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Abstract

The effect of the presence of a charged boundary on the electrophoretic behavior of a particle is investigated by considering a sphere at an
arbitrary position in a spherical cavity under conditions of low surface potential and weak applied electric field. Previous analyses are modified
by using a more realistic electrostatic force formula and several interesting results, which are not reported in the literature, are observed. We show
that the qualitative behavior of a particle depends largely on its position, its size relative to that of a cavity, and the thickness of the electric double
layer. In general, the presence of a cavity has the effect of increasing the conventional hydrodynamic drag on a particle through a nonslip condition
on the former. Also, a decrease in the thickness of the double layer surrounding a sphere has the effect of increasing the electrostatic force acting
on its surface so that its mobility increases. However, this may not be the case when an uncharged particle in placed in a positively charged
cavity, where the electroosmotic flow plays a role; for example, the mobility can exhibit a local maximum and the direction of electrophoresis can
change.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The effect of the presence of a boundary on the elec-
trophoretic behavior of a particle is of both fundamental and
practical significance. The former is because solving the gov-
erning equations of electrophoresis is challenging even under
drastically simplified conditions. The latter arises from elec-
trophoresis often being conducted in a finite space, where the
presence of a system boundary should not be neglected. Typical
examples include capillary electrophoresis and electrophore-
sis of particles through a porous medium. The presence of a
boundary can have a profound influence on the electrophoretic
behavior of a particle because the concentration field, the elec-
tric field, and the flow field near the former, and consequently
the forces acting on its surface, will be affected by the latter. In
this case the classic electrophoresis theory of Smoluchowski [1]
needs be modified to take the boundary effect into account, and
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many attempts have been made in the literature [2–8]. Among
these, the idealized sphere-in-spherical-cavity model adopted
by Zydney [2], where a sphere is located at the center of a
spherical cavity, is of a simple and one-dimensional nature, yet
the results obtained provide valuable insights into the bound-
ary effect on electrophoresis. A more generalized model is to
allow a sphere to be located at an arbitrary position in a spher-
ical cavity [6]. In this case, the system under consideration
becomes two-dimensional and the corresponding geometry is
no longer totally symmetric. Under this condition, the formula
used to calculate the electric force acting on a particle needs to
be chosen carefully so that extraneous components are excluded
[9,10].

In addition to conventional hydrodynamic influence on a
particle, the presence of a boundary can have other influences
when it is charged. For instance, an electroosmotic flow field
[2,11–14] and an osmotic pressure field [2,11–15] will be estab-
lished near a charged surface. Also, a charge will be induced on
an uncharged particle as it approaches a boundary. Apparently,
these effects can play an important role in the determination of
the mobility of a particle. Zydney [2] and Lee et al. [3,4], for
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instance, found that a charged cavity may alter the direction of
the electrophoresis of a particle. Several other analyses of the
influence of a charged boundary include, for example, a sphere
moving along the axis of a cylindrical pore [11–13] and normal
to a plane [12,15] and a finite cylinder moving along the axis of
a cylindrical pore [14].

In this study, the effect of the presence of a charged bound-
ary on the electrophoretic behavior of a particle is investigated
by considering a spherical particle at an arbitrary position in a
spherical cavity under conditions of low surface potential and
weak applied electric field. A new formula, which is more re-
alistic than those used in the literature, is adopted to evaluate
the electrostatic force acting on a particle. The influence of the
key parameters, including the position of a particle, its relative
size, and the thickness of the electric double layer, on the elec-
trophoretic behavior of a particle is investigated.

2. Theory

Referring to Fig. 1, we consider the electrophoresis of a
rigid, nonconductive, spherical particle of radius a at an arbi-
trary position in a spherical, nonconductive cavity of radius b.
The cylindrical coordinates (r, θ, z) are chosen with their ori-
gin placed at the center of the cavity; the center of the particle
is at z = m. A uniform electric field E0 of strength E0 in the
z-direction is applied. Since the problem under consideration is
θ -symmetric, only the (r, z) domain need be considered. We
assume that E0 is relatively weak compared to the field es-
tablished by a particle and/or by a boundary, and the surface
potential is sufficiently low. The former is usually satisfied for
conditions of practical significance and the latter is appropri-
ate if the surface potential is lower than about 25 mV. Based on

