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Abstract

In this project we study the large
deviations estimate of occupation time
difference of symmetric simple exclusion
processes (SEP) on one and two dimensional
lattice spaces Z' and Z°.

Keywords: symmetric simple exclusion
process, occupation time difference, large
deviations estimate
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Consider the symmetric  simple
exclusion process (SEP) on d-dimensional
lattice Z°, d=1 or 2. The configurations of
this process are denoted by 7 so that 77 (x) is
equal to 1 or O if site x in Z%is occupied or
not for 7. For eachain [0,1], denote by v
(a) the Bernoulli product measure on the
configuration space () with marginals
given by v (a){7n,nx) =1 }=a, x in Z°.
It is well-known that { v (a), 0= a =1} is
a one-parameter family of reversible
invariant measures. In this project we study
SEP accelerated by T starting from the
reversible measure v (a ) for a fixed a in
(0,1). Given a local function b(7) on
satisfying v (a) [b(7) |7 "]=0, denote the
occupation time difference B(T) associated
with b by ( ¢(T)=square root of In T )

B(T) = ¢(T) [o'b(n, ) ds.
We are interested in the large deviations of
the occupation time difference B(T).
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Given T" > 0, on the configuration space
Q = {0,1}%", d=1,2, consider the accel-
erated symmetric simple exclusion process
(SEP) generated by Ly given by

T

(Lrf)(n) = 5

5 D @™ = f),

x,y€Ze

lz—y|=1
where the summation is carried over all
nearest neighbor sites z,y, |xr — y| = 1, of
Z4. In this formula, f is a local function
and o®¥n is the configuration obtained from
n by exchanging the occupation variables

n(x) and n(y):

n(z) if z #a, vy,
(@™n)(z) = { n(x) ifz=y,
n(y) ifz==x.

For each 0 < a < 1, denote by v,
the Bernoulli product measure on €2 with
marginals given by

Vﬂt{,r]? U(x) = 1} =«

for x € 74 Clearly, {v,,0 < a < 1}
is a one-parameter family of reversible in-
variant measures. For 0 < o < 1, de-
note by P, = Pr, the probability on the
path space D(R,, Q) corresponding to SEP
starting from v,. From now on we fix an
ae(0,1).

Define the occupation time of the origin:

/01 1s(0) ds .

The large deviations principle of Ar under
P, = Pr, as T' — oo, which is established
in [1], states that the order is T'/log T and
the rate function Y, : [0,1] — R, is given

by

Ap =

2

Ta(ﬁ) =

Let b be a local function on 2 satisfying
valb(n) | 7] = 0, where v,[-| 7] represents
the v,—expectation conditioned on the av-
erage number of particles 77. Typical exam-
ples are 5(0) — (1) and n(e) + n(—er) +
n(es) +n(—e2) — 4n(0).

S {sin ! @8-1)=sin " (20-1) } .

Denote the occupation time difference By
associated with b by

BT=¢@</Olb<ns>ds) ER.

There are at least two methods to study the
large deviations principle of the joint distri-
bution (Ar, Br). The first is a probabilis-
tic approach which basically is similar to
the one used in [1] (see [3] also) with some
natural modifications. As the object now
is more complicated, one can expect that
more detailed analysis is needed and the ar-
guments would be much harder than those
in [1]. The second is a PDE approach devel-
oped by T.Y. Lee and has been applied suc-
cessfully in several examples, see [2]. Here
we outline the basic idea of PDE approach
without proof. It is remarked that to ver-
ify each step described below also requires
lengthy and sophisticated arguments.

For simplicity consider d = 2 case only.
To investigate the LDP of the joint distri-
bution of A7 and Br, by Laplace-Varadhan
theorem, it suffices to study

lim
T—oo

log T

O? log E,, {exp {

. logT

= lim
T—o0

where Vr is defined for ¢ € [0, 1], (0, \) € R?
as

logEa[VT<]-7 n;o, /\)] )

VT(t> 77) = VT(tv 1,0, >‘)

ol T

=E, [eXp { /Ot <longs(0) + de)) dS}] :

By Feynman-Kac formula, V7 solves the dif-
ferential equation

ol

GtVT(t, 77) :LTVT + <logTT](0)
AT

* ViogT
VT(O,U) =1.

b<n>)vT, re 0,1,

For convenience let

lOg VT — ’UT <:> VT = eXp(UT) 9
ol AT
o N) = ——n(0) + —2—=b(n).

10§T (UAT - ABT) }}



It follows that vr(t,n) = vr(t,n; o, \) satis-
fies, t € [0, 1],

dyor(t,n) =e 7 (Lre’™) + ¢r(n)
= Lyvr + ¢r(n) + Rr(vr),

vr(0,17)=0.
(1)
Here
Re(f) = e (Lyed) = Lo f
= 3 X [ew{son s}
i
—1— (o) — fn)]
= Qr(f)+er(f),
and
T 2
Qu(f) = T X [flemm - )] .
it
er(f) = Rr(f)—Qr(f).

The first claim is that e is negligi-
ble in the large deviations limit 7" —
oo. Denote by vV (¢,n) = v(Tl)(t, n;0,N),t €
[0,1], the solution of differential equation
(1) in which Ry is replaced solely by Qr.
The claim implies that it suffices to study
v (t,n).

To study U(Tl )(t, n) we need to introduce
an auxiliary function. Note that by as-
sumption b has v,—mean 0 on each hyper-
plane  =constant. Therefore there exists
a gr(n) = gr(n; A) such that

AT
VdiogT

For simplicity we take a typical example:

gr(n) = %mox

b(n) =0.

Lrgr(n) +

7=1,2
x=1,—1

Let Ué?)(t,n;a, A) = m(t n;o,\) —
gr(n; A). When we write down the differen-

tial equation for UFE,? ), and replace the term

QT(UT +9r) by QT( )+ Qr(gr), we ac-
tually write down a new equation. Denote

b=4n(0)— > nlxe;).

by "U:(Z? ) the solution of this new differential

equation. The second claim is that the
contribution of gy within véf),j =1,2,
is negllglble and one can substitute

Qr(vy + gr) with Qr(v{”) + Qr(gr). In
summary we have

i 10§T log E, [exp{w(l, n)}}
= Yll—rgo 1OgT10gEa[exp{U§§)(1>n)}] :
Observe that
Qr(f +h) = Qr(f) + Qr(h)
vy 3 [rtom) — ) [pe=om) — h(w)]
vt
Qr(gr) = 12;:; l;z [n(xej) - 0(0)}2
_ 12;7;{477(0) + [1 - 277(0)]( > n(m))}
1=1,2

which satisfies v,[ Qr(gr) | 7] # 0. Let

Ur(t,n) =E, [exp { /t kgTU(TIs) ds}] :

up = log Ur, and u (t n) the solution of
the following dlfferentlal equation :

D (t,1) ZLTU:;T? + Qr(ul)
—U t 0,1
+lgT (n), t €[0,1],
) (0,7) =0 .

Now it is clear that by choosing
U(n) = on(0) + 4X*n(0)

22 [1=200)] (Y nlxey)).

1=1,2
x=-—1,1
and applying superexponential estimate
and large deviations estimate of the occu-
pation time established in [1] one can derive
the rate function for the large deviations of
the joint distribution (Ar, Br),T — oo, as
2

La(ed) = 550 =g

+ Yo(c).
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The large deviations results obtained in

this project are contained in [4].
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