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Abstract: In this paper, the H, control problem 
for descriptor systems is studied. Necessary and 
sufficient conditions are derived for the solution 
to this problem, expressed in terms of two 
generalised algebraic Riccati equations which may 
be considered to be the generalisations of the 
Riccati equations obtained by Doyle et al. (1989). 
When these conditions hold, state space formulae 
for a controller solving the problem is also given. 
The approach used in this paper is based on a 
generalised version of bounded real lemma, thus 
the proofs given are simple. 

1 Introduction 

H, (sub)optimal control has become one of the most 
important notions in the field of automatic control the- 
ory. It has drawn considerable attention from many 
researchers around the world. Although H, control 
theory has been perfectly developed over the last dec- 
ade, most of the results were developed based on state 
space equations [l-31. State space models are very use- 
ful, but the state variables thus introduced often do not 
provide a physical meaning 141. In addition, state space 
equations cannot represent algebraic restrictions 
between state variables. Besides, some physical phe- 
nomena, like impulse and hysterisis which are impor- 
tant in circuit theory, cannot be treated properly in the 
state space models [5 ,  61. 

Descriptor system representation provides a suitable 
way to handle such problems, and it has been proven 
in the literature that descriptor systems have higher 
capability to describe a physical system [5-71. Descrip- 
tor system models appear more convenient and natural 
than state space models in large-scale systems, econom- 
ics, networks, power, neural systems others [ 5 ,  7, 81. 

The control theory based on descriptor system mod- 
els has becn widely developed for many years: Cobb 
first gave a necessary and sufficient condition for the 
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existence of an optimal solution to the linear quadratic 
optimisation problem 191 and also extensively studied 
the notions of controllability, observability and duality 
in descriptor systems [lo]. Lewis [ 5 ] ,  Bender et al. 1111 
and Takaba et al. [4] constructed different kinds of 
Riccati equations for solving linear quadratic regulator 
problems based on certain assumptions. Some excellent 
results on pole placement [12] and robust control [13, 
141, to name only a few, were also obtained. 

Recently, Copeland and Safonov used the descriptor- 
system-like models to solve the singular H, and H, 
control problems in which the plants have pure imagi- 
nary (including infinity) poles or zeros. 1151. Solutions 
to the H, control problem for descriptor systems were 
given in Takaba et al. [4]. They dealt with the problem 
using a J-spectral factorisation, thus their proofs were 
involved. Moreover, only sufficient conditions for solu- 
tions to exist were given. 

Most recently, Masubuchi et al. 1161 have considered 
a similar problem by using a matrix inequalities 
approach. They treated a more general problem with 
less assumptions. Their solutions were obtained by use 
of a version of bounded real lemma and given in terms 
of linear matrix inequalities (LMI) which may be 
solved by existing numerical tools. However, they gave 
a necessary and sufficient condition in terms of two 
generalised algebraic Riccati inequalities (GARI) 
involving two unknown parameters plus two to-be- 
determined variables. 

The present paper continues this line of research to 
study the H, control problem for descriptor systems. 
More precisely, we present necessary and sufficient 
conditions for the existence of a solution to the prob- 
lem. The main contribution of this paper is to give the 
solution to the H, control problem in terms of two 
generalised algebraic Riccati equations (GARE) rather 
than inequalities. This may be considered to be the 
generalisation of the condition established in the cele- 
brated paper by Doyle et al. [l] for systems in a state 
space model. We also construct a controller to solve 
the problem. The resulting controller thus obtained 
corresponds to the central controller given in [l]. 

Motivaton for developing a GARE solution to the 
H, control problem of descriptor systems stems from 
the following. It has been shown by Glover and Mus- 
tafa 1171 that the central controller given by Doyle et 
al. 111, expressed in terms of the solutions of two alge- 
braic Riccati equations (ARE) minimises a certain 
entropy integral and thus the central controller would 
be the preferred controller to use in practical applica- 
tions. It is expected that the controller obtained here 
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(displayed in Theorem 6 below) also has a similar, min- 
imum entropy, property. A full exploration in this 
direction is left for future research. 