Fig. 1. The problem considered where a spherical particle of radius a is placed
at an arbitrary position in a spherical cavity of radius b. A uniform electric
field E0 parallel to the z-direction is applied. The centers of the particle and the
cavity are at z = m and z = 0, respectively, and θ is the solid angle.
those assumptions, it can be shown that the electric potential of
the present system, Ψ , can be described by [16]

(1)∇2Ψ1 = κ2Ψ1,

(2)∇2Ψ2 = 0,

where Ψ = Ψ1 + Ψ2, Ψ1 is the electrical potential in the ab-
sence of E0, and Ψ2 is the electrical potential outside the
particle arising from E0. ∇2 is the Laplace operator, κ =
[∑j n0

j (ezj )
2/εkBT ]1/2 is the reciprocal Debye length, n0

j and
zj being respectively the bulk number concentration and the va-
lence of ionic species j , and ε, e, kB, and T being respectively
the permittivity of the liquid phase, the elementary charge, the
Boltzmann constant, and the absolute temperature. The follow-
ing boundary conditions are assumed,

(3)Ψ1 = ζa on particle surface,

(4)Ψ1 = ζb on cavity surface,

(5)n · ∇Ψ2 = 0 on particle surface,

(6)n · ∇Ψ2 = −E0 cos θ on cavity surface,

where n is the unit normal vector directed into the liquid phase.
Equations (3) and (4) imply that the particle and the cavity are
held at constant surface potentials ζa and ζb, respectively. Equa-
tion (5) arises from the particle surface being nonconductive,
and Eq. (6) implies that the local electric field on the cavity
wall arises from the applied electric field [2].

If the liquid phase is an incompressible Newtonian fluid,
then the flow field at steady state can be described by

(7)∇ · u = 0,

(8)η∇2u − ∇p = −ρeE0,

where E0 = −∇Ψ2, u, η, and p are respectively the velocity, the
viscosity, and the pressure of the liquid phase, −ρeE0 = ρe∇Ψ2
is the electric body force acting on the fluid [9–12,17], and ρe =∑

j zj en
0
j exp[−zj eΨ/kBT ] is the space charge density. Let

U be the magnitude of the particle velocity in the z-direction
and let ez be the unit vector in the z-direction. Suppose that
both the surface of a particle and that of the cavity are nonslip.
Then the boundary conditions associated with Eqs. (7) and (8)
are

(9)u = Uez on particle surface,

(10)u = 0 on cavity surface.

In the present case only the z-components of the forces act-
ing on a particle need be considered. These include the electro-
static force and the hydrodynamic force. Applying our recent
result [9,10] to the present case, the z-component of the former,
FE, can be calculated by [11,12,14,15,17]

(11)FE =
∫∫
S

σpEz dS,

where S denotes the particle surface, σp = −εn · ∇Ψ1 is the
charge density on S, and Ez = −∂Ψ2/∂z is the strength of
the local external electric field in the z-direction. The hydro-
dynamic force acting on a particle in the z-direction, FD, com-



J.-P. Hsu et al. / Journal of Colloid and Interface Science 310 (2007) 281–291 283
prises the viscous force and the pressure. The former can be
evaluated by [18]

(12)FD =
∫∫
S

η
∂(u · t)

∂n
tz dS +

∫∫
S

−pnz dS,

where t is the unit tangential vector on S,n is the magnitude of
n, and tz and nz are respectively the z-component of t and that
of n. At steady state, we have

(13)FE + FD = 0.

This expression can be used to evaluate the electrophoretic
mobility of a particle. Directly solving an electrophoresis prob-
lem involves the calculation of U through a trial-and-error
procedure based on Eq. (13). This tedious procedure can be
avoided by partitioning the present problem into two subprob-
lems [19]. In the first subproblem a sphere moves with speed
U in the absence of E0, and in the second subproblem, E0 is
applied, but the sphere is kept fixed. In the former, a conven-
tional hydrodynamic force FD,1 = −UD acts on the sphere,
where the drag coefficient D is positive and depends upon its
geometry and the boundary effect. In the latter, both an elec-
trostatic force FE and a hydrodynamic force FD,2 act on the
sphere. FD,2 arises from the motion of the mobile ions in the
electrical double layer when an external electric field is ap-
plied. In the present case FD,2 can be either a drag force or a
driving force. Note that both FE and FD,2 are functions of κa,
λ (= a/b), and the relative position of a sphere in a cavity; FD,1
(or D) is a function of λ and the relative position of a sphere
in a cavity, but is independent of κa. Substituting the relations
FD = FD,1 + FD,2 and FD,1 = −UD into Eq. (13), we obtain

(14)U = FE + FD,2

D
.

