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Abstract- Decision-feedback equalization (DFE) is an effective 
means for mitigating the effects of inter-symbol interference 
(ISI). In general, the computation of DFE filter coefficients is 
computationally intensive. Although several fast methods have 
been proposed in the literature, these methods either give ap- 
proximate solutions to the DFE optimization problem or are 
“optimal” only under certain assumptions. 

This paper describes a new fast algorithm for FIR DFE opti- 
mization that eliminates the limitations of the previously meth- 
ods while obtaining the exact “optimal” solutions. Simulation 
results show that by using the new algorithm, substantial bit- 
error-rate improvement of 2-3 dB can be obtained without sig- 
nificantly increasing complexity. 

I. INTRODUCTION 
High-speed wireless data communication systems encoun- 

ter delay-spread multipath fading propagation. The realiza- 
tion of reliable transmission hence requires measures to com- 
bat the performance degradation due to inter-symbol interfer- 
ence (ISI). An effective method for mitigating the effects of 
IS1 is decision-feedback equalization[ 1,2]. A decision- 
feedback equalizer (DFE) consists of a feedforward filter 
(FFF) and a feedback filter (FBF). In practice, the FFF and 
FBF are linear finite-impulse-response (FIR) filters. The FFF 
and FBF coefficients are computed, based on the minimum 
mean-square error (MMSE) criterion, from estimates of the 
channel pulse response (CPR), defined as symbol-spaced 
samples of the convolution of the transmitter filter, channel 
impulse response, and receiver filter, and correlation matrix 
of the noise at the input of the DFE. Direct computation of 
the optimal MMSE DFE filter coefficients can be found in 
various previous studies[2-4]. In general, the computation of 
these coefficients requires the solution to a set of N, complex 
linear equations, which in turn requires the inversion of an 
Nf x N, complex matrix - a computationally intensive opera- 
tion requiring o(N:) complex multiplications. Computation- 
ally efficient methods for DFE optimization are therefore 
desirable for low-power applications such as wireless packet 
data communications. A fast algorithm for FIR DFE filter 
optimization based on the Fast Fourier Transform (FFT) has 
previously been proposed[5]. Although computationally effi- 
cient, this method does not give the exact MMSE solutions. 
An altemative approach, based on the fast Cholesky decom- 
position[6], gives the exact MMSE solutions under certain 
assumptions. However, significant performance degradation 
can result when these assumptions do not hold, thus limiting 
the applicability of this approach. As will be shown by 
simulation, the approach in [6] incurs significant bit-error- 
rate (BER) degradation in wireless communication systems 
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that employ tight non-Nyquist receiver filtering for adjacent 
channel interference considerations. 

This paper describes a novel algorithm for computing the 
exacr MMSE FFF and FBF coefficients without the limita- 
tions of the approach proposed in [6]. This algorithm is a 
novel application of the generalized Schur recursions[7]. As 
will be shown later, under general conditions the BER per- 
formance of this algorithm significantly outperforms the ap- 
proach in [6] while slightly increasing the computational 
complexity . 

The system model is described in Section 2. In Section 3, 
we describe the new fast algorithm in detail. Computer 
simulation results and complexity analysis are presented in 
Section 4 while conclusions are given in Section 5. 

11. SYSTEM MODEL 
A baseband-equivalent model for a communication system 

using linear modulation is shown in Fig. 1. In the transmitter, 
the modulator maps information bits onto information sym- 
bols in the signal constellation. The transmitter filter then 
applies linear pulse-shaping to generate a modulated signal, 
whose baseband-equivalent representation is given by 

u ( t )  = x x , g ( t - k T )  (1) 
k 

where the complex random variable xk is the k-th information 
symbol, g(*)  is the impulse response of the transmitter filter, 
and Tis the symbol-period. 

The modulated signal u(t)  is transmitted through a commu- 
nication channel that is modeled as a multipath-fading chan- 
nel corrupted by complex additive white Gaussian noise 
(AWGN). The baseband-equivalent output of the channel is 
given by 

M 

r ( t )  = Cam exp(j4,,,)u(t - T ~ )  +W (2) 

where M is the number of paths in the multipath channel, a,, 
Q,,,, and T,,, are the gain, phase, and delay of the m-th mul- 
tipath component, respectively, q(*) is the complex AWGN, 
a n d j  is the square-root of -1. 

At the receiver, the output of the channel is first filtered 
using a linear time-invariant receiver filter with impulse re- 
sponsefle) and sampled at symbol rate to obtain the discrete- 
time received signal, given by 

m=l 

(3) 
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Fig. I .  The baseband-equivalent model of a communication system. 

where y(*) is the output of the receiver filter, and to is an ap- 
propriate sampling instant determined by a suitable timing 
recovery algorithm. The discrete-time received signal yk is 
then passed through the DFE. The decisions of the DFE ik 
are then passed to the demodulator to obtain the detected bits. 

