following. B = 7.2. We can fix the values of the parametérg, andd of

the LCT as{1, —1, 0}; then,a = —0.6. Therefore, the overall
system of the pass-stopband canonical filter can be designed as

so W, (t, w) will have no effect on the WDF of(¢) when

1) The parametet/b can control the slope of the cutoff line

on WDF.
2) The parameters,, B can control the location of the pass
region on WDF. wo(t) = O;EJ, —1,1,-0.6)

For example, suppose the WDF of the received signal can be

(=0.6,1, —1,0)
drawn as Fig. 4. The dotted regions indicate the locations where ' (H(u/7'2) ~Or (=(t) + ”(t))) - (39

We(t,w) > T, whereT is the threshold  (31) We plot the LCT with parametefs-0.6, 1, —1, 0} for z(¢) +
n(t) in Fig. 5(c) and plot the filter output in Fig. 5(d). We find

We also suppose that the desired and undesired parts carigdthe undesired signal is removed by the canonical filter.

separated by two parallel cutoff lines. Then, we can choose theThere are also other types of canonical filter, such as the op-

parameters, b, ¢, d, uo, andB in (24) and (25) of the canonical timal canonical filter [26]. From the discussion in Section IlI-A,
R we know only the value of/b is important for canonical con-

filter as
volution and, hence, for the canonical filter. Thus, for any type
) ) of canonical filter, we just have to adjust the valueagh and
a/b=wy/t; (for the case of fractional filter the transfer function.
a = cot 7 (wy /t))
wo = alto +t1)/2, B = |a(t; — to)]- (32) C. Information Contained in the Phase for the FRFT/LCT

It is well-known that in the FT, the phase is more important
We give an example in Fig. 5 toiillustrate the above idea. Hef#an the amplitude for the image signal. Suppose €@t /)
we user(t) as the original input signal, as shown in Fig. 5(a):!S the 2-D FT of an image signa(z, y)

z(t) = 2 exp(—0.2 - %) - 1I(¢/6). (33) G(k, h) = FTap(g(z, v)). (36)
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Fig. 5. Using canonical convolution to filter out the undesired signal. (a) Original input. (b) Interfered by the undesired signal. (¢) LCT fdritgie. (d)
Filter output.

If we separateg7(k, h) into the amplitude part and the phasease thaty = 3x/8), the phase-only image will also show the
part edges of the original image. It is similar to the case of original
FT. In addition, whernx (or |b/a|) becomes smaller (such as
the case thatx = /4, n/8), the low-frequency components
G(k, h) =|G(k, h)| - P(k, h) also appear for the phase-only image, and the edges are not as
whereP(k, h) = G(k, h)/|G(k, )] (37) obvious as the case in which(or |b/al) is large.
For the amplitude-only image, except for the case thédr

) ) ) |b/a]) is very small, there will be no information seen. There-
then we can obtain the edgesyéf:, y) by doing theinverse 2-D ¢ 0 "o the FRFT/LCT, the phase is usually more important
FT for the phaseé’(k, h), but if we do the inverse 2-D FT for 4,5, the amplitude, except for the case in whigh(or [b/a|) is
the amplituddG(k, k)|, then we cannot see any information. very small.

Then, we will ask a question: For the FRFT and LCT, is the \yg can jllustrate the above by the WDF. For convenience,

phase still more important than the amplitude? We will do sone, i/ simply discuss the phase-only image and consider the

experiments to find out. We do the FRFT with parameier o gimensional (1-D) case. Then, for the original FT, (36) and
37 /8, w/4, = /8, and 7 /90, separate the amplitude and phas%n are simplified to

parts, and then do the inverse FRFT for the amplitude parts and
phase parts. We show the results in Figs. 7 and 8.

There are some phenomena that can be observed from the G(w) =FT(g(t)) = |G(w)| - P(w)
experiments. We find, whea (or |b/a|) is large (such as the P(w) =G(w)/|G(w)]. (38)
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(b)

Fig. 6. (a) WDF ofz(t) 4+ n(t). (b) WDF ofz(t) 4+ n(t), and the locations af-axis,w-axis, and the two cutoff lines.
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] i i
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120 1ag
Eh 40 %0 BO ve@120
Lel piid, @ampgilifuda
(©) (d)

Fig. 7. Inverse 2-D FRFT of the amplitude/phase parts of Lena image’s 2-D FRFTawkefr/8 anda = «/4.

For the cases of FRFT/LCT, they will be changed to from the integration oV, (¢, w) along thet-axis:
Glab, e (w) = OF "D (g(1)) ; o NG "
G e ()] Pros e afe)  (39) Gl = ([ wiewa) . @y

Plap,eay() =Gapeady(w)/|Gap,ea(w)]- (40)

Since for most of the signals, including image signals, the low-
From the projection property of the WDF, we can obtd#itw)| frequency components are usually greater than the high compo-
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Fig. 8. Inverse 2-D FRFT of the amplitude/phase parts of Lena image’s 2-D FRFTawker /8 anda = #/90.

nents; therefore, the inequalities are often satisfied as follows /Tl msalalns low freg eass ey b componens
eI ponents e when Triadangs
—cag Bl

Wg(wl, t) > Wg(CUQ, t), when Wo > Wi (42)

/ Wg(wl, t)dt > / Wg(UJQ, t) dt (43) i k-

e o High-Feajuen: ¥ coinponednis e - -\_"Illmmmﬁr
|G(wi)] > [G(w2)] e B, a)
1/|G(w)] < 1/|G(w2)|,  whenwy >wi.  (44)

Fig. 9. Projection direction to obtajid7,, 5, ., 4)(u)| from Wy (¢, w).
In (38), 1/|G(w)| will act as a transfer function of highpass
filter. Thus, P(w) will amplify the high-frequency componentsiarge, andGy, ;... ) ()| will also contain some high-frequency
of G(UJ) and attenuate the Iow-frequency components. Ed%ﬁnponents when is small, as in F|g 9.
usually belong to the high-frequency components. Therefore Thys, although the inequality of (44) is usually still satisfied,

after we do the inverse FT fdf(w), the edges of the original sig- the ratio between the amplitude for higher value:ofind lower
nals will be emphasized, and other components are attenuaigglue ofw; will be less

This is why for the original FT, the phase-only image shows the
edges of the original image.