Applying the procedure used previously [10,14], U can be
obtained. For convenience, the scaled electrophoretic mobil-
ity, U∗ = U/Uref, is used in subsequent discussions, where
Uref = εζrefE/η is the electrophoretic velocity of an isolated
particle having a constant surface potential ζref = kBT/e. Two
representative cases are considered: a positively charged sphere
with a scaled constant surface potential ζ ∗

a = eζa/kBT = 1
in an uncharged cavity, and an uncharged sphere in an posi-
tively charged cavity with a scaled constant surface potential
ζ ∗

b = eζb/kBT = 1. Note that the linear nature of the present
problem implies that the result for the case when both the sphere
and the cavity are charged can be obtained by a linear combina-
tion of the results obtained from these two cases. According to
Eq. (14), if we let F ∗

E = FE/6πηaUref, F ∗
D,2 = FD,2/6πηaUref,

and D∗ = D/6πηa, then

(15)U∗ = F ∗
E + F ∗

D,2

D∗ .

The numerator and the denominator on the right-hand side of
this expression can be interpreted respectively as the net driving
force per unit applied electrical field and the drag force per unit
velocity of the sphere when E0 is absent.

Often, the total electric potential Ψ is used in Eqs. (8)
and (11) in the literature. For example, the electric body force in
Eq. (8) is expressed as −ρeE0 = ρe∇Ψ and Eq. (11) becomes
[3,6–8,20]

(16)FE =
∫∫
S

σpEz dS =
∫∫
S

ε

(
∂Ψ

∂n

)(
∂Ψ

∂z

)
dS.

It should be pointed out that if the geometry of a prob-
lem is totally symmetric, these formulas are applicable to var-
ious types of charged conditions [9,10]. If this is not the case,
then Eqs. (8) and (11) should be used. This is because if the
geometry of a problem is not of totally symmetric nature, an
extraneous electric body force ρe∇Ψ1 and an extraneous elec-
trostatic force arising from the equilibrium electric potential∫∫

S
ε(∂Ψ1/∂n)(∂Ψ1/∂z) dS will be considered, thereby leading

to incorrect results [9,10].

3. Results and discussion

FlexPDE [21], a differential equation solver based on a
finite-element method, is adopted for the resolution of the gov-
erning equations and the associated boundary conditions. The
applicability of the numerical procedure adopted is justified by
Fig. 2, where the result for the case of an uncharged sphere
at the center of a charged spherical cavity is presented [2].
This figure reveals that the performance of the software used
in this study is satisfactory for the ranges of λ and κa consid-
ered.

3.1. Particle positively charged, cavity uncharged

Let us consider first the case when a positively charged
spherical particle is in an uncharged spherical cavity. Fig. 3
shows the variations of the scaled drag force coefficient D∗ and
the scaled electrophoretic mobility U∗ as functions of P at vari-
ous λ when a is fixed, that is, the radius of a sphere is fixed. The
corresponding variations in the scaled electrostatic force F ∗

E ,
the scaled excess hydrodynamic force F ∗

D,2, and the scaled net
driving force (F ∗

E + F ∗
D,2) acting on a sphere are illustrated in

Fig. 4. For comparison, the result of Hsu et al. [6], in which the
formula used to evaluate F ∗

E is different from that used in this
study, is also presented in Fig. 3b. Here, P = 100m/(b − a)%
is a position parameter, which measures the relative position of
a sphere. Note that P = 0 and 100% represent respectively the
case when a sphere is at the center of a cavity and that when
the sphere touches the cavity. According to Fig. 3a, for a fixed
λ,D∗ increases with the increase in P , which is expected since
the larger the value of P , the closer a sphere to a cavity, and
the more important the influence of the latter on the movement
of the former. This figure also reveals that if P is fixed, D∗ in-
creases with the increase in λ, that is, the more significant the
boundary effect the greater the hydrodynamic drag on an un-
charged particle, which is expected. Fig. 3b indicates that, for
a fixed λ,U∗ decreases monotonically with the increase in P ,
and U∗ → 0 as P → 100%, that is, as the particle touches the
cavity. This is expected because, as P increases, the effect of
the viscous retardation force due to the presence of the cavity
becomes significant, and the rate of increase of D∗ is always
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Fig. 2. Variation of scaled electrophoretic mobility U∗ (a) as a function of
λ (= a/b) at κa = 1 and (b) as a function of κa at λ = 0.4 for the case where
an uncharged sphere is placed at the center of a positively charged spherical
cavity. Solid curve, present result; discrete symbols, result of Zydney [2]. Key:
ζ∗

a = 0, ζ∗
b = 1.

