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Abstract

The disk in diametral compression has been investigated frequently on developing experimental techniques, such as photoelasticity and
Moir¢ interferometry, for several decades. Theoretically, the compression as a concentrated force is more conducive to analyze but it is
impossible to achieve such loading condition experimentally. The distributed compression on a finite area at rim is important in many
engineering applications and is relatively closer to actual testing conditions, but it is complicated to seek an analytical solution. This
paper presents exact full-field solutions of strain and displacement of a circular disk subjected to partially diametral distributed
compressions in explicit functional forms. Based on the theoretical solutions, full-field distributions of strain and displacement are easily
provided in polar and Cartesian coordinates by numerical calculations. Interesting phenomena of strain and displacement are discussed
in detail based on numerical results. The Saint-Venant’s principle applied in circular disks subjected to diametral loadings is examined by
comparing the full-field results for the concentrated load and the distributed compression with small angle. Experimental measurements
of full-field displacement contours and isochromatic fringe patterns are used to compare with the theoretical predictions and good
agreements of both results are found.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

An experimental test of a plane disk subjected to diametrically concentrated forces is known as the split cylinder or the
Brazilian test. A bi-axial stress state is evolved (vertically compressive and horizontally tensile) and leads to the sample
failing in tension at its centre. The split cylinder test is an extremely useful method for determining the tensile strength of
concrete and other brittle materials that have much higher compressive strengths than tensile strength. Ideally, the tensile
failure will occur along the loaded diameter, splitting the cylinder (or disk) into two halves [1]. A Brazilian scholar,
professor Carneiro, was the inventor of the split tension test for measuring the tensile strength of concrete; it was for whom
that the word Brazilian test was turned out. He observed that concrete fracture developed almost strictly in a vertical plane
connecting the line of contact between the cylindrical specimen and the compression plates. This observation brought
about the development of Brazilian test that could be performed on cylinders. Using simple formulas based on elasticity
theory, Carnero evaluated the tensile strength from the elastic tensile strength limit. This method was presented at the
meeting of the Brazilian Association for Technical Rules [2]. A similar method was independently presented in Japan by
Akazawa [3] at almost the same time. Even since, the Brazilian test has been the subject of many studies all over the world.
Fairbairn and Ulm [4] made a detailed description for the contribution of professor Carneiro on Brazilian test. The
Brazilian test was also widely used to test tensile strength of rock and other brittle materials. Recent developments of
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Brazilian test include testing fracture toughness, elastic modulus, extending from isotropic to anisotropic materials [5,6].
Tensile strength of rock is among the most important parameters influencing rock deformability and crushing. To calculate
the tensile strength from Brazilian test, one must know the principal tensile stress, in particular at the rock disk center,
where a crack initiates. Disk compression tests have been employed to determine the fracture strength in graphite [7,8].

The theoretical investigation of a circular disk subjected to concentrated forces applied at its boundary is most frequently
quoted in classical elasticity. Since the circular disk has very simple boundary conditions and geometry, it has been a classic
problem since 1883, attracting the attention of many mathematicians. The stress analysis of the circular disk subjected to
concentrated forces has been discussed by Frocht [9], Timoshenko and Goodier [10], Muskhelishvili [11], and Sokolnikoff
[12]. Because the experiment of a disk in diametral compression is easy to employ and the analytical solution of full-field
stress can be used as a theoretical reference to check experiment, the problem of a disk in diametral compression has certain
contribution to many experimental stress analysis literatures for several decades. On surveying photoelastic development,
Frocht [9] plots isochromatic/isoclinic fringes from the analytical solution of stress field and compared with experimental
images. Pindera and Pindera [13] using the method of isodynes technique demonstrated experimental results of this
problem based on carefully conducted experiments. Fairhurst [14] analyzed the failure in the Brazilian tensile test on the
basis of a Griffith-type fracture criterion. Voloshin and Burger [15] brought up a half-fringe method to increase
isochromatics. Brown and Sullivan [16] proposed a computer-aided holophotoelastic method to combine data obtained
from three methods, which are phase-stepped holography, half-fringe photoelasticity, and polarization-stepped
photoelasticity. Chen and Chen [17] used two-wavelength method and polarization-stepped method to separate
isochromatics and isoclinics from digital photoelastic image. The diametrical compression or Brazilian disk test can be use
to determine the mechanical properties of materials. With the established theoretical displacement fields of a circular disk
subjected to concentrated forces, an inverse approach was implemented to determine material constants from the
experimentally measured displacement fields using moiré fringes [18-20]. Model of disk in diametral compression has been
quoted by all of these literatures mentioned above.