To estabilish a GARE solution to the H, control 
problem, we first develop a version of bounded real 
lemma for descriptor systems in terms of GARE, 
rather than generalised algebraic Riccati inequality 
(GARI) as given in [16]. For systems in a state space 
model, various forms of bounded real lemma have been 
developed in the literature (e.g. Shi et al. [18] and the 
references therein). The bounded real lemma presented 
here (see Lemma 5 below) can be thought of as a 
descriptor version of Theorem 2.1 in Petersen et al. [2]. 
Actually, the underlying idea used in this paper is 
essentially the same idea used in Petersen et al. [2] to 
obtain the ARES solutions to the H, control problem 
for systems in a state space model. More precisely, 
building on the GARI solution given in [16], we derive 
our GARE solution via the bounded real lemma pre- 
sented here. 

2 Preliminaries 

In this Section, we will review some basic notions con- 
cerning descriptor systems. Consider a descriptor sys- 
tem described by the state equations: 

E? = Ax + Bu 

y = cx (1) 
where x E Rn is the state, U E R" and y E R p  are the 
input and output signals, respectively. A,  B and C are 
constant matrices with compatible dimensions and E is 
a square matrix of rank Y < n. {E ,  A }  is assumed to be 
regular. It is well known that a descriptor system con- 
tains three different modes: finite dynamic modes, 
impulsive modes and nondynamic modes. For a 
detailed definition see [I  I]. Briefly, let q e deg det(sE - 
A). Then {E ,  A }  has q finite dynamic modes, r - q 
impulsive modes and n - r nondynamic modes. Fur- 
thermore if r = q, there exist no impulsive modes and 
in this case the system is said to be impulse-free. 

{E,  A }  is called stable if there exist no finite dynamic 
modes in Re[s] 2 0. { E ,  A }  is admissible if {E ,  A }  is 
regular, impulse-free and stable. The triple { E ,  A, B )  is 
said to be finite dynamics stabilisable and impulse con- 
trollable if there exists a constant matrix K such that 
{E ,  A + BK} is admissible. Similarly, {E ,  A ,  C} is 
called finite dynamics detectable and impulse observa- 
ble if a constant matrix L exists such that {E ,  A + LC} 
is admissible. Without loss of generality, we can 
assume that the system (eqn. 1) has a Weierstrass form 
[19]: 

where N is a nilpotent matrix (that is, Nk = 0 for some 
positive integer k) .  

The following proposition builds a connection 
between least square optimisation problems and gener- 
alised algebraic Riccati equations. 

Proposition 1: Consider eqn. 1. Suppose that {E ,  A }  
is regular, impulse-free and that {E ,  A, B }  is finite 
dynamics stabilisable and impulse controllable. Sup- 
pose that I - BT C:  C2B2 > 0. Furthermore, assume 
that the Hamiltonian system: 
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is regular, impulse-free and has no finite dynamic 
modes on the imaginary axis. Then there exists an 
admissible solution X to the GARE: 

A T X  + X T A  + CTC + X T B B T X  = 0 { E'X = X T E  
Remark: Here a solution X to the GARE is called an 

admissible solution if {E ,  A + B BT X }  is admissible. It 
is noted that X might not be unique, but ET X = X T  E 
is unique (for details, see [4, 14, 201 and the references 
quoted therein). 

Proof: consider a linear dynamical system of the 
form, 

li: = -X + B ~ u  
y = C2x 

It is easy to verify that I - B T C T C2B2 > 0 if and only 
if the system is strictly bounded real with an upper 
bound 1. Then, using a standard result from algebraic 
Riccati equations (ARE) ([21], Theorem 2.3. l), a stabil- 
ising solution X2, = X &  2 0 exists satisfying the ARE: 

( - X )  + ( - X )  + CTC, + X B & X  = 0 
(Note that a solution to ARE AT X + X A  + (2 + X 

R X  = 0 is said to be stabilising if the matrix ( A  + RX) 
is stable.) Set 

- -  - -  
x =  I::] and A =  I::] 

compatible with ean. 2. Then, eqn. 3 can be rearranged 

A Z O  6 - 7 7  [ 
= [ o  01 [.,I - [a 4 [,I 

Since, by hypothesis I - B : C ;  C2B2 > 0, this implies 
that '& is nonsingular. Hence, the above system can be 
simplified as: 