In addition, for the case of LCT, from the projection property (G et e,y (W)l 1Ga, b, ,0) (u2)]
of LCT (which is listed in Table IV), we obtain <|G(u)l/|G(u2)],  whenuy >wu;.  (46)

> /2 Inthe case that # 0, although in the edges are usually still em-
Gla,b,e,)(w)] = </_Oo Wy(du = bv, —cu+av) - dv) " phasized for the phase-only image, the edges will be smoother
(45) than the case where= 0, and the low-frequency components
That is,|G 4 5..,.4)(w)| can be obtained by integrating, (¢, w) are not attenuated as seriously as the case wher@. There-
along the direction of-{b, a). Since, wher: # 0, the integra- fore, when the value db/«| is in the middle, we can still see
tion direction no longer parallels theaxis, |G 4 5.c,.4)(w)| Will  both the high- and the low-frequency components of the orig-
also contain some low-frequency components, even whisn inal image.
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In addition, wherjb/a| is very small, then<{b, o) is near the we obtain the WDF o, (f) as

direction parallel to thes-axis, and

|Gla,v,e,a)(u |—</ Wy(

12
/ Wy(du, —cu+v) - dv) (47)

(
< /_ "W, (du, v) -dv)l/2

=g(dt) ~ gla”'t),  when|b/a|is small
(48)

1/2
— by, —cu+av) - dv)

and
d,—b,—c,a
au(t) = Of H(|ech ow))
%O}(‘zd,ba ,—ca,l) (O}? I,O,O,a)g_l(a_lt))

~gTHE) (49)
9p(t) = 9(t) *(a,b, ¢, 2) 91 (t)
rg(t) - gr(t) = g(t) -g_l(t). (50)

WHCJ, (tv UJ)

= (7w) " - [sin(2|t|w) + sin(2¢ — 2|t|w)]
+ cos2¢ - b(w).

*(he(w)) is

(54)
Thus, the WDF ofl,(t) = OR

Whlqr, (uv U)

= cos 2¢ - 6(—usin o + v cos )

sin(2|u cos o + vsin a|(—usin & + v cos o))

7(—usin o + v cos )
sin(2¢ — 2|u cos o + vsin a|(—usin e + v cos av) )

m(—usin o + v cos @)

(55)
Then from (14) and (55), we find that if
u(t) = O% (1)) = (t) *a hly(t) (56)
then
Wy(t w)

When|b/a| is very small, the phase-only image seems to have _ 1 /Oo W, ( cos? ar+wsin avcos a— psin a
smoothed the original image, as we see from Fig. 8(d). When TJ oo

|b/a| — 0, theng,(¢) ~ 1 for all ¢.
Thus, we can conclude the following.

a) When|b/qa| is large, then the phase-only image seems like
the original image passing through the highpass (edges

detection) filter.

b) When|b/a| is in the middle, then the phase-only image

- tsin evcos a+wsin® e+ p cos a)
(weosa—tsina—p)~!
- [sin(2(w cos a—t sin ae—p)|t cos av+w sin «v|)
—sin(2¢+2(w cos a —tsin o — p)|t cos a+w sin «)]

-dptcos2¢ - W, (t, w). (57)

is similar to the original image passing through the frac-

tional/canonical filter between highpass and allpass.

¢) When|b/a| is small, then the phase-only image is like th@ 1t

original image passing through the smoother filter.

D. Relations between the WDF and the Fractional/Canonical

Hilbert Transform, Fractional Beam Shaping

Before discussing the case of fractional and canon-
ical Hilbert transform, we need to discuss the WDF of

exp(§p)u(f) + exp(—jd)u(—f) first. If
Hy(f) = e%u(f) + e u(-f) (51)

then

() (r3)

=y (— T—2|f|)+766t< ) +e2Pu(r = 2| f)).

4|
(52)
From a trick of integration [30]
/ u(t —a)- e dr
= lim / e /N eTIeT 4y
N—oo a
=7 fjw whenw # 0 (53)

For the case of canonical Hilbert transform, 4{t) =
D2 (5(8)), then

W, (t, w)
1 oo
z—/ Welad - t+bd-w—>b-p
T J o
c—ac-t—be-wHa-p)-(ct+do—p)t
- [sin(2(ct 4+ dw — p) - |at + bw|)

—sin(2¢ + 2(ct + dw — p) - |at + bw|)]

~dp + cos2¢ - W, (t, w). (58)

The performance of canonical Hilbert transform can be illus-

trated by its relation with the WDF. We note that whes: /2,
(58) can be rewritten as

Wy(o-t1 4 p-wr)

=/ Walo b1+ p-wW1)hio s o a), 61— p)dp

— Wa(o-t1 4+ p-wr) (59)

whereo, 11, t1, andw, are defined as (19), and, , . s(1)
is a 2-D to 1-D function as in

ho b, e,a), 6 (1) = 2~ " sin(2p - |o]). (60)

Thatis,W.(t, w) convolves withh?_ , . ,, () along the di-
rection ofwy = (—b, a). We note that whefv| is low, (60) acts
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as a lowpass filter, and whea| is high, (60) acts as an allpass
filter. Therefore, after the canonical Hilbert transform, when the

gdirection ul i

fie eegion witli

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 49, NO. 8, AUGUST 2001

. T .'-__ i prheer valoe of |
value of|o| is small,W,(o - t1, - w1) are destroyed by the i Coli it / e '
LP filter, and when the value ¢#| is large, W, (o - t1, - W1) 4 lirwes walig of o N
will be almost the same a& (o - t1, pu - wy). ey E“‘—-—-h._,__‘_‘_‘_