The classical theory assumed that the concentrated load is applied over an infinitesimally small width. A concentrated load
is assumed to be applied as a theoretical line load, but clearly this would lead to stresses of very great intensity in the vicinity
of the line of applied loading. Hence, the actual loads in experiment are not concentrated but distributed over finite portions
of the disk. Brazilian test model is the most correspondent testing status for disk in diametral compression because the
loading of disk is changed from the concentrated force to a distributed compression along two opposite directions facing each
other on the rim. The distributed loading applied on a disk in diametral compression is more difficult to analyze than that of
the concentrated force. Hondros [21] analyzed the problem in the Brazilian test for the case of a thin disk loaded by a uniform
pressure, radially applied over a short strip of the circumference at each end of a diameter. He obtained the full-field stresses
in series solutions by using the series expansion technique and applied these solutions to evaluate the Young’s modulus and
Poisson’s ratio of concrete by measuring strain. Recently, Hung and Ma [22] continued and extended Hondros’ work to
successfully obtain the analytical solution in explicit form with simple expression instead of using series solution for full-field
stresses, which can provide the full-field calculation capability as well as in depth theoretical basis. In addition, they also
obtained concise mathematical forms for principal stress orientation and maximum shear stress. However, all the researches
for the theoretical analysis of disks mentioned above are all focused on the solutions of stresses. There are only very few
analytical results of the displacements available in the literature. Davison et al. [23] provided a general displacement-based
elasticity solution for the problem of an arbitrarily layered disk subjected to distributed loadings. This solution technique
extended the local/global stiffness matrix formulation for analyzing the multilayered problem in rectangular coordinates to
non-axisymmetric polar problems by using Fourier series expansion technique. Because of the difficulty of the problem
considered by Davison et al. [23], solutions of displacement were expressed in series forms.

The derivation of exact solutions for the deformation of disks subjected to distribute loadings is important in many
engineering applications and it also provides useful information for the experimental measurement. This paper extends the
work of Hung and Ma [22] to derive the exact analytical full-field solutions of strain and displacement for circular disks
(plane stress) and cylinders (plane strain) subjected to partially diametral distributed compressions. These solutions include
three in-plane strains and one normal strain (plane stress case) along the thickness direction, and two in-plane
displacements and one out-of-plane displacement (plane stress case). This paper provides complete information of
deformations for circular disks subjected to partially diametral distributed compressions and concentrated loads in a two-
dimensional configuration. It is worthy to note that all the solutions obtained in this paper are expressed in explicit simple
functional forms without integrations or summations; hence it is easy to be used as a theoretical reference to compare with
the experimental results. The numerical calculations based on explicit simple theoretical solutions are very easy to perform
without introducing any numerical errors. Full-field distributions of strain and displacement are provided by numerical
calculations and are compared with experimental measurements of displacement contours and isochromatic fringe
patterns. Good agreements of both results are found.

Saint-Venant’s principle states that a system of forces acting over a small region of the boundary can be replaced by a
statically equivalent system of forces without introducing appreciable changes in regions well removed from the area of
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load application. The solution will be correct everywhere except for a small area near the boundary where the forces are
applied. This area is dependent on the geometry of the specimen and the distribution of the loading. Detailed discussions
from the full-field plots of strain and displacement for concentrated loads and distributed compressions for small, medium
and large angles are indicated in this study. In particularly, the Saint-Venant’s principle applied in circular disks subjected
to diametral loadings is examined by comparing the full-field results for the concentrated load and the distributed
compression with small angle.

2. Full-field analytical solutions for disks subjected to partially distributed compressions

The equations of equilibrium for two-dimensional problems in the polar coordinate are

0o, o,— 0y 1 0ty
or r r oo

0, (1)

1 669 61?,-9 21’,9 _
r 00 or ro

In the case of plane stress condition, the stress—strain relations for isotropic material are
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where E is the Young’s modulus, G is the shear modulus and v is the Poison’s ratio. The strain-displacement relations for
small strain in the polar coordinate are
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2.1. Full-field stresses in explicit functional forms

As shown in Fig. 1, a circular disk loaded by two diametrically opposing distributed compressions located on the top and
bottom of the disk is analyzed in this paper. The boundary conditions of this problem are

6 (R,0)= —p |0]<u —g<0<g, ©)

G (R,0) =0 |0]>a —g<9<g, (10)
T s

w(R,0) =0 -2 <0<3. (11)

Hondros [21] obtained full-field solutions of stresses in series forms as follows:

2 X 1
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Fig. 1. A circular disk subjected to diametral distributed compression.

