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Abstract: In this paper, the H., control problem
for descriptor systems is studied. Necessary and
sufficient conditions are derived for the solution
to this problem, expressed in terms of two
generalised algebraic Riccati equations which may
be considered to be the generalisations of the
Riccati equations obtained by Doyle ef al. (1989).
When these conditions hold, state space formulae
for a controller solving the problem is also given.
The approach used in this paper is based on a
generalised version of bounded real lemma, thus
the proofs given are simple.

1 Introduction

H., (sub)optimal control has become one of the most
important notions in the field of automatic control the-
ory. It has drawn considerable attention from many
researchers around the world. Although H,, control
theory has been perfectly developed over the last dec-
ade, most of the results were developed based on state
space equations [1-3]. State space models are very use-
ful, but the state variables thus introduced often do not
provide a physical meaning [4]. In addition, state space
equations cannot represent algebraic restrictions
between state variables. Besides, some physical phe-
nomena, like impulse and hysterisis which are impor-
tant in circuit theory, cannot be treated properly in the
state space models [5, 6].

Descriptor system representation provides a suitable
way to handle such problems, and it has been proven
in the literature that descriptor systems have higher
capability to describe a physical system [5-7]. Descrip-
tor system models appear more convenient and natural
than state space models in large-scale systems, econom-
ics, networks, power, neural systems others [5, 7, §].

The control theory based on descriptor system mod-
els has been widely developed for many years: Cobb
first gave a necessary and sufficient condition for the
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existence of an optimal solution to the linear quadratic
optimisation problem [9] and also extensively studied
the notions of controllability, observability and duality
in descriptor systems [10]. Lewis [5], Bender er al. [11]
and Takaba et al. [4] constructed different kinds of
Riccati equations for solving linear quadratic regulator
problems based on certain assumptions. Some excellent
results on pole placement [12] and robust control [13,
14], to name only a few, were also obtained.

Recently, Copeland and Safonov used the descriptor-
system-like models to solve the singular H, and H,,
control problems in which the plants have pure imagi-
nary (including infinity) poles or zeros. [15]. Solutions
to the H,, control problem for descriptor systems were
given in Takaba er al. {4]. They dealt with the problem
using a J-spectral factorisation, thus their proofs were
involved. Moreover, only sufficient conditions for solu-
tions to exist were given.

Most recently, Masubuchi et al. [16] have considered
a similar problem by using a matrix inequalities
approach. They treated a more general problem with
less assumptions. Their solutions were obtained by use
of a version of bounded real lemma and given in terms
of linear matrix inequalities (LMI) which may be
solved by existing numerical tools. However, they gave
a necessary and sufficient condition in terms of two
generalised algebraic Riccati  inequalities (GARI)
involving two unknown parameters plus two to-be-
determined variables.

The present paper continues this line of research to
study the H,, control problem for descriptor systems.
More precisely, we present necessary and sufficient
conditions for the existence of a solution to the prob-
lem. The main contribution of this paper is to give the
solution to the H,, control problem in terms of two
generalised algebraic Riccati equations (GARE) rather
than inequalities. This may be considered to be the
generalisation of the condition established in the cele-
brated paper by Doyle er al. [1] for systems in a state
space model. We also construct a controller to solve
the problem. The resulting controller thus obtained
corresponds to the central controller given in [1].

Motivaton for developing a GARE solution to the
H.. control problem of descriptor systems stems from
the following. It has been shown by Glover and Mus-
tafa [17] that the central controller given by Doyle er
al. [1], expressed in terms of the solutions of two alge-
braic Riccati equations (ARE) minimises a certain
entropy integral and thus the central controller would
be the preferred controller to use in practical applica-
tions. It is expected that the controller obtained here
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(displayed in Theorem 6 below) also has a similar, min-
imum entropy, property. A full exploration in this
direction is left for future research.

To estabilish a GARE solution to the H,, control
problem, we first develop a version of bounded real
lemma for descriptor systems in terms of GARE,
rather than generalised algebraic Riccati inequality
(GARI) as given in [16]. For systems in a state space
model, various forms of bounded real lemma have been
developed in the literature (e.g. Shi ef al. [18] and the
references therein). The bounded real lemma presented
here (see Lemma 5 below) can be thought of as a
descriptor version of Theorem 2.1 in Petersen et al. [2].
Actually, the underlying idea used in this paper is
essentially the same idea used in Petersen et al. [2] to
obtain the AREs solutions to the H,, control problem
for systems in a state space model. More precisely,
building on the GARI solution given in [16], we derive
our GARE solution via the bounded real lemma pre-
sented here.