For the conventional Hilbert transfornt; = (0, 1) and
w1 = (-1, 0); therefore, the smaller or larger value |of

ths rogeen wiik

highar vakss af o

—-._._-Iu. i

o
ulw,

means the smaller or large value|of, respectively. Therefore,
after the conventional Hilbert transform, the low-frequencyig. 10. Regions with high and lower values|of for the canonical Hilbert
components are destroyed, and the high-frequency componeatsform.
have almost remained the same. Thus, the conventional Hilbert
transform acts as a highpass filter and can be used for edge
detection.
However, for the canonical Hilbert transform, sincg =

(d, —c) andwy = (—b, a), the regions with a smaller value

IV. RELATIONS BETWEEN THE WDF AND
FRACTIONAL/CANONICAL CORRELATION

Suppose that(t) is the fractional correlation of(¢) and

of |¢| and the regions with a higher value |of| are shown as y(t):
Fig. 10. P, PP P *
2(t) = O, 3 (z(t), (1) = O (Xp (uw) - Yp,(v)) .
We note that whe¢| is small, the higher value d&| still ® (), () F (X (w) - Yi( ))(65)
corresponds to the higher value|of/; therefore, the canonical ¢
Hilbert transform still works as the edge detection, but wlign
is large, the higher value | will not correspond to the higher h(w) = Xp, (v) - Y, (1) (66)

value of|w|. Therefore, whei¢| is large, the canonical Hilbert
transform will no longer act as the highpass filter and cannot been
used for the edge detection, so the canonical Hilbert transform
can be used as the localized edge detection. If the edges ar&im(u, v)
certain region, then the edges can still be detected, but if the  [™ W W _ d
edges are out of the region, then they will not be detected. We — /_Oo xp, (4 2) - Wa, (1, —v 4 p) - dp
can use the value @f/ a to control the width of the region. 0

We can also use the fractional convolution for the application = / Wa(cos Py -u—sinPy - p, sin Py - u+cos Py - p)
of beam shaping [28]. Beam shaping is useful for optical beam o
synthesis. If the input is:(¢), then we try to design a beam
shaping filterh(¢) to obtain the desired outpytt)

-Wy(cos Py -u+sin Ps - (v — p)

sin Po - u—cos Pe - (v — p)) - dp. (67)

Because(t) is the FRFT ofi(t) with order— Ps, from relation

y(t) = [O%(x(u) - h(u))| (61) 1in Table IV, we obtain
We can also analyze the beam shaping operation as above by th ¢ wgo
WDF. If = W,(t cos Py cos Ps — wcos Py sin P3 — psin Py

tsin Py cos Ps — wsin Py sin P3 + pcos Py)
-Wy(tcos(Py — Ps) +wsin(Py — P3) — psin P,
tsin(Po — P3)—wcos(Ps — P3) + pcos P2) - dp.
(68)

(62)

X(t) = Op(z(w),  H(t) = Op(h(w))

then

y(t) = | X(t) x—o H(t)]. (63) This equation can also be expressed as

Then, from (14), and the projection property of the WDF

ro-[ [

- Wi (tcos o —wsina, tsino + wcos o — p)
(64)

Witow) = [ Wl tatpew)
Wy(o ta—p-wa+p-wa)-dp (69)
where

- Wy(tcos o — wsin «, p) dp dw. o =tcos P; — wsin Py,

ty =(cos P, sin Py),
That is, if we know the WDF of:(t) and the parameter has  t, = (cos P», sin P»),

been determined, then we can try to find the beam shaping func-
tion h(t) that has the WDF satisfying (64). The relation of (69) can be plotted as in Fig. 11.

p=1tsin P3 + wcos P
wy = (—sin Py, cos Pr)

wa = (—sin P, cos P»).  (70)
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@-axis Itis well known that the fractional correlation can be used for

space-variant pattern recognition. For this application, we can
setz(t) as the reference pattern amd) as the input pattern and

Convolution line for
Wy Wy(t, @) (Paralle] to W,)

w2 Convolution line for ~ then calculate the output of the fractional/canonical correlation
LW, W, ) (Parallel o 2(%). Then, if
wy)
ot t-axis Max(|z(t)|2) > T, where1” is some threshold  (76)

then we can conclude thaft) is the shifted version cf(¢), and
Fig. 11. Relation between WDF and fractional correlation. the amount of displacement is within a certain region. We will
use the relations between the WDF and the fractional/canonical
We note that the convolution line fd, (¢, w) is parallel correlat@on to illustrate why we can use the fractional/canonicgl
to wiy = (—sinP, cos P1), and the convolution line for c_orrelatlons for pattern recognition and how to use them effi-
W, (t, w) is parallel towz = (—sin Ps, cos P2). If P, # P, ciently. _ _ _
then the direction of convolution line fo,,(t, w) will be Supposex(?) is a reference pattern and that) is the input
different from that of thel¥’, (¢, ). In addition, we note that Obiect. Ify(¢) is the shifted version af(?)
the role ofP; is of less importance because it does not affect the N
direction of convolution lines. Thus, we usually $&t= P to y(t) = a™(t — to) 77)
make the direction ofv; andws to be the same and s&% as thenW, (t, w) = W (t
—7/2 (i.e., the IFT). If we sef?y = P> andP; = —x /2, then
(69) becomes

— to, w), and (71) becomes

Wit = [ Wl tutpw)