2 n=00
T = _p{ E [1 — p?]p*~2% sin 2nu sin 2n0}, (14)
n

n=1

where ¢, is the normal stress along r-coordinate, oy is the normal stress along 0-coordinate, 7,9 is the shear stress with
respect to r—0, p is the applied uniformly distributed traction to be expressed as pressure, 2« is the angle at the origin
subtended by the loaded section of the rim, R is the radius of disk, and the p is equal to r/R.

Hung and Ma [22] derived the analytical full-field stress distributions in explicit simple functional forms as

O'r(P,H):—%{AI+A2+Bl+32+‘1’} 0<9<g, (15)
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walp.0) =210 - €2 0<0<3, (17
where
4 (1 — p?)sin 2(ox + 0)
P v+ 1 —2p2cos 2(x + 0)
o (1 — p?)sin 2(ox — 0)
2T A 1= 2p2c0s 20— 0)
1 2
B = tan™! [ +p2 tan (o + 9)],
l—p
1 2
B, = tan™! [ + p2 tan (o — 9)] ,
1—p
o (L=p)l=p +cos 2z = 0)]
T 11— 2p2c0s 2(0 — 0)
C, = (1 — p?)[—p? + cos 2(a + 0)]

p*+ 1 —2p2cos 2(a + 0)
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For the two-dimensional problem considered in this paper, we have the condition ¢, = 7., = 7,y = 0 and a state of plane
stress exists. The two in-plane principal stresses can be expressed in simple explicit forms

1+ p? 1+ p?
01,0 = —l—’{tan_1 [1 tﬁztan(u—i—ﬁ)}—i—tan‘l [1 j_L;tan(oc—e)} +<I>}

i
1

Vp* —2p% cos 200+ 0) + 1y/p* —2p2 cos 2w — O) + 1

(18)

2 .
:b—p(l — p?)sin 2a
T

The maximum shear stress can be worked out easily from Eq. (18). The angle 6p between x-axis and the principal stress
orientation is

(19)

| [ 2p? cos 2 sin 20 — p* sin 40 }
5 .

0, ==t
’ R 2p? cos 20 cos 20 + p* cos 40

For the special case of o = 0, the problem reduce to a disk subjected to concentrated forces acting along the diameter, the
solutions of stresses can be simplified as follows:

ol g = P {(1 — p(p* 4+ 2p* — 1 —2 cos 26)} 20)
"0 nRe (p* 4+ 1 — 2p? cos 20) ’
o0l _i{p8+4p4—4p2—1+2(—2p6+p4+1) cos 20} o1
0la=0 = 7Rt (p* + 1 —2p2 cos 20) ’
| P {2(1 — p*)(1 = p?) sin 29} -
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where ¢ is the thickness of the disk and P is the magnitude of the applied concentrated force. The solutions expressed in
Eqgs. (20-22) are the same as those presented by Sokolnikoff [12] with only a negative sign appearing at t,¢ to represent the
different definition of the orientation of 6.

2.2. Analytical full-field solutions of strain and displacement

For long cylinders (plane strain case) and thin disks (plane stress case), the stress expression given remains unchanged.
However, the stress—strain relationships are different. Recalling Eqgs. (15-17), the solutions of strain distribution for the
plane stress condition can be obtained from the Hooke’s Law as follows:

1 ou,

(0. 0) = (0, = vo0) = —%{(1 +V)(A4; + 42) + (1 = V)(B| + B, + ®)} = a”: , (23)

0(p.0) = (00 —v0) = —L (< E 0y + )+ (=B + By ) = 1T 04
T r r oo

Dolp.0) = 2 = n%{cl N} (25)

The displacement u, can be obtained from Eq. (23) and then u, can be constructed using Eq. (24). The full-field solution of
u, is derived first. Integrating Eq. (23) with p to obtain

u,ﬁz/ardrz—];—i{(l+v)/(A1+A2)dp+(l—v)/(Bl—I—Bz—i—(I))dp}. (26)