As shown in Fig. 2, a DFE consists of a feedforward filter 
(FFF), a feedback filter (FBF), an adder, and a decision de- 
vice. The FFF and FBF are linear time-invariant FIR filters. 
The FFF reduces the precursor IS1 (IS1 from future symbols) 
in the received signal while the FBF uses past decisions to 
cancel the post-cursor IS1 (IS1 from past symbols). Mathe- 
matically, the output of the DFE at time k can be expressed as 

N . - l  N.  

(4) 

where N, and Nb are respectively the number of FFF and FBF 
taps, and wj and bj are respectively the FFF and FBF coeffi- 
cients, Y k  is the input of the DFE at time k,  and -“i., is the deci- 
sion at time k. In (4), the “decision delay” A is a non- 
negative integer. The FFF and FBF coefficients are com- 
puted, based on the minimum mean-square error (MMSE) 
criterion, from estimates of the channel pulse response (CPR) 
and correlation matrix of the noise at the input of the DFE. 
The CPR is defined as symbol-spaced samples of the convo- 
lution of the transmitter filter, channel impulse response, and 
receiver filter. Mathematically, the CPR is given by 

M I 
( 5 )  

where 

p ( r )  = (g  €3 f )<Q . (6)  
In (6), “€3” denotes linear convolution. In practice, the CPR 
has finite duration and must be estimated using a channel 
estimation algorithm. In this paper, the estimated CPR is 
given by Pk, k=O, 1 , .  . .,v, where v is a nonnegative integer rep- 
resenting the memory of the channel. The FFF coefficient 
vector w and FBF coefficient vector b are given by[4] 

R , w = p  (7) 

b = -H‘w (8) 
and 

where “*” denotes Hermitian transposition, RP is an Nf x N, 
complex positive-definite matrix given by 

R , = P P * - H H ’ + R N ,  

P is an N, x (Nf+v)  complex matrix expressed as 

rpo ... p v  0 ... 

p is an N, x lcolumn vector given by 

p = P e , ,  
and RN is the N, x Nf complex correlation matrix of the noise 
samples at the input of the DFE. The elements of RN are 
given by 

R,, = Elnk& 1 i, j = 0,. . . , ( N f  - 1) (13) 

where nk is the discrete-time complex noise at the input of the 
DFE. In (1 l), Oa,b denotes a a x b block of zeroes, and I, rep- 
resents an identity matrix of dimension a x a. In (12), eA is a 
column vector whose A-th element is equal to 1 and all other 
elements are equal to zero. Note that solving (7) requires the 
inversion of the Nfx Nf complex matrix RP - a computation- 
ally intensive operation that requires O(Nj?(N?v)) complex 
multiplications. Furthermore, forming the matrix Rp as in (9) 
requires O ( N i )  complex multiplications. Fast and efficient 
methods for computing the DFE filter coefficients are there- 
fore desirable for low-power applications such as wireless 
communications. 

111. FAST ALGORITHMS FOR DFE FILTER OPTIMIZATION 
Low-complexity algorithms for computing FIR DFE filter 

coefficients have previously been studied. An FFT-based 
algorithm[51 having a complexity of O(N, log2Nf) only pro- 
vides an approximation to the optimal MMSE solutions given 
in (7) and (8). On the other hand, an approach based on fast 
Cholesky decomposition[6] has also been proposed. This 
approach yields the optimal (MMSE) solution assuming that 

Fig. 2. A decision-feedback equalizer. 
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1) the discrete-time noise at the input of the DFE is white, 
2) Nb = v, and 3) A = Nf- 1. In this approach, an N f x  2 com- 
plex matrix is used to initialize the fast Cholesky decomposi- 
tion, and sequences of planar rotations or Householder re- 
flections are subsequently used for generating the DFE filter 
coefficients[6]. Unfortunately, the applicability of this ap- 
proach is limited to systems in which the aforementioned 
assumptions approximately hold true. In particular, for 
wireless communication systems that are interference-limited, 
or that apply tight, non-Nyquist receiver filtering (due to, e.g., 
adjacent channel interference considerations), the white-noise 
assumption (assumption 1) is typically untrue. In this situa- 
tion, applying this approach can lead to significant perform- 
ance degradation, as will be shown later by simulation. Fur- 
thermore, the number of feedback taps is fixed (due to as- 
sumption 2),  making this approach inflexible because it is 
often desirable to reduce the number of feedback taps to less 
than v in order to minimize the effects of feedback error 
propagation. Despite these limitations, the approach pro- 
posed in [6] is nevertheless simple and elegant. In this paper, 
this approach will be used as a baseline for comparison, and 
will be referred to simply as the "previous approach". 