W.(t, w) =/ We(w-t1+p-wi) Walw -ty +(t+p)- w1 —to-t)-dp (78)
Wylw-ti+t-witp-wi)-dp (71)  yheret — (1, 0). Then, from the projection property of the
where WDF
t1 = (cos Py, sin Py), w1 = (—sin P, cos P1). (72) 2(t)]? = / / Wo(w-t1 +p-w1)
Then, the directions of convolution oV, (¢, w), W, (¢, w) in (Wt +{E+p) - Wy —to-t) -dp-dw
Fig. 11 will be the same.
Similarly, for the canonical correlation defined in Table 111, if / / Wa(u, v)

z(t) is the canonical correlation of(t), y(¢), then their WDFs

y - We(u—tsin Py — tg, v+ tcos Py) - du - dv.
will have the relation

(79)
W.(t, w)

#(t)|* equals the inner product of
:/ Wyt -dids —w-dibs—p-by Wae(u, v), and Wy(u — ¢t - sin Py — to, v + t - cos Py).
—oo The vectort - wy —tg -t = (=t -sin P — tg, t - cos Py)
—tradstw-aby+p-a) is the difference between the locations @f,(u, v) and
Wy ((dads — bacs) - t + (beaz — daobs) - w — p - ba Wy(u — t - sinP, — to,v + t - cosP;). Usually, if

(agcs — cads) - t + (cabs — azas) —t -sinP — tg = 0, i.e., the difference of the first co-
ordinate is 0, then the inner product will have the maximum
“wHp-az)-dp. (73)
value. Therefore
We can also express the above equation as (69), but in this case (| (t )|2)
4
o=t-d3— w-bs, p=—-t-c3+w-as — to/SlnP1)|
t1 =(di, —c1), w1 = (—b1, a1) / /
= W,.( v —tgcot Pr)-dudv. (80
t2 = (d2, —c2), w2 = (—=bs, az) (74) Wal, 0 ) (80)

and the direction of convolution for the WDF canThe maximum ofz(¢)|? is the inner product ofV,.(u, v) and
also be represented as Fig. 11. Similarly, it is conveé¥,(u, v+ g cot P1). If ¢qcot P; (the difference of the second
nient to set {as, b3, c3, d3} as {0, —1, 1,0}, and set coordinate) is small, then Méj(¢)|?) is sufficiently large to

{az, b2, c2, d2} = {a1, b1, c1, d1 }; then, (73) becomes satisfy the (76), but it, cot P; is too large, then Ma}z(¢)|?)
0o will be distorted, and (76) will no longer be satisfied. That is,
W.(t, w) = / W, (wdy — pby, —wey + pay) even if the input pattern is the same as the reference, but the dis-

placement, is too large, then (76) is still not satisfied. There-
Wy (=bit + dyw — pby, a1t — cyw + pay) - dp. fore, the object can be identified only when it is the same as the
(75) reference and the amount of the displacement is not too large.
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@-axis r-axis
@ Wr (&, \ 6= tan"\(b/a) for canonical case (b) Ar (n!Q
) 6= a for fractional case \\
\ t-axis AN ™~ n_axis
) ) - v 174 ~a
N\ PrINCIPlE directions of fractional . \LA
and canonical operations \

Fig. 12. Principle directions of fractional/canonical operations for (a) WDF and (b) AF.

TABLE V
SOME RELATIONS BETWEEN THEWDF AND THE LCT

(1) Recovery property EOW/" (%li—bv,—%l+ av).ejuv e dv = F(a,b,c,d)(u)‘ F(:z,b,c,d)(o)

(2) Canonical spectrum En W, (du—bv,—cu + av)- e dv= F(a,b,c,d)(“ + %) . F(;,b,c,d)(“ - zj

correlation function 2
(3) Mean condition If F(a,b,c,d)(u)= lF(a,b,c,d)(uX -’ then
property o'(u)= |F(a,b,c’d)(ux_2 . f;v W, (du —bv,—cu+ av)-dv

(4) Mean time-frequency|If F(,,,b,c,d)(u)=IF(,,’b,c’d)(u)‘ -/ then
of WDF fw fw (cu +av) W, (w,v) - dudv= fw|ﬂa,b,c,d)(“)’2 @'(u)- du

(5) Moment properties Eo fw (au+bv)y W, (,v)dudv = fw u” ’Fm,b,c, 0 (u)‘2 du

We note that the value @P; can control the range that thethe value oft; to control the width of the range that the object
object can be detected. ¢bt P; is large, then sinceéy cot Py can be detected.
grows fast withtg, the range that the object can be detected is
very narrow. Ifcot P, is smaller, then the range will be wider. V. MORE PROPERTIES BETWEEN THBAIGNER DISTRIBUTION
WhenP, = /2, as the conventional space-invariant case, then FUNCTION AND THE FRACTIONAL/CANONICAL FOURIER
to cot P, will always be 0, and no matter how large the amount TRANSFORM

of the displacement is, we can always detected the object. Now, we discuss some relations between the WDF and

We can also use the generalization of the fractional CorreERFT/LCT except for the previous relations discussed in
tion (the canonical correlation) for space-variant pattern recogy ctions ”i and IV. We list them without proof

nition. In this case, (79) becomes From Properties 1-5 in Table V, we find for the LCT that the
o poo directions of integration all intersect theaxis with the angle

|2()]? = / W, (u, v) of tan!(b/a) in the counterclockwise direction, as is the case
—o0J—o0 of canonical convolution. Therefore, we can view the vector

-Wa(u —th —to, v+tay) -dudv  (81)
w1 = (=b, a) (83)

and the difference between the locations 1&%.(u, v) and o o ) _
Wa(w—t-by —to, v+t -ay)is(—t b —to, t-a). The a5 the principle direction of the canonical operations on the
T 9 9 .

maximum of|z(¢)|? is at the location where the difference ofVDF- For the case of fractional operations, this direction be-
the first coordinate is 0, i.e¢ - by — o = 0. Therefore comesw; = (—sin«, cos «). We draw the principle directions
of fractional/canonical operations for the WDF in Fig. 12(a).