280

C.-C. Ma, K-M. Hung / International Journal of Mechanical Sciences 50 (2008) 275-292

The detail integration of Eq. (26) is shown in Appendix A. The full-field solution of displacement u, is expressed explicitly

with a functional form as

1
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Since the displacement u, is known, the displacement uy can be obtained from Eq. (24) as
Ou r
e —%{—(1 FV)(A) + A2) + (1 = V)(B + By + D)} — u,. (28)

As indicated in Eq. (27) that the solution of u, is a complicated function of 6. Hence, before doing the integration of Eq.
(28) with 0, a derivation is made to simplify the expression of Eq. (28) and the result is

1+ p? +2p cos(o+ 6)
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It is worthy to note that all the integrations in Eq. (29) can be worked out as simple expressions that are indicated in
Appendix B. If we set constrains of displacements u, = 0 at r = 0 and uy = 0 along 6 = 0, due to the symmetry of the
problem, then the integrating constants are all zero. The complete full-field solution for displacement uy can be expressed as
the following functional form
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The complete in-plane displacement solutions u,(p,0) and uy(p,0) with functional forms are explicitly expressed in Eqgs. (27)
and (30), respectively. The solutions for displacements can be checked by substituting Egs. (27) and (30) into the
equilibrium equations for plane stress problems in terms of displacement components relative to polar coordinates as
follows:
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We have checked the results and solutions in Egs. (27) and (30) satisfy Eqgs. (31) and (32) completely.
For the special case of applying concentrated forces, the solutions of displacements are reduced to
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However, for & = /2 all the functions in Eqs. (27) and (30) will be cancelled except @ = n, the complicate solutions will
reduce to the well-know results of uniform radial tractions as follows:

(I-v
E

R
Uy = —%{pn —vpn} =— pr, ug = 0. (35)

For the plane stress case, the normal strain &. can be easily drived from the two in-plane normal stresses as

Ou; vl =)
6. = 3 = v(e, + &) = En (0, + ay)
2pv(1 — 1+ p?
= % {tanl L 1L22 tan(o + 0)}
1 1 + ,02
+tan =, tan(e — 0)| + @ ;. (36)
The displacement u, along the thickness direction is obtained in a simple expression as follows:
2pv(1 — 1 2 1 2
u. = /83 dz = 1=y tan~! s tan(x 4 0) | +tan™! Rl tan(e — 0)| + @ pz. (37)
En 1 —p? 1 —p?

We can see that the solution of displacement u. along the thickness direction is much simpler than that of the two in-plane
displacements u#, and uy. The two in-plane displacements in the Cartesian (x-y) coordinate can be related to the
displacements in the polar (r-6) coordinate as

Uy = u, sin 0+ ug cos 0, u, = u, cos 0 — uy sin 0,

I
p= VP H, 0=tan_1§. (38)

It is noted that full-field analytic solutions of strain and displacement for the plane strain condition can be obtained easily
from similar derivations.

3. Normal strains and displacements along x- and y-axis

The normal strains and displacements along x(6 = n/2) and y(6 = 0) axis are the two most interesting results for
engineering applications and experimental measurements. The solutions along these two lines can be simplified from the
results presented in the previous section. It is noted from Eq. (25) that the shear strain along these two lines is zero.
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3.1. The normal strains

For 0 = 0, we have the normal strains ¢, = ¢, and ¢y = ¢, and the solutions for partially distributed compressions can be
reduced from Egs. (23) and (24) as follows:

2p (1 — p?)sin 2a 14 p?

&(p,0) = &,(p,0) = _E{(l + v)p4 1= 2p2 cos 2z (1 — v)tan™! =, tan o o, (39)
2p (1 — p?)sin 2a 1+ p?

eo(p,0) = £4(p,0) = —ﬂ{—(l +v) T 2,7 cos 2a+(1 — v)tan™! T, tan o . (40)

It is interesting to discuss the results at the center (p = 0) and the boundary (p = 1) of the disk. The results are reduced
from Egs. (39) and (40) as