In order to eliminate the limitations of the previous ap- 
proach, we describe a novel fast algorithm for DFE optimiza- 
tion based on the generalized Schur recursions[7]. In this 
algorithm, an Nf x Nf complex lower triangular matrix L with 
positive real diagonal elements is computed recursively from 
an Nf x 4 initial generator matrix G'O) using sequences of pla- 
nar and hyperbolic rotations[8], such thata 

1 0 0 
x o o x  
x o o x  
X 0 X X 
x o x x  
x o x x  
X X X X 
x x x x  
x x x x  
X X X X 

R,  =LL' (14) 

O t R o w O  

+Row ( N , - v )  

+Row,  ( N ,  +N, - v )  

+Row ( N I - l )  

The exact MMSE FFF coefficients are next obtained by 
substituting (14) into (7) and using forward eliminations and 
backward substitutions[9]. Finally, the exact MMSE FBF 
coefficients are obtained from (8). Since the derivations for 
the algorithm are very tedious and lengthy, the algorithm is 
simply stated without proof. 

Let It, k = 0, ..., (Nf- 1) denote the columns of the lower 
triangular matrix L. Furthermore, without loss of generality, 
it is assumed that 

The proposed new algorithm for Nf? v, 0 5 Nb 5 v, and 
A = Nf- 1 is as followsb: 
Step 1. Let G'O) be an N f x  4 complex matrix with elements 

Gii(') and having the form shown in Fig. 3. The four col- 
umns of G'O) are given by' 

G!:' = C p j p ; +  + Rjo, i = 0 ,...,(NI. - 1) ; 
V 

(16) 
j= i  

a L is the lower-triangular Cholesky factor for Rp. 

The method can be easily extended to the arbitrary case. However, for a 
~ given system, these assumptions on the DFE parameters generally yield the 

best performance. 
Note that by definition, GOO'" I I .  

0 i = O  

G!:' i = 1, ...,( Nf -1) 
G,!,o' z5 

M c G ( O )  ; 
1, c mo (the first column of M). 

Step 2. For k=1, ...,( N,-v-1) repeat the following: Obtain 
G'k' by down-shifting the first column of M by one ele- 
ment while keeping the rest unchangedd (see Fig. 4); 

M t G'k'R (hyperbolic rotation), where 

and l k e r n ~  (the first column of M). 
Step 3. For k=(Nrv),.. .,(N v+Nb-l), repeat the following: 

obtain G'k) by down-shifting the first column of M by 
one element while keeping the rest unchanged; 

M t G'k'R (hyperbolic rotation), where 

f 

M t MR (hyperbolic rotation), where 

0 - M u  0 1 1 0 0 

*'-I 1 0 0 0 1 

Note that, for all k,  the first k rows of G"'are all zeros. 

, 
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1 0 0 0  
A X X X  
O X  X 
x x x x  
v x x x  

M t MQ (hyperbolic rotation), where 

r ' k . O  - M k 2  

0 0 0 0  
l X X X  

X = l A  X X X 
o x x x  
x x x x  

l o  1 0  0 

M t MQ (planar rotation), where 

r M , 0  -'k,l 

and 1 , t ~  (the first column of M). 

Step 5 .  For i = 0 ,..., ( N f l ) ,  compute 

v E- 1 [ p N f - , - l  -$L,JvJ].  (Forward elimination) 
' 4, J = o  

Step 6. For i = ( N f l ) ,  (Nr2), _.., 0, compute 
( N,-l  \ 

* 1  . (Backward substitution) 

V 

Step 7. For i = 1 , .  . .,Nb, compute b,* = -E pJ w:-J+Nf-I . 
J =I 

The flow chart summarizing the steps of the new algorithm 
is shown in Fig. 5. It should be noted that the matrix RP is 
never computed in the new algorithm. 

I v .  SIMULATION RESULTS AND COMPLEXITY ANALYSIS 
The performance of the DFE is evaluated using computer 

simulation for a wireless communication system. The 
modulation and burst formats follow the specifications of 

Enhanced Data Rates for GSM Evolution (EDGE)[10]. In 
particular, the modulation scheme is 3d8-shifted 8-level 
phase shift keying (8-PSK) with "linearized GMSK' pulse- 
shaping[l 13, and the symbol rate is approximately 270.833 
ksymbols/second. The channel is modeled as the GSM Typi- 
cal Urban (TU) channel corrupted by AWGN. The channel is 
assumed to be stationary within each burst, and uncorrelated 
from burst to burst. In the receiver, a tight non-Nyquist filter 
is used as the receiver filter A*). Symbol-timing recovery 
and channel estimation are next performed based on the mi- 
damble training sequence embedded in each burst. The DFE 
filter coefficients are computed from the CPR estimate using 
floating-point implementations of both the previous approach 
proposed in [6] and the new DFE optimization algorithm de- 
scribed here. It is assumed that there is no frequency offset 
between the transmitter and the receiver. The number of FFF 
coefficients is the same for both optimization algorithms. 
The average channel bit error rates (raw bit error rates) are 
shown as functions of EdNo in Fig. 6 for both approaches, 
where Eb is the energy per bit and N d 2  is the power spectral 
density of the AWGN. 