It is easy to verify that Ro 2 0 (since I - B T C T C2B2 > 
0) and {A,, R,} is stabilisable (since { E ,  A ,  B }  is finite 
dynamic stabilisable). Then, by a standard result from 
ARE ([21], Lemma A.2.3), this implies that a stabilising 
solution X ,  = X r  2 0 to the ARE S ( X , )  f Ai X ,  + 
XoAo + Qo + XoRoXo = 0 exists. Set: 

where 
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It now follows that the GARE AT X E  + X g A  + CT C 
+ X i  B BT XE = 0,  ET X E  = X E T  E 2 0 with {E ,  A + B 
BT X E }  admissible. This completes the proof. Q.E.D. 

The proof is constructive (i.e. a procedure is pre- 
sented for obtaining an admissible solution to a 
GARE). Some relevant results can also be found in [14, 

The following result, essentially taken from [16, 231, 
is a version of Lyapunov stability theorem for descrip- 
tor systems. 

Proposition 2: Consider the descriptor system 
(eqn. 1). Suppose that { E ,  A }  is regular. Then we have 
the following. 
(i) Suppose that { E ,  A ,  C} is finite dynamics detectable 
and impulse observable. Then { E ,  A )  is stable and 
impulse-free if and only if there exists a matrix X satis- 
fying the generalised Lyapunov inequality: 

20, 221. 

A ~ X  + X ~ A  + C ~ C  5 0, E ~ X  = X ~ E  2 o 
(ii) Suppose there exists a matrix P satisfying the gener- 
alised Lyapunov inequality: 

Then { E ,  A }  is stable and impulse-free. 
The following two lemmas summarise some proper- 

ties relevent to the GARE, GARI, and the Hamilto- 
nian pencil. 

Lemma 3: Suppose that { E ,  A }  is impulse-free. Sup- 
pose that Q = Q', R 2 0 and the pencil P2(s) : s[-E 01 
+ [A  RI has full row rank on the imaginary axis. Fur- 
thermore, suppose that GARI: 

ATP + PTA < 0 ,  ETP = P T E  2 0 

(5) 
A ~ P +  P ~ A  + Q + P ~ R P  < o i ETP = PTE 

has a solution P with ET P = PT E 2 0. Under these 
conditions, the Hamiltonian pencil: 

s [ f  lT]-[ A I g . 5 - H  .. ~ (6) 
-Q -AT 

has no pure imaginary zeros and { E ,  H }  is impulse- 
free. 

Pvoof: Without loss of generality, we take { E ,  A }  in 
the following form, 

and 

See also [16]. Set 

and 

where the partition is compatible with eqn. 7, and set: 

s = A'P + P ~ A  + Q + P ~ B B ~ P  = s11 s 1 2  

Then S < 0 by hypothesis. we first show that the Ham- 
iltonian pencil is column-reduced. This is equivalent to 
showing that: 

(9) 

is nonsingular. Observe now that: 

S22 = - P 2 2  - P22 + Q22 + P22B2BFPz2 

( -OTPz  + J ' 2 2 ( - 4  + Q22 + PZB~B,TPD 
< 0  

and [I - ju.1 R,,] has full row rank for all w E R. Then, 
by standard results of algebraic Riccati inequality 
(ARI), this implies that eqn. 9 has no eigenvalues on 
the jw-axis (see [21], Lemma A.2.4) (i.e. H,, is nonsin- 
gular). 

