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We formulate the problem of the corrugated waveguide with infinitely thin
irises in the form of integral equations and obtain a solution for small separation
of the irises, which improves the solution of Chu and Hansen, because we do not
have to make an assumption about the magnitude of the propagation constant A.
Our result indicates that the solution given by Walkinshaw has serious defects. For
it becomes clear from our computation that any further generalization of the result
of Chu and Hansen must take into consideration at least the next higher mode in
the region between the irises.

THE PROBLEM

E have to find a solution of Maxwell Ts equations, which satisfies the boundary

conditions, that on the surface of the cylinder of radius & the z-component and
on the irises for values of r between a and & the r-component of the electric field
vanish. Here we take our coordinate system such that the z-axis coincides with the
axis of the wave guide. The infinitely thin irises have the internal radius a and
their separation we denote by 1.

The Maxwell equations for the time dependence exp ( —iw¢) of the electromagnetic

field for an E-wave take with k=% the form
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i*E,= ——— —— (rHy)
. 0H,
lkEr = —a'Z—

ok JE

ikH¢=TZQ—7f, H,=H =E,=0.
Thus H, satisfies
1 0 0Hy\ 0°Hyp ( L1
<f “ar—>+ aze t k“""?f>H¢=0-

With the usual notation for the Bessel functions we obtain then the elementary solu-

tions in the n-th corrugation
Hy=J,(r, r) sinh /7,2 —k=’

Hy=J,(1, 1) sinh /1, —E(1~-2),
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where z=nl+2" and J (7, b) = 0, so that E, vanishes for » =b. In the zeroth corruga-
tion (» = 0) we denote by F(#) the value of H, on the plane z= 0, which contains the
zeroth iris, and by G(r) its value on the first iris (2'=2=1I,r_>a). Then we find
as the solution with h as the propagation constant.

inhl Sy ) il ¢ a
Hey=e¢ 2511’11’11/ -(—-> l [<e fo tF(t) Ji(7s t) dt + /bt G(t) Ji(ry ) dt>><

b —_—
sinky/ (3% + [ F) Ji(r ) dt sinhy/C ) (U=2)
Here we have abbreviated

VAR =T .

E_ is now obtained by differentiation of H, with respect to z,

oo inkloy/ () Sy (g Y[ imt (€ “
Sy (e / CFD TG 9 e+ | 16 (7 dt) x

o b
cosh /¢ Dz — f ¢ F(t) J(yy 1) dt coshy/ T (l-}-z’)]

Because E, must be continuous in the iris-holes and vanishes on the irises,
we find the relations

(e"“f“t F(t) Ji(rs 1) dt—{—fbt G(t) J,(r, 1) dt)(l —e ™ coshy ) z)

- CF() Jir b dt (coshs/C > 2=c™)

b

. a ihl —; a
and e’“f tF(t) Ly 1) dt=—¢ 0/O =1 [upon g oy a,

o v’ ( ) sinhy/(C ) 1 Y,
where K(r) is the value of E_ in the zeroth iris-hole. The problem is thus 1reduced”
to the determination of the three functions F(r), G(r), and K(r).

APPROXIMATE SOLUTION FOR SUFFICIENTLY SMALL VALUES OF !

Here we make the assumption that only the lowest mode in the region a<r<b is
excited. This amounts to the assumption that

G=F
and we have to show that F vanishes for the excited mode or when
G= -F.

As we will see, this seems to be true for small values of 1.*
Treating the two cases together we find the integral equation for F(r)

—ihl ihl ~a
R ey I OIFACHL L I ACHS
1ire ™ coshy/()I¥ 1 °

* See note added in Proof.
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and the relation between F(r) and K(r)

ihl T~ a
e zeosh v C D Ly, £) did .

=2 =S 1) KNG B el 1)
Here the upper sign is true for F=

At first we consider the case
step-function

G and the lower for F= -G.