It can be seen from Fig. 6 that, for the case simulated, the 
proposed algorithm outperforms the previous approach by 
2-3 dB. This is because, as mentioned earlier, the previous 
approach implicitly assumes that the noise at the input of the 
DFE is uncorrelated from sample to sample. When a tight, 
non-Nyquist receiver filter is used, the DFE input noise is 
colored (i.e., correlated from sample to sample). Using the 
previous approach, therefore, results in a mismatched 
DFE[12]. The proposed algorithm, on the other hand, makes 
no assumption on the second-order statistics of the DFE input 
noise samples. Therefore the algorithm yields significantly 
better performance than the previous approach when tight 
receiver filtering is used. 

L N, - V I  N , - h  v 

L 

i 

c 
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n M ( E q . 2 3 )  
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on M ( E q . 2 5 )  

1, - 111. 
t c t + l  

N" 

Fig. 5. Flow chart of new D E  optimization algorithm. 
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Fig. 6. Bit error rate comparison for the previous method and methods. The 
modulation scheme is 3rd8-shifted 8-PSK with linearized GMSK 
pulse shaping. 

Detailed complexity analysis for implementation on a 
Motorola fixed-point digital signal processor (DSP) shows 
that the number of operations (clock cycles) for computing 
the DFE FFF and FBF coefficients using the “previous” ap- 
proach is approximately 

CRevious -- 30vN, +163N, + 8 v - 1 4 v Z .  (26) 

Note that Nb does not appear in (26) because the previous 
approach implicitly assumes that Nb = v. On the other hand, 
the approximate complexity for implementing a direct com- 
putation and the new algorithm are, respectively, 

(27) 
2 
3 

CDirec, = - N j  +30N; +95N, + 4 v 2  

and 
C,,, =14N: +16vN, +205N, - 1 4 ~ ~  - 1 5 0 ~ .  (28) 

Note that (27) and (28) are obtained by assuming Nb=v. 
Unlike the previous approach, it is possible to set Nb to be 
smaller than v for the new and direct computation methods, 
therefore (27) and (28) actually represent complexity upper 
bounds. Complexity estimates in (26), (27), and (28) are 
plotted as functions of the number of channel taps v in Fig. 7. 
It is assumed that the Nf= 2v because this choice of N, typi- 
cally yields good BER performance for a channel with mem- 
ory v. It can be seen that for large v, the complexity of the 
new algorithm is slightly (approximately 10-25%) higher 
than the previous approach, and is significantly lower than 
the direct computation method. 

V. CONCLUSION 
A new computationally efficient algorithm for DFE filter 

optimization is described in this paper. This algorithm is a 
novel application of the generalized Schur recursions. The 
exact MMSE DFE coefficients are recursively computed us- 
ing an initial 4-column generator matrix and sequences of 
hyperbolic and planar rotations. Although not shown in this 
paper, the new algorithm can be generalized to fractionally- 
spaced DFE’s [ 11 and DFE’s with receiver diversity [4]. 

Simulation results show that the algorithm described in pa- 

3.5E+04 l 

6: 3.0E+04 

6 2.58+04 
Y 1 ~ +Previous Approach - 2.OE+04 - 

’ +Direct Computation 
U +New Approach 

U 

O.OE+OO 
I 2  3 4 5 6 7 8 9 1 0 1 1 1 2  

Number of Channel Taps 

Fig. 7. The computational complexity for the direct computation approach, 
new algorithm, and previous approach as functions of the number of 
channel taps v. 

per significantly outperforms a previous method [6] in terms 
of bit error rate when the receiver employs tight non-Nyquist 
receiver filtering due to, e.g., adjacent channel considerations 
in wireless communications. Furthermore, this algorithm is 
also more flexible than the previous approach. . Detailed 
analysis for a fixed-point digital signal processor shows that 
the complexity for implementing the algorithm is only 
slightly higher (approximately 10-25%) than the approach 
proposed in [6], and is significantly lower than the direct 
computation method. The proposed new algorithm is, there- 
fore, suitable for high-speed, low-power applications such as 
wireless packet data communications. 
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