2 Preliminaries

In this Section, we will review some basic notions con-
cerning descriptor systems. Consider a descriptor sys-
tem described by the state equations:

Et = Az + Bu
y=Cx (1)

where x € R” is the state, u € R™ and y € R? are the
input and output signals, respectively. 4, B and C are
constant matrices with compatible dimensions and E is
a square matrix of rank r < un. {E, A} is assumed to be
regular. It is well known that a descriptor system con-
tains three different modes: finite dynamic modes,
impulsive modes and nondynamic modes. For a
detailed definition see [11]. Briefly, let ¢ 2 deg det(sE —
A). Then {E, A} has ¢ finite dynamic modes, r — ¢
impulsive modes and # — r nondynamic modes. Fur-
thermore if r = ¢, there exist no impulsive modes and
in this case the system is said to be impulse-free.

{E, A} is called stable if there exist no finite dynamic
modes in Re[s] > 0. {E, A} is admissible if {FE, 4} is
regular, impulse-free and stable. The triple {E, A, B} is
said to be finite dynamics stabilisable and impulse con-
trollable if there exists a constant matrix K such that
{E, A + BK} is admissible. Similarly, {E, 4, C} is
called finite dynamics detectable and impulse observa-
ble if a constant matrix L exists such that {F, 4 + LC}
is admissible. Without loss of generality, we can
assume that the system (eqn. 1) has a Weierstrass form

[19]:
I 0 A 0
e=[o 3] 4= 10 1)

B (2)
B:|: 1],andC:[C'1 CQ}
By
where N is a nilpotent matrix (that is, N¥ = 0 for some
positive integer k).

The following proposition builds a connection
between least square optimisation problems and gener-
alised algebraic Riccati equations.

Proposition 1: Consider eqn. 1. Suppose that {E, 4}
is regular, impulse-free and that {£, 4, B} is finite
dynamics stabilisable and impulse controllable. Sup-
pose that I — B} C} C,B, > 0. Furthermore, assume
that the Hamiltonian system:

IEE Proc.-Control Theory Appl., Vol. 145, No. 3, May 1998

E 0 T _ A BBT] [z (3)
0 Er||A]  [-CTC —-AT||A
is regular, impulse-free and has no finite dynamic

modes on the imaginary axis. Then there exists an
admissible solution X to the GARE:

ATX + XTA+CTC+ XTBBTX =0
F'X =X"E
Remark: Here a solution X to the GARE is called an
admissible solution if {E, 4 + B BT X} is admissible. It
is noted that X might not be unique, but E” X = X7 E
is unique (for details, see [4, 14, 20] and the references
quoted therein).

Proof. consider a linear dynamical system of the
form,

T =—x+4 Bou

Yy = sz
It is easy to verify that - BY C% C,B, > 0 if and only
if the system is strictly bounded real with an upper
bound 1. Then, using a standard result from algebraic
Riccati equations (ARE) ([21], Theorem 2.3.1), a stabil-
ising solution X5, = X% = 0 exists satisfying the ARE:

(-X)+ (-X)+ClCy + XByBIX =0
(Note that a solution to ARE AT X + X4 + Q + X

RX = 0 is said to be stabilising if the matrix (4 + RX)
is stable.) Set

T = {ml} and A= [/\1}
) A2
compatible with eqn. 2. Then, eqn. 3 can be rearranged
in the following form:

I
M
T2
Ao
BlB],‘_T BlB,QT 0 1
| =cfe, —AT | 0 —0TCy | | n
a 0 BQB%_I Bng I T
cfay 0 I Ty | L
+[; 09- 12 S
-0 0} {77 T Tal |m

Since, by hypothesis 7 — BY C% C,B, > 0, this implies
that 7, is nonsingular. Hence, the above system can be
simplified as:

é-mn-nmrmEeté= | fe 0 Falew

It is easy to verify that Ry >0 (since I — B C3 C,B, >
0) and { Ay, Ry} is stabilisable (since {£, 4, B} is finite
dynamic stabilisable). Then, by a standard result from
ARE ([21], Lemma A.2.3), this implies that a stabilising
solution X, = X7 = 0 to the ARE S(X;) 2 A{ X, +
XoAg + Qp + XgRoXp = 0 exists. Set:

Xoy = Ly — XopLy and Xp = {XU 0 }

Xo1 Xoo

where
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It now follows that the GARE A7 X, + X174 + CT C
+X}; BBTXE:O, ETXE: XETE20W1th {E,A +B
BT X} admissible. This completes the proof. Q.E.D.

The proof is constructive (i.e. a procedure is pre-
sented for obtaining an admissible solution to a
GARE). Some relevant results can also be found in [14,
20, 22].

The following result, essentially taken from [16, 23],
is a version of Lyapunov stability theorem for descrip-
tor systems.

Proposition 2: Consider the descriptor system
(eqn. 1). Suppose that {£, 4} is regular. Then we have
the following.

(i) Suppose that {E, A, C} is finite dynamics detectable
and impulse observable. Then {E, A} is stable and
impulse-free if and only if there exists a matrix X satis-
fying the generalised Lyapunov inequality:

ATX + XTA+CTC <0, ETX=XTE>0
(1) Suppose there exists a matrix P satisfying the gener-
alised Lyapunov inequality:

ATP+PTA<0, E'P=PT'E>0
Then {E, A} is stable and impulse-free.

The following two lemmas summarise some proper-
ties relevent to the GARE, GARI, and the Hamilto-
nian pencil.

Lemma 3: Suppose that {E, A} is impulse-free. Sup-
pose that O = OF, R > 0 and the pencil Py(s) & s[-E 0]
+ [A R} has full row rank on the imaginary axis. Fur-
thermore, suppose that GARI:

ATP+PTA+Q+ PTRP <0 (5)
ETP=PTE
has a solution P with ET P = PT E > 0. Under these
conditions, the Hamiltonian pencil:

E 0 A R A = =
3{0 ET}_[—Q _AT}——SE—H (6)
has no pure imaginary zeros and { E, H} is impulse-
free.

Proof: Without loss of generality, we take {E, A} in
the following form,

-l fE ) o

P 0 .
P = !:le _sz] with P; > 0, Py > 0 (8)

See also [16]. Set

_ | @ @z _ | B
Q_{Qm szyB_{Bz]

and

and

n-BET - {BlBlT BlBg}

ByBl' ByBI
where the partition is compatible with eqn. 7, and set:
S=ATP+PTA+Q+PTBETP = |01 212
S21 S22

Then S < 0 by hypothesis. we first show that the Ham-
iltonian pencil is column-reduced. This is equivalent to
showing that:

(9)

A[ =T BB
HQQ_{~Q22 7 }
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is nonsingular. Observe now that:
Say = —Pay — Pay + Qa9 + Pyy By BY Pyy
= (—[)TP22 + Poo(—1) + Qa2 + P2QBQBQTP22

<0

and [/ — jwl Ry] has full row rank for all w e R. Then,
by standard results of algebraic Riccati inequality
(ARI), this implies that eqn. 9 has no eigenvalues on
the jw-axis (see [21], Lemma A.2.4) (i.e. Hy, is nonsin-
gular).

We now show that the Hamiltonian pencil has no
pure imaginary zeros. We assume, for convenience, that
all signals may be complex (i.e. C") at this time.
Observe the following identity:

v (ATP+ PT Az +2*Qz — u'u
+2*P"Bu+u*BT P
=2 (ATP+PTA+Q+PTBBTP)x
— (u— BTP) (y— BTP)
=2"Sy — (u— BTP)"(u — BTP) < 2*Sz (10)
Consider the descriptor system:
Ei = Az + Bu (11)

Choose an input u(*), an initial condition Ex(0) ¢ C7,
and let x(*) denote the corresponding solution. Observ-
ing that:

d (z*(t)PT Ex(t))
dt
= 2" (ATP + PTA)z + 2" PTBu + v*BT Px
and using eqn. 10 yields
d (z*(t)PTEx(t))
dt +