We now show that the Hamiltonian pencil has no 
pure imaginary zeros. We assume, for convenience, that 
all signals may be complex (i.e. Cn) at this time. 
Observe the following identity: 

x* (ATP + PTA)z  + x*Qx - U*U 

+ x*PTBu + u*BTPz 
= z*(A*P + P T A  + Q + P T B B T P ) z  

- (U - BTP)* ( U  - BTP) 
= x*sz  - (U - B'P)*(U - BTP) 5 2 * s x  (10) 

E i = A z + B u  (11) 

Consider the descriptor system: 

Choose an input U(*), an initial condition Ex(0) E C", 
and let x(*) denote the corresponding solution. Observ- 
ing that: 

d ( z* ( t )PTEz( t ) ' )  
d t  

= z" (ATP + PTA)2 + x * P ~ B u  + u * B ~ P s  
and using eqn. 10 yields 

d ( z * ( t ) P T E z ( t ) )  
d t  

+ Z*QZ - U*U 5 ~ * S Z  (12) 

Suppose, by contradiction, the pencil has a zero on the 
imaginary axis. By definition, there exist vectors xo E 

C", p o  E C" and a number wo E R such that: 

Note that xo f 0. Otherwise, 
Rpo = 0 

(A* + j w o E T )  po = 0 
This leads to a contradiction, because, by hypothesis, 
P2(s) has full row rank. From eqn. 13, we have: 

pg (A - j ~ o E )  20 + pGRpo = 0 
Z G Q Z O  + Z; (A - j ~ o E ) *  po = 0 

and therefore: 
X G Q X O  -p:Rpo = 0 

Set u(t)  = BTpoeiCOt and note that Ex( t )  = Exoej'vof is the 
solution of [21] satisfying Ex(0) = Exo. Then: 

2*(t)PTEZ(t)  = 2GPTExo 

Z*(t)SZ(t)  = 2;szo 
~ ( . . ' ( t ) Q z ( t )  - ~ * ( t ) ~ ( t )  = z;&z~ - pGRp0 = 0 

The inequality (eqn. 12) yields x4Sxo 2 0 which is a 
contradiction, because S is negative definite and xo # 0. 
Q.E.D. 

Lemma 4: Suppose that { E ,  A )  is impulse-free. Sup- 
pose that Q 2 0, R = RT and the pencil 
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has full column rank on the imaginary axis. Further- 
more, suppose that GARI (eqn. 5 )  has a solution P 
with ET P = PT E 2 0. Under these conditions, there 
exists an admissible solution X ,  to the GARE: 

(14) 
A ~ X  + X ~ A  + Q + X ~ R X  = 0 { E T X  = X T E  

with ET X E  - X i  E 2 0 and having the property that 
{ E ,  A + RXE} is admissible. Moreover, p(P)  > p(XE).  

ProoJi The hypothesis on GARI (eqn. 5 )  implies that: 

I 0  0 0  Ai Rii 
-Q i i  -AT 

0 0  0 0  0 RT2 
0 0  0 0  QT2 0 

s [ " o '  ; ] - [ A '  -R -A  Q ] = 0  

Ri2 0 
0 -Qiz  

I Q22 

Raz I 

has no zeros on the jw-axis and is column-reduced. It 
follows that: 

s[f iT] - [ -Q A -AT ] =0 (15) 

has no zeros on the jw-axis and is column-reduced. Set: 

From ARI (eqn. 16), the above pencil can be simplified 
as: 

n 
sz - [z - %7--173] = S Z  - [-20 -74 

The existence of P,, to ARI (eqn. 16) implies that eo 2 
0 (See Willems [24], Lemma 1). Moreover, GARI 
(eqn. 5 )  and ARI (eqn. 16), together, imply that there 
exists a positive definite matrix Po (= PI1) satisfying: 

n 
S(P0) = A,'Po + Po& + &o + PoRoPo < 0 (17) 

This, together with the hypothesis on pencil Pl(s),  
implies that a stabilising solution Xo 2 0 exists 
satisfying the ARE S(Xo) = 0 since one can deduce that 
[A;  - jw1 QOlT has full column rank for all w E R 
from the assumption that [AT - jwET elT has full 
column rank on the jw-axis. Note that p(Po) p(X,). 
Set: 

where 

It is easy to see that X ,  satisfies the GARE (eqn. 14) 
with {E ,  A + RXE} admissible and p(P) > p(XE). This 
completes the proof. Q.E.D. 