higher than that of (F ∗
E + F ∗

D,2) shown in Fig. 4a. Fig. 3b re-
veals that the results of the present study at P = 0% and of
that of Hsu et al. [6] are consistent. However, as P becomes
large, they are different both qualitatively and quantitatively,
especially if λ is large. In particular, if λ is sufficiently large,
the results of Hsu et al. [6] suggest that U∗ may increase with
the increase of P . This is because for P > 0%, an extra electric
body force, ρe∇Ψ1, and an extra electrostatic force arising from
the equilibrium electric potential,

∫∫
S
ε(∂Ψ1/∂n)(∂Ψ1/∂z) dS,

are included in the analysis [9,10], and therefore, U∗ is overesti-
mated. As can be seen in Fig. 4a, F ∗

E increases with the increase
in P and/or λ. The former is expected because when a charged
particle approaches a neutral surface the contours of electrical
potential (or double layer) surrounding the former will be dis-
torted, and its surface charge density increases accordingly. The
latter is a consequence of the combined effect of the squeeze of
the applied electric field between the sphere and the cavity, and
the increase in surface charge density as λ increases [14]. Equa-
tion (12) can be rewritten in a scaled form as
Fig. 3. Variation of (a) scaled hydrodynamic force coefficient D∗ and (b) scaled
electrophoretic mobility U∗ as a function of P at various values of λ for the
case of a positively charged sphere in an uncharged spherical cavity at ζ∗

a = 1,
ζ∗

b = 0, and κa = 1. Solid curves, present result; discrete symbols, results of
Hsu et al. [6].

(17)F ∗
D,2 = F ∗

D,2(v) + F ∗
D,2(p),

where F ∗
D,2(v) = ∫∫

S
η[∂(u · t)/∂n]tz dS/6πηaUref and F ∗

D,2(p)

= ∫∫
S
−pnz dS/6πηaUref are respectively the scaled viscous

term and the scaled pressure term of the scaled excess hydrody-
namic force. According to Eq. (17), F ∗

D,2 comprises a viscous
term and a pressure term. Fig. 4a shows that F ∗

D,2 is a retar-
dation force when the boundary effect is unimportant, but it
becomes a driving force when the boundary effect is significant.
The latter arises from that the pressure term on the right-hand
side of Eq. (17), F ∗

D,2(p), dominates [14]. Fig. 4b indicates that
(F ∗

E + F ∗
D,2) increases monotonically with an increase in P

and/or λ. This behavior of (F ∗
E + F ∗

D,2) is similar to that of
F ∗

E shown in Fig. 4a, implying that F ∗
E is the main driving force.

Fig. 5 shows the influence of κa and P on the behavior
of U∗. This figure reveals that, for a fixed P , U∗ increases
monotonically with κa, which can be explained by the quali-
tative behavior of (F ∗

E + F ∗
D,2) when D∗ = D∗(P,λ) is fixed.

For the present case, both F ∗
E and F ∗

D,2 are strongly dependent
upon the thickness of the double layer and the scaled net driving



J.-P. Hsu et al. / Journal of Colloid and Interface Science 310 (2007) 281–291 285
Fig. 4. Variation of (a) scaled electrostatic force F ∗
E and scaled excess hydro-

dynamic force F ∗
D,2 and (b) scaled net driving force (F ∗

E + F ∗
D,2) as functions

of P at various values of λ for the case of Fig. 3.

force (F ∗
E + F ∗

D,2), which is dominated by F ∗
E , increases with

the increase in κa. This is because the thinner the double layer
surrounding a particle, the greater the absolute value of the gra-
dient of the electrical potential on particle surface, the higher
the surface charge density, and therefore, the greater the elec-
trical driving force. Fig. 5b suggests that if the double layer is
thicker than the width of the gap between the sphere and the
cavity when P = 0%, κ(b − a) < 1 or κa < λ(1 − λ), U∗ is in-
sensitive to the variation in κa. This is because if κ(b − a) < 1,
the double layer surrounding a particle is deformed by the cav-
ity wall, and F ∗

E , which is much greater than F ∗
D,2, depends

weakly on κa [14]. Note that, for a fixed value of λ, the value
of κa at which U∗ begins to increase rapidly increases with the
increase in P . This is expected, since the larger the value of P ,
the closer a sphere to a cavity, and the more important the influ-
ence of the deformation of the double layer.