Suppose, by contradiction, the pencil has a zero on the
imaginary axis. By definition, there exist vectors x, €
C", py € C" and a number wy, € R such that:

A= juwoE R zo] _ [0
—QO —AT—jonT} {pﬂ - [O} (13)

Note that xg # 0. Otherwise,
Rpo =0
(AT + jwoET ) po = 0

This leads to a contradiction, because, by hypothesis,
Py(s) has full row rank. From eqn. 13, we have:

p(*) (A — jon) xg + péRpO =0
25Qxo + x5 (A — jwoE) pg =0
and therefore:

*Qr —v'u<x"Sz  (12)

25Qxo — poRpo =0
Set u(f) = BT ppe and note that Ex(f) = Exye/ is the
solution of [21] satisfying Ex(0) = Exg. Then:
" (t)PTEx(t) = 23 PT Ex
2" (4)Qu(t) — u (Hyu(t) = 25Qz0 — piRpo = 0
2 (£)Sz(t) = zf Sz

The inequality (eqn. 12) yields x§Sx, = 0 which is a
contradiction, because S is negative definite and xg # 0.
QE.D.

Lemma 4: Suppose that {E, A} is impulse-free. Sup-
pose that Q > 0, R = RT and the pencil
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o]+ (4

has full column rank on the imaginary axis. Further-
more, suppose that GARI (eqn. 5) has a solution P
with ET P = PT E > 0. Under these conditions, there
exists an admissible solution X to the GARE:
ATX + XTA+Q+XTRX =0 (14)
ETX = XTE
with ET Xz — X% E > 0 and having the property that
{E, A + RX}} is admissible. Moreover, p(P) > p(Xp).
Proof: The hypothesis on GARI (eqn. 5) implies that:
ET 0] _[AT Q]_,
0 FE |-R —-A|
has no zeros on the jw-axis and is column-reduced. It
follows that:
E 0 | A R
5[0 ET]__—Q —AT}_O (15)

has no zeros on the jw-axis and is column-reduced. Set:

Qun Q2 Rt R
= d R =
Q Q%; QQZ an R,{Q Rgg

where the partition is compatible with eqn. 7. From
eqn. 5, there exists a positive definite matrix P,, such
that:

(*I)PQQ -+ P22(4I) + Q22 + P22R22P22 <0 (16)

[ — jwI Q)" has full column rank for all w € R. This,
again from the standard results of ARI (see [21],
Lemma A.2.5), implies that there exists a matrix Xy =
X7, = 0 satisfying the ARE:

—Xoo — Xog + Qa2 + XooRo2 X929 =0

with p(P,;) > p(X3) [2, 21]. Rewrite the pencil (eqn.
15) as:

S

10}00 Ay RM‘RQ 0
< 07|00 | —Qu —AT | 0 —Qu
00100 0 R, R I
00’00 i 0 I Qo
=l 0]-17 7
100 T3 Ta

From ARI (eqn. 16), the above pencil can be simplified
as:

T[T - T 2 s | Ze 0 R

-Q —Aj

The existence of Py, to ARI (eqn. 16) implies that Qg =
0 (See Willems [24], Lemma 1). Moreover, GARI
(egqn. 5) and ARI (eqn. 16), together, imply that there
exists a positive definite matrix P, (= Py;) satisfying:

S(Po) 2 AL Py + PoAo + Qo + PoRoPo < 0 (17)

This, together with the hypothesis on pencil P(s),
implies that a stabilising solution X, > 0 exists
satisfying the ARE S(X;) = 0 since one can deduce that
[AT — jwl Qg7 has full column rank for all w e R
from the assumption that [47 — jwET Q]” has full
column rank on the jw-axis. Note that p(Py) > p(Xy).
Set:

X21:L2—X22L1 andXE:[XO v jl

Xot Xoo
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where

Ly A 1 1
)=l

It is easy to see that X7 satisfies the GARE (eqn. 14)
with {E, A + RXg} admissible and p(P) > p(X}). This
completes the proof. Q.E.D.