I 

Fig. 1 Stundurd block diagram 

3 Problem formulation 

Consider the standard feedback configuration shown in 
Fig. 1. Let the plant G be described by: 

EJ: = AX + B ~ w  + B ~ u  

(18) z = C ~ Z  + D ~ Z U  
y = C ~ X  + DziW 

where x E R" is the state, and w E R" represents a set 
of exogenous inputs which includes disturbances to be 
rejected and/or reference commands to be tracked. z E 

R p  is the output to be controlled and y E 1Wq is the 
measured output. U E IR' is the control input. A ,  B,, B2, 
C1, C,, Ol2, and DZl are constant matrices with com- 
patible dimensions. E E Etnxn and rankE = r < n. 

The standard H, control problem for descriptor sys- 
tems consists of finding a controller K of the form: 

E$ = + B y  
U =  c< (19) 

where E, A E Rnxn, B E Rnxq and E RIxn, such that 
the resulting closed-loop system is internally stable and 
T,,,, the closed-loop system from w to z ,  has H, norm 
strictly less than a prescribed positive number y Here 
closed-loop internal stability means that the closed- 
loop system is regular and impulse-free, and that the 
states of G and K go to zero from all initial values 
when w = 0. Note that we do not assume apriori struc- 
ture of the matrix E; it may be singular or nonsingular, 
equal to E or not. 

The system (eqn. 18) is assumed to satisfy the follow- 
ing assumptions, see also [4]. 
(Al) (E ,  A }  is regular. 
(A2) {E ,  A ,  8,) is finite dynamics stabilisable and 
impulse controllable. 
(A3) {E ,  A ,  C,} is finite dynamics detectable and 
impulse observable. 

('44) 

[ A  >YE 
has full row rank for all w E R and is row reduced. 
(A51 
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has full column rank for all w t W and is column 
reduced. 
(A6) RI 5 D?, DI2 > 0. 
(A7) R, 5 D,,D;, > 0. 

4 Main results 

In this Section, we first give a version of bounded real 
lemma for descriptor systems in terms of GARE. This 
forms the basis of our solutions to the H, control 
problem. 

Lemma 5 (bounded real lemma): Consider eqn. 1. 
The following statements are equivalent. 
(i) { E ,  A }  is stable, impulse-free amd IIG(s)ll, < 
where: 

G(s) C(sE  - A ) - l B  

(ii) { E ,  A }  is stable, impulse-free and ?I - B r  C r  
C,B, > 0. Furthermore, the Hamiltonian system 

is regular, impulse-free and has no finite dynamic 
modes on the imaginary axis. 
(iii) There exists an admissible solution to the GARE 

A'X + X T A  + CTC + $ X T B B T X  = 0 
(20) { ETX = X T E  2 0 

Proof: 
(i) 3 (ii). 
Without loss of generality, we can assume that the sys- 
tem (eqn. 1) has a Weierstrass form (eqn. 2). Since { E ,  
A }  is impulse-free, N = 0. Writing 

compatible with eqn. 2, the Hamiltonian system can be 
put in the form: 

0 0 0 0  

0 
This system is regular and impulse-free since ~ ~ G ( s ) ~ ~ ~  < 
y implies P I  - B Cs C2B2 > 0. This implies that: 

- I  1 
is nonsingular. Furthermore, it is easy to see that: 

det(sE - A)det(sE* + AT)det (T2I  - G*(s)G(s)) 
It follows that the characteristic polynomial has no 
pure imaginary roots. 
(ii) 3 (iii). 
This part follows immediately by Proposition 1. 
(iii) * (i). 
Suppose, by hypothesis, that there exists an admissible 
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solution to the GARE: 

A T X  + X T A  + CTC + * X T B B T X  = 0 
(21) { E ~ X  = X ~ E  2 o 

Set = l/yBT X .  Since {E ,  A + l / yB  BT x> is admissi- 
ble, { E ,  A ,  e} is finite dynamics detectable and 
impulse observable. Rearrange eqn. 21 as: 

A T X  + XTA + CTC = -CTC 5 0 c E ~ X  = X ~ E  2 0 
which is a generalised Lyapunov inequality. Then, by 
Proposition 2, { E ,  A }  is stable and impulse-free. Next, 
we show that liC(sE - A)-' BII, < y Observe that 
eqn. 20 implies that: 