Fig. 6 shows the variations of D∗ and U∗ as a function of
λ at various values of P when κa = 1. Fig. 6a suggests that
D∗ increases monotonically with the increase in λ and/or P ,
which is consistent with the results of Fig. 3a. Note that as
λ → 0, D∗ → 1, as is predicted be Stokes’ law, which is based
on a spherical particle in an unbounded fluid. As can be seen
in Fig. 6b, for a fixed value of P , U∗ declines with the in-
crease in λ, which is expected because the larger the value of λ
Fig. 5. Variation of (a) scaled electrophoretic mobility U∗ as a function of P at
various values of κa and (b) as a function of κa at various values of P . Key:
ζ∗

a = 1, ζ∗
b = 0, and λ = 0.4.

the more significant the presence of the boundary (cavity wall),
which has the effect of retarding the movement of a particle.

3.2. Particle uncharged, cavity positively charged

If an uncharged sphere is placed in a positively charged cav-
ity, an electroosmotic flow is generated due to the presence of
the latter [2], and the former experiences an excess hydrody-
namic force. The competition of this force with the electrostatic
force makes the electrophoretic behavior of a sphere more com-
plicated than for the case when a positively charged sphere is
placed in an uncharged cavity. Also, a negative charge is in-
duced on the surface of the sphere, and the corresponding elec-
trostatic force acting on the particle is in the −z-direction. Fig. 7
shows the influence of P and λ on the behavior of U∗. It is in-
teresting to note that the qualitative behavior of U∗ depends
upon the level of λ (or κa). For example, if λ is sufficiently
large, |U∗| declines wit the increase in P . If λ takes a medium
value (= 0.4), |U∗| has a local maximum as P varies. If λ is
sufficiently small, U∗ may change its sign from positive to neg-
ative as P increases, and |U∗| may have a local maximum if P
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Fig. 6. Variation of (a) scaled hydrodynamic force coefficient D∗ and (b) scaled
electrophoretic mobility U∗ as functions of λ at various values of P . Key:
ζ∗

a = 1, ζ∗
b = 0, and κa = 1.

Fig. 7. Variation of scaled electrophoretic mobility U∗ as a function of P at
various values of λ. Key: ζ∗

a = 0, ζ∗
b = 1, and κa = 1.

Fig. 8. Variation of (a) scaled electrostatic force F ∗
E and scaled excess hydro-

dynamic force F ∗
D,2 and (b) scaled net driving force (F ∗

E + F ∗
D,2) as a function

of P at various values of λ for the case of Fig. 7.

is sufficiently large (>72%). Furthermore, U∗ is always nega-
tive except when λ is sufficiently small (<0.4). As is justified
by Fig. 8, the occurrence of these phenomena is the net re-
sult of two competing driving forces, F ∗

E and F ∗
D,2, as P and

λ vary, and the sign of U∗ depends upon which of the two
forces dominates. If λ is sufficiently large, the induced nega-
tive scaled electrostatic force −F ∗

E dominates and the effect of
the viscous retardation force due to the presence of the cav-
ity becomes significant; that is, the rate of increase of D∗ as
P varies is higher than that of (F ∗

E + F ∗
D,2). This is similar to

what is observed for the case when a positively charged sphere
is in an uncharged cavity, except that U∗ is negative for the
ranges of the parameters considered. For a medium value of λ

(= 0.4), −F ∗
E also dominates and the rate of increase of D∗ is

smaller than that of (F ∗
E + F ∗

D,2) when P is small, but the re-
verse is true when P is large. If the boundary effect is relatively
unimportant (λ = 0.2) and P is small, the positive scaled ex-
cess hydrodynamic force F ∗

D,2 becomes the dominant force and
the increase in D∗ as P increases leads to an decrease in U∗.
On the other hand, if P is sufficiently large (>72%), −F ∗

E in-
creases rapidly with the increase in P and can exceed F ∗

D,2, and
U∗ becomes negative. The occurrence of the local maximum in
|U∗| as P increases from 72% arises from the rate of increase
of D∗ always being slower than that of the scaled net driving
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force (F ∗
E + F ∗