£(0,0) = ¢,(0,0) = —%{(1 4+ v)sin 20 4+ (1 — v)a}, (41)
£9(0,0) = £,(0,0) = —z_—i{—(l ~+ v)sin 2o + (1 — v)a}, (42)

at the center of the disk and
(1,0) = ,(1,0) = 9(1,0) = £,(1,0) = = Z.(1 =) (43)

at the boundary. We can see that the normal strains at the center of the disk are strongly dependent on the distributed angle
o. As indicated in Egs. (41) and (42) that the normal strain at the origin contain functions of sin 2« and «. Hence, for small
value of a, the normal strains are also small and can be further simplified as

2po.
SY(O’ 0)0(40 = 8}’(()’ 0)0(%0 = - E(?’ + V)v (44)

2po
000, 0),.0 = £4(0,0), . = (14 3v) (43)

As shown in Eq. (41) that the normal strain ¢,(0,0) is always a compressive strain. However, the normal strain ¢4(0,0) is a
tensile strain for small and medium value of «, is zero for the condition (1 + v)sin 2o = (1—v)a, and is a compressive strain
for large value of «. For v = 0.27, £4(0,0) is zero for o = 68.35°. The normal strain ¢,(0,0) at the origin is a tensile strain for
< 68.35° and is a compressive strain for «>68.35°. The maximum tensile strain for ¢4(0,0) is occurred at

_1 al 1=v
a_iws{ﬂHﬁj, (46)

with the magnitude

_ _ 2p 1—v 1% 1—v | T=vw
80(0,0)—&((0,0)——5 —(1+v)1/1—{2(1+v)} + 3 cos [m]} 47

The normal strain ¢,(0,0) has the maximum compressive strain at

n 1 | 1=v
o= 5 — ECOS |:2(1 T V):| 5 (48)
with the magnitude
0.0 = 5,0.0 = 2L @1 = [ e L [ ot (L (49)
G0 = a0 = T Y 204w 2 [T La+n)l[S

The normal strains at the boundary presented in Eq. (43) are independent on the distributed angle o and have the same
solutions as that of applying uniform compression (i.e., o = 7/2).
For the case of applying concentrated loads, we have very simple expressions of the solutions for 0 = 0 as follows:

P (3+p?
0.0 = 5,0.0) =~ g {70 v}, (50)
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P 34 p?
s 0) = 0tp0) = e {1 T, 1)

It is indicated in Egs. (50) and (51) that the normal strains are singular at the boundary (p = 1) by applying concentrated
loads. The normal strains at the center of the disk are

P

e(0,0) = ,(0,0) = — {3 + v}, (32)
P

£9(0,0) = &x(0,0) = 7 {1 + 3v}. (53)

It is interesting to note that Eqs. (52) and (53) have the same forms if compared with the results for partially distributed
compressions with small  as presented in Eqs. (44) and (45) by substituting P = 2poRt. The normal strains along the x-axis
are presented in Appendix C.

3.2. The displacements

For 6 = 0, the displacements for partially distributed compressions are obtained from Eqgs. (27) and (30)

2pR 1+ , 14+ p? +2p cos «
u(p,0) = uy(p,0) = ~Er {(1 — v)ptan (1 — tan o | 4 sin « In T4 7= 2p cos a
B p sin o ) p sin o
—(1 = P N i . == 4
(1 =v) cos oc[tdn (l+pcos O()—i—tcm (l—pcos a)} }, (54)
For applying concentrated loads, the solutions are reduced from Egs. (33) and (34), and the results are
2P 1+
u(p,0) = uy(p,0) = ———q—(1—=v)p+21n p , (56)
Ent I1—p

For 6 = ©/2, the displacements for partially distributed compressions are

2

2pR 1 1 2 _2psi
u(p,m/2) = ux(p,n/2) = —p—{(l —v)pcot™! (1 t; cot oc) +cos o In s poIm e

En 1 + p2+ 2p sin «
L — )si 1 pcosu S p COS o
+ (1 —v)sin o {tan (71 e +tanT s )| [ (58)
For applying concentrated loads, the results are
2P _
u(p,/2) = w,(p.7/2) = == {— gl +3) = = 420 = vtan 1p}, (60)
up(p,m/2) = uy(p,m/2) = 0. (61)

4. Numerical analysis

Base on the analytical full-field solutions with explicit functional forms provided in the previous section, a complete
numerical calculation and detail discussions of strain and displacement will be given in this section. The numerical
calculations for full-field distributions of strains and displacements are easy to perform without introducing any numerical
errors. We use v = 0.27 for all numerical calculations. For contour plots, the solid-line and dashed-line represent positive
and negative values, respectively. Four different values of the angle of distributed compressions are used for numerical
investigations, there are « = 0° (concentrated force), « = 4.5° (small angle), « = 30° (medium angle), and « = 60° (large
angle).