F= -G and intrcduce the notation z(r, a) for the

0:
w7 a):{ 1 :Z
F(r)= ﬂ

1- e—ihl

[ Ficr, o d ]

Thus we get for rla

i - Ji(yo 1)
-F(r) u(r,a)+ehl(1+e hl)Zcosh :

VO It

(L+e ™ ye™ (° J(7v £) Ji(r, 1)
F(r)= e.2 ¢ fotF(t)Z oy S 1

For sufficiently small values of I we can replace the cosh ./( ) by unity and obtain

2zm

F(r) (l—cosz—hzl V=0, A3
so that

’

F(r) = 0.
For r>a we get then

—ihl

1 a
F(r)=-"¢ f tF(2) iy DN ) 4
1. MY, coshy/ () I+1

Thus we see that we can expect that the even and odd modes separate only for so
small values of I, which make our computation valid.

Now in the case G= F we can write

1 —ihl o
Firy='=¢ [ F(r) atr, @) + (¢
1+e™™
or for r<a

“ Jl(Tv t) Jl (rv )
B 1)ffF<‘) X eosh /Ty i—1 9t

ihl ~ihi 2
e (1 e ) [° JiCry 9:(ry 7)
F(r)=¢ : fotF<t> 31 coshy /() I-1 dt.

l2
When [ is sufficiently small, we replace coshy/( )I— 1 by
the abbreviation

7~ (r*—#), and with

.k
f(h) = — 4 sin® 2
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we can write

Firy =2 <—) "R () G(r, ) dt.

Here the infinite sum G(r,¢) can be written in closed form

Ny (kb)
L ) Lr 7y | T [ﬁJo(kb) J,Ckt) — N,(kt) ]; r<t,
Cln =27 =77 ¢ N

=7 b
(Temy 2 — NG ] Tk >
This integral equation has the solution

Fry=a0, (y e+ TR )

to the eigenvalue f(h) which is to be determined from the transcendental equation

l/ <h> (l/kz 1 “) _ NeCk0Ty(ka) = No(ka)Jy(kb)

< }/ o f(h) Ny(kb)J,(ka) — Ny(ka)J,(kb).
+ lz

With this result for F(r) when r<{a we find now easily the value of F(r) for r>a.

. f(h
2, Q/ FHTET D LGN — N (8B

Flr)= TuCkayNo(kb) — NyCka)ToCBb)

1+e"1hl
In order that our result represents a solution of the boundary-value problem, K(r), the
value of E_ on the plane z=0, must vanish for r>a.*
This is really the case. For we have

a 1- V¢ Y sinh Ty L
f K@ b dt S Ry L f FOI(r 0 di

Thus we get for sufficiently small values of

—ihl

1 —e ™2
K(r) S — tF(t)d(r, t) dt.
—ihl [
I+e
Here
5(7‘, l)=Z‘.J1(7‘y 7'):]1<7’,, t)
is the radial a-function satisfying
a 0: 7>a
tF(£)o(r, t) de=F(r
J F@se 0 a=Fey {1 7
Thus we see that all the boundary-conditions of the problem are satisfied

K<r)=1—e_ihl ) i_ {F(r): ra
=ihl

1te 0 : r>a.

* Note added in proof.
In a more careful treatment of the problem one has to take account of the excited modes from the beginning.
We have carried out this computation with the result that the excited modes do not contribute in the case
of tmall/ because of the boundary condition that E, must vanish on the screens.
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DISCUSSION

Our result for the propagation-constant h is the same as that of Chu and Hansen®

hl
apart from the replacement of A*by + g sin? 5 This result has been obtained

under the assumption that the even and odd modes separate and can be justified only
for small values of 1. Thus it is clear that the separate treatment of the fundamental
mode, F=G in our notation and the exctied mode, F=-—G, is possible only for small
values of 1. Therefore any further generalization of the result of Chu and Hansen
must take into account, that the even and odd modes cannot be treated separately, so
that the solution obtained by Walkinshaw® seems to be of dubious value.
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