D,2). However, if P is sufficiently large, D∗ in-
creases rapidly with the increase in P and can further retard
the motion of a sphere. Even if the boundary effect is relatively
unimportant (λ is small), some unique electrophoretic behav-
iors are observed that have not been reported at other types of
charged boundaries [11–15]. Note that if P is sufficiently large,
that is, a sphere is sufficiently close to a cavity, |U∗| is close
to zero, which is similar to the result shown in Fig. 3b where
a positively charged sphere is in an uncharged cavity, except
that the sphere moves in the opposite direction. This behavior
is reasonable because a nonslip boundary condition is assumed
and the mobility of a particle should vanish when P = 100%
regardless of the value of λ. All of the above observations are
directly related to the results of F ∗

E , F ∗
D,2, and (F ∗

E + F ∗
D,2) pre-

sented in Fig. 8. As can be seen in Fig. 8a, |F ∗
E | increases with

the increase in P and/or λ. This can be explained by the same
reasoning as that employed in the discussion of Fig. 4a. Note
that F ∗

E in Fig. 8a is negative; this is because a negative charge
is induced on the sphere surface due to the presence of the pos-
itively charged pore. However, if both λ and P are sufficiently
small, the amount of the induced charge decreases rapidly, and
it vanishes as λ → 0 and P → 0. On the other hand, under the
conditions assumed, F ∗

D,2 is always positive and its qualitative
behavior as P varies depends upon the value of λ, as is illus-
trated in Fig. 8a. The former can be explained by that since
the net volumetric flow rate of the fluid in the gap between
a sphere and a cavity must vanish, an electroosmotic flow is
present in that gap. For the present case, a clockwise (counter-
clockwise) vortex is generated on the right (left)-hand side of a
sphere, and a negative pressure gradient in the z-direction (i.e.,
dp/dz < 0) is necessary to derive this flow. Therefore, refer-
ring to Eq. (17), both the viscous term F ∗

D,2(v) and the pressure
term F ∗

D,2(p) involved in F ∗
D,2 are positive, and so is F ∗

D,2. This
is different from the case when a positively charged sphere is
in an uncharged cavity, where F ∗

D,2 changes from negative to
positive if the boundary effect is significant. The qualitative be-
havior of F ∗

D,2 as P varies depends upon the value of λ as a
consequence of the competition between F ∗

D,2(v) and F ∗
D,2(p).

For example, if λ is large (boundary effect is important), F ∗
D,2

is dominated by F ∗
D,2(p) and increases with the increase in P .

The former is because the electroosmotic flow is hindered by
the cavity wall, and so is F ∗

D,2(v). The latter is because if P is
large, both the sphere and the fluid are subjected to a large in-
crease in the negative pressure gradient mentioned previously.
It is interesting to note that if the boundary effect is relatively
unimportant (λ = 0.2), F ∗

D,2 declines with the increase in P

when κa = 1, but the reverse is true if P is sufficiently large.
This is because as P increases, F ∗

D,2 is mainly dominated by the
decrease of F ∗

D,2(v), since the larger the value of P the closer a
sphere to a cavity, and the more important the influence of the
latter on the movement of the former. However, the reverse is
true due to a rapid increase in F ∗

D,2(p) when P is sufficiently
large. Fig. 8b shows that if the boundary effect is significant
(λ and/or P is large), (F ∗

E +F ∗
D,2) is negative and its magnitude

increases monotonically with an increase in P . On the other
hand, if the boundary effect is unimportant, (F ∗

E +F ∗
D,2) is pos-

itive and decreases with the increase in P . These observations
are different from those for the case when ζ ∗
a = 1 and ζ ∗

b = 0
shown in Fig. 4b, where the increase of (F ∗

E +F ∗
D,2) with an in-

crease in P arises from the increase of F ∗
E , implying that F ∗

D,2
is the dominating force.

Some typical flow fields for the case of Fig. 7 are illustrated
in Fig. 9. In Fig. 9a, where P = 70% and λ = 0.2, a clockwise
(counterclockwise) vortex is generated on the right (left)-hand
side of a sphere. However, if P is further increased to 95%,
in addition to a clockwise vortex, a counterclockwise vortex is
also generated near the particle in the north pole of the cavity,
as shown in Fig. 9b. The former arises because if the boundary
effect is relatively unimportant and P is not too large, the recir-
culation electroosmotic flow, which is generated due to the pres-
ence of the charged cavity, dominates the movement of a parti-
cle and leads to a positive mobility. The latter is because if P

is sufficiently large, the double layer near the cavity is distorted
by the sphere and a negative charge is induced on the sphere
surface, which leads to a negative scaled electric force −F ∗

E
acting on the sphere. Since this force dominates, the mobility
of the sphere becomes negative. Figs. 9c and 9d reveal that if
the boundary effect is important (λ = 0.7), a counterclockwise
(clockwise) vortex is generated on the right (left)-hand side of a
sphere. Again, this arises from the negative charge induced on
the sphere surface, which leads to a negative mobility.