1 -BT ( - jdE  - AT)-'  CTC (gwE - A)-' B 
Y2 

1 1 
x I - -B*X - A)-' B I 7 2  

L I A 

(22 )  
for all w 2 0. It follows that I/C(sE - A)-' BII, 2 y To 
complete the proof, we need to show that the strict ine- 
quality holds. Suppose, by contradiction, that there 
exists an W 2 0 such that ilC(j @ E  - A)-' BII, = y Then 
eqn. 22 implies that there exists a vector po such that [ I  
- BT X(j WE - A)-' Blpo = 0. This gives det[I - BT 
X(j G E  - A)-' B] = 0. Now, by a standard result on 
determinants, we have: 

det gWE - A - -BBTX [ Y2 I 1  

1 -'. 1 z det [ j G E  - A] det I - - B T X  (gwE - A)-' B 

Thus detu @ E  - A - l / q B  BT x] = 0. This contradicts 
the fact thatxis an admissible solution to GARE 
(eqn. 20). Hence, we can conclude that l/C(sE - A)-' 
BIl, < y This completes the proof. Q.E.D. 

We are now in a position to give our main result, 
which is summarised in the following statements. 

Theorem 6: Consider eqn. 18. Suppose that assump- 
tions (A1)-(A7) hold. Then there exists a controller of 
the form (eqn. 19) that internally stabilises eqn. 18 and 
render ~ ~ T Z J ,  < y if and only if the following condi- 
tions are satisfied. 
(i) There exists an admissible solution X, to the 
GARE: 
Rl(2) = ( A  - BzR, 1 T  D ~ ~ C I )  ' X 

+ X T  (A - B2Rc1D&C1) 
-1 T 

f c,T (I - D12R1 q 2 )  C1 

E T X  = X T E  
with ET X ,  = X z  E 2 0. 
(ii) There exists an admissible solution 2, to the 
GARE: 
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+BIB? = 0 

E Z  = ZTET 
( 2 3 )  

with EZ, = Z L  ET 2 0, where: 
1 A = A + --B1BTX, 

1 

B1 = B1 ( I  - D,TIRTIDzl) 

Y2 
6, = e, + - D ~ ~ B T x ,  

Y2 

When these conditions hold, one such controller is 
given by: 

E = E  

A = Ah 

a 1 
= A + B26 - BC, + 7 (B1 - B D z I )  B F X ,  

Y 
B BI, 

e = ci, 

Proof 
Sufficiency: We will show that the controller defined 

in eqn. 24 both stabilises the system and makes IITzwiim 
< y. Observe that the resulting closed-loop system can 
be written as: - 

E,  

- A + BZCk -BPCk 
[ A  - Ak + BZCh - B~CZ Ai, - 8 2 4 1  [ :] - 

B C  

25 = [Cl + D21Ck -oalch] [ 3 
Y 

C C  

where e fi x - 5. 
The GARE R3(Z) can be rewritten as: 

1 

Y 
R s ( Z )  = AoZ + ZTA,T + ,ZTCTCoZ + BOB: 

= o  
EZ = ZTET 

(25) 
where 

A" = 2 - BIDFIR,lCz - ZLC,TRT1C2 

Bo = B 1  - ZLETR,'D21 

CO = -RY& ( B T X -  + DT1C1) = R j F m  
Note that 2, is also an admissible solution to eqn. 25. 

By Lemma 5 ,  we can conclude that {ET,  A } is sta- 
ble, impulse-free and IIBf(sET- A t)-' CrIl- < r This, 
in turn, implies that {E ,  Ao)  is stable, impulse-free and 
IICdsE - ' 4 0 )  mC.2 < r 

Again by Lemma 5, the GARE: 
1 RdJW) = A:W -t W TAo + --WTBoBTW 

Y2 

W T E  = ETW (26) 

+ c,Tco = 0 

has an admissible solution W, with W L  E = ET WL 2 
0. 