Max(|7(t)|2) The properties listed in Table V have some applications.
) From the recovery property, if we know the WDF gft) and
#(—to/b)[? T d)(u) [which is the conjugation of the dc value of the
_ /Oo /Oo W, 0)Wa(u, v — toas /1) - dudv. (82) LCT of f(#)], then we use the recovery property to calculate
oo d—co the LCT of f(2), i.e., Fla, 1, ¢, ay(w).
Property 2 in Table V implies a special method to calculate
The maximum of z(¢)|? will satisfy (76) if oa1 /b1 is not too the WDF. Usually, we calculate the WDF ¢f¢) from (1). We
large, so the value of; /b, can control the width of the rangefirst calculatef (¢t + 7/2) - f*(¢t — 7/2) for different values of
that the object can be detected, and this has the same role.&hen, for each, we calculate the Fourier transform fft +
cot P, for the fractional correlation. We can fix as 1 and vary 7/2) - f*(t — 7/2) and then obtain the WDF. From Property 2
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(@) . (b
w-axis .
method by canonical
spectrum™gorrelation

-axis

original
method

t-axis t-axis

Fig. 13. Location of output sampling points (a) when we use (1) and (b) when we use the canonical spectrum correlation function to calculate the WDF.

in Table V, we can use another method to calculate the WDWl. RELATIONS BETWEEN THEFRACTIONAL OPERATIONS AND

Because THE AMBIGUITY FUNCTION, SGNAL/SPECTRUM CORRELATION
FUNCTIONS
1 o0 T T
2 Fa,v,ec,a) (u + 5) “Flo b, e a) (“ - 5) -e™’""-dv  A. Relations between Ambiguity Function (AF) and FRFT,
e LCT, and Fractional/Canonical Operations
= Wi(du — bv, —cu + av) (84)

First, we will discuss the direct relation between the AF and

we can first calculate the LCT off(¢), then cal- the LCT. If
culate the canonical spectrum correlation function

Flapew(w+1/2) - Fl, . o (u — 7/2) for different values Ar(n, ) -
of {a, b, ¢, d} andu, and then use the Fourier transform to =1/2r / ft4+7/2) - 5t —7/2)
calculate the WDF. The most important advantage of this —o0
method is that it is more flexible when controlling the locations ceTIM L gt (87)
of the output sampling points than the original method. For the Ap (n, 7)
original method, the output sampling points are at the locations (a:bre®) oo
as shown in Fig. 13(a). =1/2x / Flav,c,ay(u+1/2)
(th, ndy)  n=...,-1,0,1,2,3,.... (85) “Fav,e,ay(u—1/2)- 7" - du (88)

tthen we can obtain the relation betweety,, , . , (7, 7)

We can vary the value df, to control the locations of outpu and

sampling points, and for the method described above, the outélft(”’ 7)

sampling points are at the locations in Fig. 13(b)
AF(a,b,c,d) (777 7_)

(d-up—b-nA,, —a-up+a-nl,) =FTu—y (lFT'v—>T (WF(U,,E;,(‘,d) (u, U)))
N=...,-1,01,23, ... (86) = FTyey (IFTy—r (W (du — bu, —cu + av)))
and we can vary the values af b, ¢, d, andwy, to control the = (27f)71/ / e MW (du — bu, —cu + av)
locations of output sampling points. ToorTe
Properties (3) and (4) are useful to compute the central time, - dudv

central frequency problems for the matching pursuit [33]. They — (2r)~t /Oo /Oo e—jﬂ(an—w)eiﬂ-(—bwdr)Wf(a’ )
are also useful to deal with the group delay problems. —oo J—o0

From Property (5), we can obtain the moments of - du dv
|Fla,b,c,a)(u)|> from the WDF of f(¢t). Besides, com- = Ag(an — er, —bn + dr). (89)
paring it with the (4) in Table |, we find that the zeroth moment
(ie.,n = 0) of |2F(a,b,c, d)(“2)|2 is all the same as the zerothcomparing this equation with Property 2 in Table IV, we find
moment of| /(#)|* and|£"(w)|*, no matter what the values of 5t they-axis of the AF has as similar role to theaxis of the

b, ¢, d are, and the first moment (i.ev,= 1) of [ Fo, 1, .. ) (¥)*  WDF, and ther-axis of the AF has a similar role to theaxis
can be expressed as the summation of the first moments ethe WDF.

|f()]? and|F'(w)[? For the case of FRFT
/Oo U\ Fla, b e.ay(w)]? du Ap, (n,7)=As(cosa-n+sine -7, —sina-n+cosa- 7).
feo 7O (90)
B e 9 e 9 We find, as the case of WDF, that when we do FRFT for a func-
- [m PO dt +b [m wlE )] dw. tion, its AF will also rotate by the angle of, but for the case of
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TABLE VI
SOME RELATIONS BETWEEN THEAF AND THE FRFT/LCT

(1) Projection property fw A, (n.7)-dn=f@/2)- f*(~7/2),
(original) fwAf(n,r)-dr=F(17/2)-F*(—77/2).

(2) Projection property f; Ay (cosa-n+sina-7,~sina-n+cosa-1)-dn=F, (g)F; [-%) >
(for FRFT / LCT)

T * T
‘Ec’ Af (an —er,=bn+ dT) ~dn = F(a,b,c,d)(gj ' F(a,b,c,d)(— 5) ‘

(3) Recovery property Eo Ay (,1)-€"""* -dn = f(t)- £ (0),
(original) Eo Af(a),r)-e_j'“'”z -dt = F(w)- F*(0).