Fig. 10 shows the variations of U∗, F ∗
E , and F ∗

D,2 as a func-
tion of P at various values of κa for the case of a medium value
of λ. As in the case of λ = 0.4, Fig. 10a also indicates that
the qualitative behavior of U∗ depends upon the level of κa.
For example, if κa is sufficiently small (= 0.1 or 0.5), |U∗|
decreases with the increase in P . For a medium value of κa

(= 1), |U∗| has a local maximum as P varies, and if κa is large
(= 2), U∗ may change its sign from positive to negative as P

increases and |U∗| may have a local maximum when P is suf-
ficiently large (>83%). If κa is sufficiently large (= 5), U∗ is
always positive and declines with the increase in P . Also, U∗ is
always negative, except when κa is sufficiently large. As in the
case of λ = 0.4, these behaviors arise from the competition be-
tween F ∗

E and F ∗
D,2, and the sign of U∗ depends upon which

of these two forces dominates, as is justified by Fig. 10b. Note
that the qualitative behavior of U∗ is similar to that observed
in Fig. 7a, except when κa is sufficiently large. For example,
if κa = 5, U∗ is always positive and decreases monotonically
with the increase in P . This is because if the double layer is
sufficiently thin, the magnitude of the negative induced electro-
static force is small and always smaller than that of the positive
scaled excess hydrodynamic force; that is, |F ∗

E | < F ∗
D,2, im-

plying that (F ∗
E + F ∗

D,2) is dominated by F ∗
D,2 and the rate of

increase of D∗ is faster than that of (F ∗
E + F ∗

D,2). Fig. 10b re-
veals that, for a smaller κa, the approach of a neutral sphere
yields a more serious distortion of the double layer near a cav-
ity, leading to a greater electrostatic force acting on the former.
Fig. 10b also indicates that the larger the κa the greater the
F ∗

D,2, and if κa is sufficiently large, F ∗
D,2 increases with the in-

crease in P . The former is because if the double layer is thin, the
electroosmotic recirculation flow surrounding a sphere is ap-
preciable, and so are the drag acting on its surface and F ∗

D,2(v).
The later is because that charge is induced on the surface of a



288 J.-P. Hsu et al. / Journal of Colloid and Interface Science 310 (2007) 281–291
Fig. 9. Some typical flow fields for the case of Fig. 7. (a) P = 70% and λ = 0.2; (b) P = 95% and λ = 0.2; (c) P = 70% and λ = 0.7; (d) P = 95% and λ = 0.7.
sphere, and a pressure field is established, leading to a sudden
rise in F ∗

D,2(p). On the other hand, if κa is sufficiently small,
F ∗

D,2 becomes small and insensitive to the variation in P . This
is because if the electric double layer of a cavity is sufficiently
thick, about the same amount of negative charge is induced on
the surface of a sphere, regardless of its position. Consequently,
F ∗

D,2 is insensitive to the variation in P , since it is dominated by
F ∗

D,2(v), which is mainly related to the electroosmotic flow. If a
sphere is very close to the cavity surface, F ∗

D,2(v) declines due
to a relatively large amount of negative charge being induced on
its surface and a decrease in the electroosmotic flow. However,
since F ∗
D,2(p) increases at the same time, F ∗

D,2 remains roughly
constant as P varies.