For o = 0°, the nondimensional normal strain ¢,/(P/ERf) for applying concentrated loads is shown in Fig. 2(a), and full-
field distributions of ¢,/(p/E) with o = 4.5°, 30°, 60° are shown in Figs. 2(b)—(d). It is shown in Figs. 2(a) and (b) for the
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Fig. 2. (a) The normal strain ¢,/(P/ERt) contours for o = 0°; (b) the normal strain ¢,/(p/E) contours for o = 4.5°; (c) the normal strain ¢,/(p/E) contours for
o = 30° and (d) the normal strain ¢,/(p/E) contours for oo = 60°.

concentrated load and the distributed compression with small angle that the full-field distributions are similar except in the
small area near the boundary where the loading is applied. If we set P = 2paR¢ in Fig. 2(a) and normalize the strain as
indicated in Fig. 2(b), then the magnitude of the normal strain in Fig. 2(a) will be nearly the same as that presented in
Fig. 2(b) except in the small area near the loading boundary. Figs. 2(a) and (b) show the clear explanation of the Saint-
Venant’s principle applied in a circular disk. It is indicated in these figures that the compressive strain is confined in the
region between the partial distribution of the applied compressive loads and the center of the disk. Local maximum values
of compressive strain are developed near the boundary of distributed loads and in the middle area for o = 4.5°(Fig. 2(b))
and for o = 30° (Fig. 2(c)), respectively. For large value of « (Fig. 2(d)), we can see that a constant state with the magnitude
e, = —0.73p/E will be developed near the distributed compression boundary. Finally, this constant region spread out of the
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whole disk for o = 90°. It is also indicated in Fig. 2(d) that a local maximum value of tensile strain is developed in the
middle of the line 6 = =/2. The detailed functional forms of &,(p,0) (¢(p,n/2)) along the line 6 = 0 (0 = n/2) are presented in
Eq. (39) ((C.1)) for partially distributed compressions and in Eq. (50) ((C.5)) for concentrated loads. The maximum normal
strain at the origin for partially distributed compressions ¢,(0,0) for v = 0.27 will occur at o = 53.35° (from Eq. (48)) and
the magnitude is —1.2071p/E (from Eq. (49)).

The full-field distribution for applying concentrated load (o = 0°) of &y/(P/ERt) is presented in Fig. 3(a), and
distributions of &y/(p/E) with oo = 4.5°, 30°, 60° are shown in Figs. 3(b)—(d). Base on the Saint-Venant’s principle, it is also
clearly indicated in Figs. 3(a) and (b) that the contour plots of these two figures is similar except near the boundary region
where the loading is applied. We can see that as the value of « increases, the regions of tensile normal strain are confined in
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Fig. 3. (a) The normal strain &y/(P/ERt) contours for o = 0°; (b) the normal strain &y/(p/E) contours for o = 4.5°% (c) The normal strain ¢y/(p/E) contours
for o = 30° and (d) the normal strain &y/(p/E) contours for o = 60°.
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small areas along the vertical direction near the center of the disk and larger values of the compressive strain will develop
along the horizontal axis. For o = 90°, a constant state with the magnitude ¢y = —0.73p/E will occupy the whole disk. The
detailed functional forms of &y(p,0) (eg(p,7/2)) along the line 8 = 0 (6 = n/2) are indicated in Eq. (40) ((C.2)) for partially
distributed compressions and in Eq. (51) ((C.6)) for concentrated load. As indicated in the previous section that the normal
£9(0,0) 1s a tensile strain for « is smaller than a critical value which is determined by the condition (1 + v)sin 2o = (1—v)a.
The critical angle is o = 68.35° for v = 0.27. For o> 68.35°, the normal strain ¢y(0,0) is a compressive strain. The maximum
tensile normal strain ¢y(0,0) for v = 0.27 will occur at o = 36.65° (from Eq. (46)) and the magnitude is 0.4771p/E (from
Eq. (47)). The above-mentioned phenomenon is also clearly shown in Figs. 3(b)—(d).
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Fig. 4. (a) The displacement u,/(P/Et) contours for o = 0°; (b) the displacement u./(pR/E) contours for oo = 4.5°; (¢) The displacement u./(pR/E) contours
for o = 30° and (d) the displacement u,/(pR/E) contours for o = 60°.
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b

Fig. 5. (a) The displacement u,/(P/Et) contours for o = 0°; (b) the displacement u,/(pR/E) contours for o = 4.5 (c) The displacement u,/(pR/E) contours
for o = 30° and (d) the displacement u,/(pR/E) contours for o = 60°.