(4) Recovery property f 4, (ncosa+usina,~nsina+ucosa)-e’*"'* .dn= F,(u) F2(0),
(forFRFT/LCT) f A a77 cu _b77+d”) ejuﬂlz dﬂ F‘(abcd)( ) abcd)(o)

)

| «

(5) Spectrum correlation f A/(ncosa+rs1na —nsina+rcosa)e’ dn=F, [u+ ) (

2
function
u: T
(for FRFT/LCT) [ 4,(an-cr,-bn+de)e’ -dn= F(abcd)(u + J am)( ﬂ
(6) Modulation and time- [If y(t) =e™ -X(t - m), then
shifting A, (t,7)= /) 4 (1, 7).
TABLE VII

RELATIONS BETWEEN THEAF AND THE FRACTIONAL/CANONICAL OPERATIONS

(1) Multiplication [If z(t)= x(¢)- y(¢), then A4, f A4,(v,7)- 4 (77 v,7)-dv.

)=
(2) Convolution [If z(r) = x(t)* »(¢), then Az(n,f =2ﬂfwa(n,p)Ay(n,f-p)-dp-
)=

x(e)® ()=x(t)*y‘(— ) then

(3) Correlation  [If 2(t

A4,(n,7)=2x fA (7, 0) —-n,7-p)dp.
(4) Hilbert If y(¥) is the original Hilbert transform of x(¢), then
transform 4,(,7)=-[" 4,(n,7 - p)-2sin(2n|p). i—/’j +4,(n,7).

the WDF, the direction of rotation is clockwise, and the direaelations with the AF and the FRFT/LCT. We present some of
tion of rotation for the case of AF is counterclockwise. them in Table VI. From Properties 2, 4, and 5, we find for the
From the relation between the AF and the LCT, we can al&&T that the integration lines all intersect thaxis with the
find the relations between the AF and some important operngle oftan='(b/a) in the clockwise direction. For the FRFT,
tions. For the Fresnel transform and scaling operation this angle becomes. Thus, we can view the principle direction

» for the canonical operation on the ambiguity function as
Fresnel transform: g, (¢) = (2x|o|)/? - f(#) + &7t /27

Scaling operation: h,(t) = || /2 - f(t/p) (91) ¢=(a, —b). (93)

they correspond to the LCT with parametéis , 0, 1} and

For the fractional operations, the principle direction becomes
{p, 0,0, p~1}, so from (89)

(cos «, —sin ). We draw the principle direction of the frac-
tional and canonical operations on the AF in Fig. 12(b) and com-
Ag, (n, 7) = Ag(n, —on +7) pare it with the case of WDF, which is plotted in Fig. 12(b).
Ap,(n, ) =Ag(pm, 7/p). (92) Then, we discuss the relations between the AF and some other
fractional/canonical operations. We list them in Table VIII. We
From (89), (90), and the relation between the WDF and AEan compare them with Table VII, which are the relations be-
and together with the properties of the WDF, we can derive sorveeen the AF and some conventional operations.
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TABLE VIl
RELATIONS BETWEEN THEAF AND THE FRACTIONAL/CANONICAL OPERATIONS

(1) Canonical  If z(r)= x(t)*(a,b,c,d) ¥(¢), then
convolution A (n.7)= LA (av—clbn+az), -bv+d(bn +ar))
-Ay(—av+n,bv+f)-dv '
The fractional convolution is the special case of it that {a, b, ¢, d} = {cosq,

sina, —sing, cosa}.

(2) Canonical  |If Z(f) = Op(a3 b 3.3 (X(a, i) (u)- YJ,Z Bbrsca ,dz)(u))’ then
correlation A,m7)=[ Aleb n-cd, t+a -v,—db, -n+dd, -t+a -v)-
4, ((Czbs —a,a,)n+(ayc, —cyd; )T +a,v,
(bya; —dby )+ (dyds ~byes Jr—b, -v)-dv
The fractional correlation is the special case of it that {a, b, ¢, d} = {cosa,
sing, —sing, cosa}.
(3) Canonical  [If ¥(t)= O (x(¢)), then
Hilbert A(n7)= EoAx(av— dbn+ar), -bv+d(bn+ar))- sir(l— av+1{bv+ T)/Z)
transform v+ ) -1+l av ) + e (1 u(-av+ ) ldv
+ A (-ar/b-clbn+ar), c+d(bn+ar))

Fractional Hilbert transform is the special case that {a, b, ¢, d} = {cosa,

sing, —sing, cosay}.

B. Relations between Signal/Spectrum Correlation Function 1) Relation between the Fractional/Canonical Signal Corre-

and Fractional/Canonical Fourier Transform lation Function and the FRFT/LCT:

The signal correlation function [which is defined as (3)] ande( ey (U, T) = 1 ej(d/b)'u‘r/ / e~ /0 (uptrt)
the spectrum correlation function [which is defined as (4)] also '’ 27r|'b| —00 J—00
have some relations with the fractional/canonical operations, al- @O Ot p) - dt dp. (97)
though these relations are not as simple as those of the WDF and
AF. In other words

We first give the definition of canonical signal correlation

. CF b d (U,, 7')

function as (arbrerd)

(i)
=exp(j3 -ur
b

_ -1/2
Ot e (1 7) = (20 2Pl oyt 7/2) O (FTimr o (ex0 (i § - t0) - Ot ) (98)
: F(*a, b,e,d) (U’ - 7_/2) (94)
where the scaling operatian’, is defined as
and the canonical spectrum correlation function can be defined O% (g(z, y)) = |b| 7" - glz/b, y/b). (99)
as
For the case of FRFT({a, b, ¢, d} = {cosq,sina,

—sin«, cos a})
SF(U,J,, o d) (777 U) = (27r)_1/2F(C, d,—a, —b) (U + 77/2)

. Cr (u, 7
Fioaapo—n2. (95 Cm0nT)