The variation of U∗, F ∗
E , and F ∗

D,2 as a function of κa at
various values of P when λ = 0.4 is illustrated in Fig. 11. Ac-
cording to Fig. 11a, U∗ may change its sign from negative
to positive. This arises from the competition between F ∗

E and
F ∗

D,2; |F ∗
E | decreases but F ∗

D,2 increases with the increase in κa,
as is shown in Fig. 11b. The value of κa at which U∗ changes
its sign increases with the increase in P . This is because as P

increases, F ∗
D,2 increases rapidly due to the presence of the cav-

ity; that is, the rate of increase of F ∗ is always much higher
D,2(p)
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Fig. 9. (continued)
than that of the decrease of F ∗
D,2(v). On the other hand, the rate

of decrease of |F ∗
E | as P varies is not that obvious. Fig. 11a also

suggests that if κa is sufficiently large or it is sufficiently small,
|U∗| decreases with the increase in P . However, if κa takes
a medium value, |U∗| may have a local maximum or U∗ may
changes its sign from positive to negative as P increases. This
is consistent with the results shown in Fig. 10a. The specific be-
havior of U∗ for a medium level of κa has not been reported in
the literature for other types of geometry.

The variations of U∗, F ∗
E , and F ∗

D,2 as a function of λ at var-
ious values of P when κa = 1 are presented in Fig. 12. Fig. 12a
indicates that if P is sufficiently large, U∗ is always negative
and |U∗| has a local maximum as λ varies. The former is be-
cause (F ∗

E +F ∗
D,2), which is mainly dominated by F ∗

E , increases
with the increase in λ, as is justified in Fig. 12b. The latter can
be explained by the fact that as λ increases, the rate of increase
of (F ∗

E + F ∗
D,2) is always higher than that of D∗ if λ is small,

but the reverse is true if λ is large. Fig. 12a also reveals that
if P is not too large, U∗ may change its sign from positive to
negative as λ increases and |U∗| may have a local maximum.
These behaviors are consistent with the results shown in Fig. 7
and can be explained by the same reasoning. The presence of
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Fig. 10. Variation of (a) scaled electrophoretic mobility U∗ and (b) scaled elec-
trostatic force F ∗

E and scaled excess hydrodynamic force F ∗
D,2 as functions of

P at various values of κa. Key: ζ∗
a = 0, ζ∗

b = 1, and λ = 0.4.

the local maximum in |U∗| can also be explained by the fact
that as λ increases, the rate of increase of (F ∗

E + F ∗
D,2) is al-

ways higher than that of D∗ if λ is small, but the reverse is
true if λ is large. Note that the value of λ at which |U∗| has
a maximum increases with the decrease in P . This is because
as λ decreases, −F ∗

E declines more rapidly if P is larger, as is
shown in Fig. 12b. Fig. 12a indicates that U∗ → 0 as λ → 1,
which is expected because if λ = 1, the electroosmotic recircu-
lation flow must vanish. Fig. 12b suggests that, regardless of
the level of P , −F ∗

E increases monotonically with the increase
in λ. However, the corresponding behavior of F ∗

D,2, which de-
pends on the net result of the competition between F ∗

D,2(v) and
F ∗

D,2(p), is more complicated. The behavior of F ∗
D,2 can be

explained by the same reasoning as that employed in the dis-
cussion of Fig. 8a. Note that as λ → 0, Smoluchowski’s result
must be recovered; that is, we should have F ∗

D,2 → 1, D∗ → 1,
and U∗ → 1.

4. Conclusions

The boundary effect on electrophoresis is analyzed by con-
sidering the electrophoresis of a spherical particle at an arbi-
Fig. 11. Variation of (a) scaled electrophoretic mobility U∗ and (b) scaled elec-
trostatic force F ∗

E and scaled excess hydrodynamic force F ∗
D,2 as functions of

κa at various values of P . Key: same as in Fig. 10.

trary position in a spherical cavity under conditions of low
surface potential and weak applied electric field. For the case
of a positively charged sphere in an uncharged cavity, the re-
sults obtained are consistent with those reported in the literature
if a sphere is at the center of a cavity. However, if a sphere
is close to the wall of a cavity, using the method in the lit-
erature for the calculation of the electrostatic force acting on
a sphere will overestimate its mobility and lead to unrealistic
qualitative behavior. For the case of an uncharged sphere in a
positively charged cavity we conclude the following: (i) Due to
the presence of an electroosmotic flow, the electrophoretic be-
havior of a sphere is more complicated than for the case when
a positively charged sphere is placed in an uncharged cavity.
(ii) The qualitative behavior of the mobility of a sphere depends
upon the thickness of the double layer and how significant the
boundary effect is. (iii) Even if the boundary effect is rela-
tively unimportant, some unique electrophoretic behavior are
observed that has not been reported for other types of charged
boundaries.
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Fig. 12. Variation of (a) scaled electrophoretic mobility U∗ and (b) scaled electrostatic force F ∗
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D,2 as functions of λ at
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