(0] z

Fig.1 Standard block diagram

3 Problem formulation

Consider the standard feedback configuration shown in
Fig. 1. Let the plant G be described by:

Ei= Az + Biw + Bou

z = Clz + Disu (18)

y = Cox+ Dyyw
where x € R” is the state, and w € R”™ represents a set
of exogenous inputs which includes disturbances to be
rejected and/or reference commands to be tracked. z
R? is the output to be controlled and y € R4 is the
measured output. u € R!is the control input. 4, By, B,
C, C,, Dyy, and D, are constant matrices with com-
patible dimensions. £ € R™ and rankE = r < n.

The standard H,, control problem for descriptor sys-

tems consists of finding a controller K of the form:
E¢= At + By
u=C¢ (19)

where E, 4 € R™, B € R™ and C e R™, such that
the resulting closed-loop system is internally stable and
T, the closed-loop system from w to z, has H,, norm
strictly less than a prescribed positive number ¥ Here
closed-loop internal stability means that the closed-
loop system is regular and impulse-free, and that the
states of G and K go to zero from all initial values
when w = 0. Note that we do not assume a priori struc-
ture of the matrix £; it may be singular or nonsingular,
equal to E or not.

The system (eqn. 18) is assumed to satisfy the follow-
ing assumptions, see also [4].
(Al) {E, A} is regular.
(A2) {E, A, B,} is finite dynamics stabilisable and
impulse controllable.

(A3) {E, A, C,} is finite dynamics detectable and
impulse observable.

(A4)

Cy Doy
has full row rank for all w € R and is row reduced.
(AS)

[A*wa B1 ]

A —]WE BQ
Ch Dyy
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has full column rank for all w ¢ R and is column
reduced.

(A6) R, 2 DT, Dy > 0.
(A7) R, £ Dy D3 > 0.

4 Main results

In this Section, we first give a version of bounded real
lemma for descriptor systems in terms of GARE. This
forms the basis of our solutions to the H. control
problem.

Lemma 5 (bounded real lemma): Consider eqn. 1.
The following statements are equivalent.
(i) {E, A} is stable, impulse-free amd ||G(s)].. < %
where:

G(s) £ C(sE— A)~'B

(i) {E, A} is stable, impulse-free and ¥/ - BT C71
C,B, > 0. Furthermore, the Hamiltonian system

E o |[z]_[ A BB"] [z
0 ET||A]  |-cTc —AT A
is regular, impulse-free and has no finite dynamic

modes on the imaginary axis.
(iii) There exists an admissible solution to the GARE

ATX + XTA+CTC+ LXTBBTX =0
i (20)
ETX=XTE >0
Proof:
(i) = (D).

Without loss of generality, we can assume that the sys-
tem (eqn. 1) has a Weierstrass form (eqn. 2). Since {£,
A} is impulse-free, N = 0. Writing

T = {Il} and A\ = {)\1}
To Ag

compatible with eqn. 2, the Hamiltonian system can be
put in the form:

I 0 0 07

07 0 0| |M]_

00 0 0f |22

Lo 0 0 0ol L

[ A BB 0 =B1B3 Y ra

~cfey  —-AT  -cfcy 0 Aq
0 B2 B{ I 5B2B] | | w2

_*—C‘;Cl 0 —CQTCQ -1 )‘2

This system is regular and impulse-free since ||G($)]].. <
yimplies I — B C3 C,B, > 0. This implies that:
1 71—QBQB2T
~CTCy 1

is nonsingular. Furthermore, it is easy to see that:

E 0 A EBBTTN
detHO ET}_LCTO T D“

det(sE — A)det(sET + AT)det(v*T — G*(5)G(s))
It follows that the characteristic polynomial has no
pure imaginary roots.

(i) = (iii).

This part follows immediately by Proposition 1.

(i) = ().

Suppose, by hypothesis, that there exists an admissible
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solution to the GARE:
ATX + XTA+CTC+ LXTBBTX =0
T T 7 (21)
E-X=X'E>0
Set C = 1/yBT X. Since {E, 4 + 1/¥B BT X} is admissi-
ble, {E£, A, C} is finite dynamics detectable and
impulse observable. Rearrange eqn. 21 as:
ATX + XTA+CTC = -C0TC <0
ETX=XTE>0
which is a generalised Lyapunov inequality. Then, by
Proposition 2, {£, A} is stable and impulse-free. Next,

we show that [[C(sE — A4)! B|.. < 7 Observe that
eqn. 20 implies that:

1 _
— BT (—jwE - AT) " CTC (jwE ~ A)"' B
5

1 T
=7 [1 ~ S BTX (—jwE ~ 4)7 B]

g

X

I— —%BTX (jwE—-A'B

(22)
for all w > 0. It follows that ||C(sE — AY ! Bl.. < ¢. To
complete the proof, we need to show that the strict ine-
quality holds. Suppose, by contradiction, that there
exists an W > 0 such that |CGWE — A)" Bl|.. = y. Then
eqn. 22 mplies that there exists a vector p, such that [/
—~ BT XGWE — A Blp, = 0. This gives det[/ — BT
XGwE — A)! B] = 0. Now, by a standard result on
determinants, we have:

1
det |jwE — A - —2BBTXJ
g

. 1 . -
= det [joE — A]det {I - ;-Q—BTX (joE—-A)"'B

Thus detjwE — A4 — 1/¥B BT X] = 0. This contradicts
the fact thatXis an admissible solution to GARE
(eqn. 20). Hence, we can conclude that ||C(sE — 4)!
Bll.. < 7. This completes the proof. Q.E.D.

We are now in a position to give our main result,
which is summarised in the following statements.

Theorem 6: Consider eqn. 18. Suppose that assump-
tions (A1)~(A7) hold. Then there exists a controller of
the form (eqn. 19) that internally stabilises eqn. 18 and
render ||7.,ll. < 7y if and only if the following condi-
tions are satisfied.

(1) There exists an admissible solution X.. to the
GARE:

Ri(z) = (A—B,R'DLCy)" X

+ XT (A - BoRT'DELCh)

+CT (I - DpRTDE) ¢y
. 1

+ X7 (73131? - BzRle;‘F) X =0

Y
ETX =XTE
with ET X, = XL E>0.

(ii) There exists an admissible solution Z.. to the
GARE:

Rs(Z) = ([1 - BlDQTlR;1(72> z
+27 (A- BlDQTlelég>T

IEE Proc.-Control Theory Appl., Vol 145, No. 3, May 1998



- .1
- z7 (chR;cg - ﬁFZ;RlF(X) Z

+ BB =0
EZ =7TET
(23)
with EZ_ = ZL ET > 0, where:

. 1
A=A+ BBl Xo
Y
- 1
Cy = Cy+ =D Bl Xeo
Y

By = B (I - D, Ry ' D)
When these conditions hold, one such controller is
given by:

E=E
A= 4,
A N 1 N o
$A+BQO~BCQ+—7—2(BluBDm)B{XOO

(24)
Proof
Sufficiency: We will show that the controller defined
in eqn. 24 both stabilises the system and makes |77,/
< v Observe that the resulting closed-loop system can
be written as:

£ 0

E.

_ A +B20k —BQCk T
T VA~ A+ ByC — BpCy A — ByCl, e
AC
B
* [31 - Bszj v
| S S ——
B,

z2=[C1 + D21 Cy

~

=1H

e

CC

where ¢ 2 x — .
The GARE R(Z) can be rewritten as:

1
Rs(Z) = AoZ + ZT AT + ,—YEZTCOTCOZ + BoBE

=0
EzZ =ZTET
(25)
where
Ao =A~-BDLR;'Cy — 2L CTR;'Cs
By =B, — ZLCIR,' Dy

IEE Proc.-Control Theory Appl., Vol. 145, No. 3, May 1998

L7 - 1
Co=—R,? (Bi Xoo + D3,C1) = R{ Fo
Note that Z,. is also an admissible solution to eqn. 25.
By Lemma 5, we can conclude that {ET, 4¢} is sta-
ble, impulse-free and ||Bf (SE” — A7)-! C{|l.. < y. This,
in turn, implies that {E, 4,} is stable, impulse-free and
|Co(sE — Ag) Boll.. < 7-
Again by Lemma 5, the GARE:

1
Ry(W) = ATW + W7 4q + $WTBOBg’W

+clcy,=0
WTE = E™W (26)
has an admissible solution W, with W& E= ET Wl >

0.
Now set:

A X 0
PC:[O W,

A lengthy but otherwise routine calculation shows that
P, is an admissible solution to the GARE:

},ECTPC:PCTEC

AP+ PTA. +CTC. + %PTBCBZP =0
Y

ETpP =PTE,
with ET P,= P! E.>0. It follows, again from Lemma
5, that eqn. 19 is an admissible controller such that
IIT,.|l. < 7 This completes the proof of sufficiency.