= &I O (FTimar, a7 O p)-
(100)

The fractional signal /spectrum correlation functions are

the special cases of (94) and (95) whefe b, ¢, d} = Therefore, we can convert the signal correlation functiof{of

{cosa, sinc, —sine, cosa}. The relation between the into the s.ignal (?Orre|ati0n.funCti0n Ba,0,c,a) (U) or Fo(u) by

canonical signal correlation function and the canonical speifv0 multiplication operations: one 2-D Fourier transform and

trum correlation function is one scaling operation.
2) Relation between the Fractional/Canonical Spectrum

Correlation Function and the FRFT/LCTHf Fiq 4, ¢ ay(u) is
SFas e aMv)=Cr, _, (v, 7). (96) the LCT of f(¢t) and F,(u) is the FRFT off(¢), then their
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spectrum correlation function will have the same relation as the[e]

signal correlation function. That is

SF(a,b,c,d) (U’v 7_)

= ej(d/b)~u7‘ M O%C (FTt—Vr, p—u (ej(a/b).tp ) Sf(t7 p)))

(101)
SF(\ (U,, 7')
= gf ot Ossiéla (FTt—>7', p—u (Cj cotate. Sf(tv p))) :
(102)

(71

(8]

[9]
(20]
(11]

(12]

3) Relation between the Canonical Signal Correlation Func-

tion and the Canonical Hilbert Transformif 4(¢) is the canon-

ical Hilbert transform ofz(¢)

y(t) =0%;" =D (a(t)
= O ™ (Hy(u) - OF "V (a(®))) (203)

whereH,(w) is defined as (51), then

Cy(a,b,c,d) (u, T) = CX(a,b,c,d) (u’ T) : M(u, T) (104)
where
Mu, ) =1, whent > 7/20rt < —7/2
M(u, ) =¢?*,  when—7/2<t<7/2. (105)

VII. CONCLUSIONS

We have used the Wigner distribution function (WDF) and[20

(13]

(14]

[15]

(16]

(17]

(18]

[19]

]

the ambiguity function (AF) to illustrate the effects of the
FRFT/LCT, fractional/canonical convolution, correlation, and[21]
Hilbert transforms and use them to illustrate the effects of th?zz]

fractional/canonical operations.
From the

relations between WDF/AF and the frac-[23]

tional/canonical operations, it will be easier to see their effects

on the signal, as well as some applications and some desi

rules. For many applications about the FRFT, such as fractional
filter design, we require the iterative algorithm to search the
parameters. In fact, if we know the WDF or the AF of the signal,[zs]
it would be easier to use the relations discussed in this paper to
choose the parameters we want. For example, in Section 111-A26]

we introduce a method to design the pass-stopband filter in t
fractional domain from the WDF; this method is very simple

and clear in concept.

REFERENCES

7]

(28]

[29]

[1] V. Namias, “The fractional order Fourier transform and its application to

quantum mechanicsJ. Inst. Math. Appl.vol. 25, pp. 241-265, 1980.
L. B. Almeida, “The fractional Fourier transform and time-fre-
quency representationslEEE Trans. Signal Processingol. 42, pp.
3084-3091, Nov. 1994.

H. M. Ozaktas, M. A. Kutay, and D. Mendlovic, “Introduction to
the fractional Fourier transform and its applications,”Advances in
Imaging and Electron Physics New York: Academic, 1999, vol. 106,
ch. 4.

N. Wiener, “Hermitian polynomials and Fourier analysis,” Math.
Phys. MIT vol. 18, pp. 70-73, 1929.

(2]

(3]

(4]

(30]

(31]

[32]

(33]

[5] A.l. Zayed, “On the relationship between the Fourier transform and[34]

fractional Fourier transform,JEEE Signal Processing Lettvol. 3, pp.
310-311, Dec. 1996.

K. B. Wolf, Integral Transforms in Science and EngineerindNew
York: Plenum, 1979, ch. 9: Canonical transforms.

M. Moshinsky and C. Quesne, “Linear canonical transformations
and their unitary representations]’ Math. Phys.vol. 12, no. 8, pp.
1772-1783, Aug. 1971.

S. Abe and J. T. Sheridan, “Optical operations on wave functions as the
Abelian subgroups of the special affine Fourier transformati@pt.
Lett, vol. 19, no. 22, pp. 1801-1803, 1994.

A. Papoulis,Signal Analysis New York: McGraw-Hill, 1977.

L. M. Bernardo, “ABCD matrix formalism of fractional Fourier optics,”
Opt. Eng, vol. 35, no. 3, pp. 732—740, Mar. 1996.

E. P. Wigner, “On the quantum correlation for thermodynamic equilib-
rium,” Phys. Rey.vol. 40, pp. 749-759, 1932.

F. Hlawatsch and G. F. Boudreaux-Bartels, “Linear and quadratic
time-frequency signal representationZEE Signal Processing Mag.
pp. 21-67, Apr. 1992.

T. A. C. M. Classen and W. F. G. Mecklenbrauker, “The Wigner distri-
bution—A tool for time-frequency signal analysis; Part I: Continuous
time signals,"Philips J. Res.vol. 35, pp. 217-250, 1980.

A. W. Lohmann, “Image rotation, Wigner rotation, and the fractional
Fourier transform,J. Opt. Soc. Amer. Aol. 10, no. 10, pp. 2181-2186,
Oct. 1993.

H. M. Ozaktas, B. Barshan, D. Mendlovic, and L. Onural, “Convolution,
filtering, and multiplexing in fractional Fourier domains and their rota-
tion to chirp and wavelet transformJ. Opt. Soc. Amer. Avol. 11, no.

2, pp. 547-559, Feb. 1994.

A. W. Lohmann and B. H. Soffer, “Relationship between the Radon-
Wigner and the fractional Fourier transfornd,’Opt. Soc. Amer. Avol.