Now set: 

A lengthy but otherwise routine calculation shows that 
P, is an admissible solution to the GARE: 

1 
ATP + PTA, + CTCc + -PTB,B,TP = 0 

E,TP = PTE,  
Y2 

with ET P, = P f E, 2 0. It follows, again from Lemma 
5 ,  that eqn. 19 is an admissible controller such that 
~ ~ T z , + ~ ~ m  < y This completes the proof of sufficiency. 

Necessity: To prove the necessity part, we need the 
following lemma. See [ 161 for proof. 

Lemma 7: Consider the standard system diagram 
(Fig. 1). Suppose that a controller of the form 
(eqn. 19) exists that internally stabilises (eqn. 18) and 
renders ~ ~ T Z , , , ~ [ ~  < y Then the following conditons hold: 
(i) A state feedback matrix K and a matrix P exist such 
that: 

( A  + BZK)* P + PT (A + BzK)  + PBiBTP 
+ (C1D121qY' (C,  + Dl2K) < 0 

E T P  = PTE >_ 0 
(27)  

i 
(ii) An output injection matrix L and a matrix C exist 
such that: 

( A  + LC2) C + CT ( A  + L C Z ) ~  + CC,TCiC 
+ (B1 + LD21) (B1 + < 0 

E C  = C T E T  2 0 
(28) 

(iii) p(PX)  < q, where p(-) denotes the spectral radius. 
We can now prove the necessity part. Suppose that 

the H, control problem is solvable. Then, from Lemma 
7, inequality (eqn. 27) has a solution P. Inequality 
(eqn. 27) can be rewritten as: 

T 
R l (P)  = ( A  - BzR,~DT,CI) P 

+ PT ( A  - B2RF1DT2C1) 
-1 T + c,T (1 - DlzR1 DIz) c1 

Now, assumption (A4) implies that: 
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has full column rank for all w E R. Furthermore, we 
can show that { E ,  ( A  - B2Rj’ D T2 C,)} is impulse-free. 
To see this, observe that: 

I D12 

D12 
-SE + (A - BzR,’DT,Cl) 

CL 
Applying Lemma 4 shows that an admissible solution 
X ,  exists satisfying R,(X,) = 0 with ET X, = 1 2  E 2 
0. Similarly, the inequality (eqn. 28) implies that an 
admissible solution Y, exists satisfying the GARE: 

+ B1 ( I  - D,T,RT1DZ1) BT = 0 

EY = YTET 
with EY, = Y 6  ET 2 0. Moreover, the spectral radius 
p(Y, X,) < q. Define Z, = ( I  - l/f Y, X,)-’Y, = 
Y,(Z ~ l/p X, Y,)-l. A little bit of algebra shows that 
2, is an admissible solution for eqn. 23 with EZ, = 
2: Er 2 0. Q.E.D. 

Remark: For the proof of necessity, the use of GARI 
in the intermediate stage is needed. To avoid the 
former use of GARI, one might adopt the method pro- 
posed in [l] where the operator theory was used and 
thus the proofs given there were more involved. 

We have given the necessary and sufficient conditions 
in the above theorem in terms of two coupled GAREs. 
It is possible to give an alternative set of necessary and 
sufficient conditions involving two uncoupled GAREs 
and a spectral radius condition, as given in [l]  for 
systems in the state space model. The proof is quite 
standard and actually given in the necessity proof of 
the Theorem 6. This is summarised in the following 
statement. 

Corollary 8: Suppose that GARE R1(X) = 0 has an 
admissible X, with ET X ,  = Xf E 2 0. Then the condi- 
tion (ii) of Theorem 6 holds, if and only if, the follow- 
ing conditions hold. 
(i) the GARE: 

+ B1 ( I  - D,T,RT1D21) BT = 0 

EY = Y T E T  
has an admissible solution Y, with EY, = Y L  ET 2 0 
(ii) the spectral radius p ( Y ,  X,) < Moreover, when 
these conditions are satisfied, the matrices X,, Y, and 
2, have the following relationship: 

~ 

5 

1 

2 

3 

4 

5 

6 

7 

8 

9 
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