Necessity: To prove the necessity part, we need the
following lemma. See [16] for proof.

Lemma 7. Consider the standard system diagram
(Fig. 1). Suppose that a controller of the form
(eqn. 19) exists that internally stabilises (eqn. 18) and
renders |{T,,/l. < 7 Then the following conditons hold:

(i) A state feedback matrix K and a matrix P exist such
that:

(A+ ByK)" P+ PT(A+ ByK) + PB B P
+(C1 D1 K)T (Cy + D1sK) < 0
ETP=PTE >0
(27)

(ii) An output injection matrix L and a matrix X exist
such that:

(A+LC) S + ST (A+ LCy)T +3CTCi 2
+(By + LDa1) (B1 + LD2y)" <0

EY =XTET >0
(28)

(iii) p(PZ) < ¥, where p(+) denotes the spectral radius.

We can now prove the necessity part. Suppose that
the H., control problem is solvable. Then, from Lemma
7, inequality (eqn. 27) has a solution P. Inequality
(eqn. 27) can be rewritten as:

Ri(P)= (A— ByR;'D5Cy)" P
+ PT (A~ By R ' DI, Ch)
+CT (I - DRI DY) ¢
+ PT <%B1B1T - Bm;lB{) P<0
(29)
Now, assumption (A4) implies that:



[ JwE + (A B>R C’l)}

CT (I - DRy 1D12) Cy
has full column rank for all w € R. Furthermore, we
can show that {E, (4 — B,R7' D1,C))} is impulse-free.
To see this, observe that:

I —ByR{'DL1[~-sE+A B
0 I Cy Dy

_[~sE+ (A= B:R;'DL,Ch) 0
Cy Dyo

Applying Lemma 4 shows that an admissible solut1on
X, exists satisfying R(X..) = 0 with ET X, = XZ E>
0. Similarly, the inequality (eqn. 28) implies that an
admissible solution Y., exists satisfying the GARE:

Ry(Y)= (A= B D R;'Cy) Y
+ YT (A— B DL R 'Co)"
+ Y7 (%cfcl - C2TR;1C2> Y

+ By (I - D3,

EY =YTE"
with EY., = YI ET > 0. Moreover, the spectral radius
p(Y. X.) < ¥ Define Z, = (I - Uy Y., X.)'Y., =
Y.(I— /7 X, Y.l A little bit of algebra shows that
Z., is an admissible solution for eqn. 23 with EZ_
ZI ET>0. QE.D.

Remark: For the proof of necessity, the use of GARI
in the intermediate stage is needed. To avoid the
former use of GARI, one might adopt the method pro-
posed in [1] where the operator theory was used and
thus the proofs given there were more involved.

We have given the necessary and sufficient conditions
in the above theorem in terms of two coupled GAREs.
It is possible to give an alternative set of necessary and
sufficient conditions involving two uncoupled GAREs
and a spectral radius condition, as given in [1] for
systems in the state space model. The proof is quite
standard and actually given in the necessity proof of
the Theorem 6. This is summarised in the following
statement.

Corollary 8. Suppose that GARE Ri(X) = 0 has an
admissible X_ with ET X, = XZ E > 0. Then the condi-
tion (i) of Theorem 6 holds, if and only if, the follow-
ing conditions hold.

(i) the GARE:
Ry(Y) =

Ry'Dy) B =

(A— BiDJ,R;'Cy) Y
+YT (A-B DL Ry Cy)T
1 _
+Y7 <?01Tc1 ~ CTR; 102> Y

+ B (I - DLR;'Dyy) BY =0
y =YTET
has an admissible solution Y., with EY.. = YZ ET>0

(i) the spectral radius p(Y,, X.) < ¥ Moreover, when
these conditions are satisfied, the matrices X, Y. and
Z.. have the following relationship:
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[

12

13

14

16

17

18

19

20

22

23

1 -1
Lo = <I — —2YOOXOO> Yo
g

1 -1
= Yo (1 - —QXOQYOO>
vy

/
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