Figs. 4 and 5 are contour plots of displacements in Cartesian coordinate for different loading conditions. Moiré fringe
patterns can be interpreted by relating them to in-plane displacement fields. Hence the full-field distributions of
displacements u, and u,, can be used to compare with the experimental results using the Moiré interferometry technique.
Fig. 6 shows the experimental results of a series of Moiré and associated photoelastic observations conducted by Durelli
(Timoshenko and Goodier [10]) for a thin disk subjected to diametrically loads. The upper-left quadrant in Fig. 6 shows the
Moiré contours of horizontal displacement u,. The lower-left quadrant shows the contours of vertical displacement u,. It is
worthy to note that the experimental results of displacement contours u, and u, shown in Fig. 6 excellently agree with the
theoretical predictions as indicated in Fig. 4(a) (or Fig. 4(b)) and Fig. 5(a) (or Fig. 5(b)). The lower-right quadrant in Fig. 6
indicates the isochromatics for a disk loaded diametrically. For theoretical analysis, the isochromatic fringe pattern gives
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Fig. 6. Experimental results of Moiré and photoelastic by Durelli. (Timoshenko and Goodier [10]).

Fig. 7. The Isochromatics for o = 4.5° from theoretical prediction.

lines for which the principal stress difference is equal to a constant. Since the solutions of the two principal stresses are
given explicitly in Eq. (18), the principal stress difference for the problem of a disk subjected to partially distributed
compressions is easily obtained. Fig. 7 shows the theoretical prediction of the isochromatics for o = 4.5° and the result
matches very well with the experimental measurement presented in Fig. 6. It is clearly shown in Fig. 7 that the maximum
value is not on the boundary but produces a local fringe near the boundary. This local maximum is also found in the
isochromatics near the boundary presented in Fig. 6. It is noted that for truly concentrated loads, the fringes should
originate at the point of the applied concentrated load. From the evidences provided by the experimental observation and
the theoretical analysis of displacements and isochromatics, it can be concluded that the actual loading applied at the disk
for Fig. 6 is not a truly concentrated load but a partially distributed compression with small angle. Fig. 8 shows the
displacement distribution u. along the thickness direction.
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Fig. 8. (a) The displacement u./(pz/Em) contours for o = 4.5 (b) the displacement u./(pz/En) contours for o = 30° and (c) The displacement u./(pz/En)
contours for o = 60°.
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5. Conclusions

On developing experimental mechanics, a disk subjected to diametral compressions is an important problem to be
quoted to illustrate new theories and experimental techniques. The compression is usually idealized to be a concentrated
force of reverse direction because it can be compared with the existed theoretical solution. However, disk in diametral
compression on an area is the real situation of experimental condition and engineering application; and there is a lack of
theoretical solution expressed in a concise form. This paper provides full-field analytic solutions of strain and displacement
for the problem of a disk subjected to diametral compression on a finite area at rim. Furthermore, these solutions are all
expressed in simple explicit functional forms that can be easily used as a theoretical reference to compare with experimental
results. Full-field distributions of strain and displacement are provided by numerical calculations base on the analytical
solutions. Detail discussions of interesting phenomena of strains and displacements for a disk subjected to concentrated
loads and distributed compressions for small, medium and large angles are made. The Saint-Venant’s principle applied in a
circular disk is examined by comparing the full-field contour plots for concentrated loads and distributed compressions
with small angle. Experimental measurements of full-field displacement contours and isochromatic fringe patterns are used
to compare with the theoretical predictions and good agreements of both results are found.
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Appendix A. The detail integration of Eq. (26)

The first integrating term in Eq. (26) is obtained explicitly as

. 1—p? sin( + 0) . |14 p?> + 2p cos(a + 0)
Ay dp = sin 2 - 1 . Al
/ 1dp = sin (“+9)/p4+1—2p2 cos 20+ 0) % 2 T+ 2 —2p cos(at0) (A