11, no. 6, pp. 1798-1801, 1994.

L. B. Almeida, “Product and convolution theorems for the fractional
Fourier transform,TEEE Signal Processing Lettol. 4, pp. 15-17, Jan.
1997.

A. |. Zayed, “A convolution and product theorem for the fractional
Fourier transform,1EEE Signal Processing Letwvol. 5, pp. 101-103,
Apr. 1998.

D. Mendlovic, H. M. Ozaktas, and A. W. Lohmann, “Fractional corre-
lation,” Appl. Opt, vol. 34, no. 2, pp. 303—-309, Jan. 1995.

A. W. Lohmann, Z. Zalevsky, and D. Mendlovic, “Synthesis of pattern
recognition filters for fractional Fourier processin@pt. Communyvol.
128, pp. 199-204, July 1996.

A. W. Lohmann and D. Mendlovic, “Fractional joint transform corre-
lator,” Appl. Opt, vol. 36, no. 29, pp. 7402-7407, Oct. 1997.

A. W. Lohmann, D. Mendlovic, and Z. Zalevsky, “Fractional Hilbert
transform,”Opt. Lett, vol. 21, no. 4, pp. 281-283, Feb. 1996.

A. . Zayed, “Hilbert transform associated with the fractional Fourier
transform,” |[EEE Signal Processing Lettvol. 5, pp. 206-208, Aug.
1998.

] A. W. Lohmann, D. Mendlovic, and Z. Zalevsky, “Fractional transfor-

mations in optics,” inProgress in Optics New York: Elsevier, 1998,
vol. 38, ch. 4.

M. A. Kutay, H. M. Ozaktas, O. Arikan, and L. Onural, “Optimal filters
in fractional Fourier domain,[EEE Trans. Signal Processingol. 45,

pp. 1129-1143, May 1997.

B. Barshan, M. A. Kutay, and H. M. Ozaktas, “Optimal filters with linear
canonical transformationsQpt. Commun.vol. 135, pp. 32-36, 1997.

Z. Zalevsky and D. Mendlovic, “Fractional Wiener filteiXppl. Opt,
vol. 35, no. 20, pp. 3930-3936, July 1996.

Z. Zalevsky, D. Mendlovic, and R. G. Dorsch, “Gerchberg—Saxton al-
gorithm applied in the fractional Fourier or the Fresnel doma®pt.
Lett, vol. 21, no. 2, pp. 842—-844, June 1996.

J. J. Ding, “Derivation and properties of orthogonal transform,” M.S.
thesis, National Taiwan Univ., Taipei, Taiwan, R.O.C., 1997.

R. N. Bracewell, The Fourier Transform and Its Application8rd

ed. New York: McGraw-Hill, 2000.

D. A. Mustard, “The fractional Fourier transform and the Wigner dis-
tribution,” School Math. Preprint, Univ. New South Wales, Kensington,
Australia, 1989.

——, “The fractional Fourier transform and the Wigner distributiah,”
Aust. Math. Soc. Bvol. 38, pp. 209-219, 1996.

S. G. Mallat and Z. Zhang, “Matching pursuits with time-frequency dic-
tionaries,”IEEE Trans. Signal Processingol. 41, pp. 3397-3415, Dec.
1993.

D. Mendlovic, H. M. Ozaktas, and A. W. Lohmann, “Graded-index
fibers, Wigner distribution and the fractional Fourier transforgpl.
Opt, vol. 33, pp. 6188-6193, 1994.

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:34 from |IEEE Xplore. Restrictions apply.



PEI AND DING: RELATIONS BETWEEN FRACTIONAL OPERATIONS AND TFDs

Soo-Chang Pe(F’00) was born in Soo-Auo, Taiwan,

R.O.C., in 1949. He received the B.S.E.E. from Na-
tional Taiwan University (NTU), Taipei, in 1970 and
the M.S.E.E. and Ph.D. degrees from the Universit

1655

Jian-Jiun Ding was born in 1973 in Pingdong,

Taiwan, R.O.C. He received both the B.S. and M.S.
degrees in electrical engineering from National
Taiwan University (NTU), Taipei, in 1995 and 1997,

4 of California, Santa Barbara (UCSB), in 1972 and -"‘flrl respectively. He is currently pursuing the Ph.D.

. 1975, respectively. _-' degree under the supervision of Prof. S.-C. Pei with
He was an Engineering Officer with the Chinese il the Department of Electrical Engineering at NTU.

- Navy Shipyard from 1970 to 1971. From 1971 1 His current research areas include the fractional

to 1975, he was a Research Assistant at UCSE J Fourier transform, the linear canonical transform,

% He was Professor and Chairman in the Electrica other fractional transforms, the Hilbert transform,

Engineering Department, Tatung Institute of Tech- fast algorithms, orthogonal polynomials, integer
nology and NTU, from 1981 to 1983 and 1995 to 1998, respectively. Presenthgnsforms, the quaternion Fourier transform, pattern recognition, fractals,
he is a Professor with the Electrical Engineering Department, NTU. Hfdter design, etc.
research interests include digital signal processing, image processing, optical
information processing, and laser holography.

Dr. Pei received the National Sun Yet-Sen Academic Achievement Award in
Engineering in 1984, the Distinguished Research Award from the National Sci-
ence Council from 1990 to 1998, the Outstanding Electrical Engineering Pro-
fessor Award from the Chinese Institute of Electrical Engineering in 1998, and
the Academic Achievement Award in Engineering from the Ministry of Edu-
cation in 1998. He was President of the Chinese Image Processing and Pattern
Recognition Society in Taiwan from 1996 to 1998 and is a member of Eta Kappa
Nu and the Optical Society of America.

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:34 from |IEEE Xplore. Restrictions apply.