Similarly, the result for second integrating term in Eq. (26) is

_sin(@—0) |1+ p* 4 2p cos(x — 0)
/A2 dp = 2 In ‘1 + p? —2p cos(a — 0) (A-2)

The third integrating term in Eq. (26) can be worked out as

(147 sin(e + 0) |1+ p? + 2p cos(ax + 0)
t H—" ¢ 0
plan <1—p2 an(a -+ )>+ 2 1+ 0% = 2p cos(a + 0)

2
/31 dp = /tan_1 (H——pztan(cx + 0)> dp = . p ) P
I=» —cos(x + 0) (tanl (_p sin(@ + 0) >+tan1 (—1 p sin(+0) ))

ln’

1+ p cos(o+ 0) — p cos(o — 0)
(A.3)
Similarly, the result for the fourth term in Eq. (26) is
1 2 in(o — 1 242 —
ptan-! +p tan(z— 0) ) + sin(a — 6) In + p~ + 2p cos(o — 0)
1—p? 2 1+ p2 —2p cos(ax — 0)
— cos(o— 0)[ tan~! p sin(o — 0) +tan-! p sin(a — 0)
1+ p cos(a — 0) 1 — p cos(o — 6)
Appendix B. The detail integration of Eq. (29)
The first two integration terms in Eq. (29) can be worked out as
1+ p?)* — 4p?
/(A1~|—A2)d0— p in|UEP7)" = 4o cos (B.1)
(1 + p2)? — 4p2cos?(o— 0)|
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and

[ smecr ol S AR S
(1 + p* +2p cos(o + 0)) In |1 + p* + 2p cos(o + 0)]
1 |+ +p*=2p cos(x+ 0)) In|1 + p* — 2p cos(a + 0)]
T 20 | —(1 4 p2+2p cos(e — 0)) In |1 + p> + 2p cos(z — 0] | (B.2)

—(1 + p*> —2p cos(a — 0)) In |1 + p*> — 2p cos(o — 0)]

+ sin(x — 6) In

Jas

1 psin(a+0) _1 psin(a+0)
/cos(oc +6) [tan T4 5 cosa + 0) 2 cos(x 1 0) + tan T 0 costa 00 > cos@ 1 0) do
. __; psin(a+0) _; psin(x+ 0)
sin(o. + 0) [tan T+ 5 costa + 0) > cos(x 1 0) + tan 1= costa = 00 oS+ 0)
= . (B.3)

1— 2
4p” In|(1 4 p?)2 — 4p* cos>(a + 0)|

Similarly, we have

o lan1 P sinG=0 o psin@—0)
/ cos(x — 6) {tan [+ pcose—0) " T—p cos—0) @
o _ psin(x—0) L psin@=0)
sin(o — 0) [tan T+ p cos(z— 0) + tan 1= p cos(x — 0)
) . (B.4)

1= 2
+— P n I(1 + p?)? — 4p?cos(a — 0))]
0

Appendix C. The normal strains along the x-axis

For 0 = n/2, we have the normal strains ¢, = ¢, and ¢y = ¢,. The solutions for partially distributed compressions are

2p (1 = p?)sin 2a 1407
e (p,1/2) = ex(p,m/2) = — =< —(1 (1 — , Nl
6lp,/2) = e, 7/2) En{ (40 T 3 o 31— M0t [T ot e (1)
_ _ 2p (l—pz)sin 200 y - 1~|—p2
g(p,m/2) = ey(p,m/2) = Zn {(1 +v) DT+ 14 2p7c0s 25 (1 —v)cot =, cot o ¢. (C.2)
The normal strains at the center of the disk are
2
&(0,7/2) = ¢,(0,/2) = _E_I:r{_(l +v)sin 20 + (1 — v)a}, (C.3)
2p .
£9(0,7/2) = ¢,(0,7/2) = _H{(l + v)sin 20+ (1 — v)a}. (C.4)

The normal strains at the boundary p = 1 are zero, i.e. £(1,7/2) = e(1,7/2) = &y(1,7/2) = ¢,(1,7/2) = 0, except a = 7/2.
For the case of applying concentrated loads, we have the solutions for 6 = /2 as follows:

P 1= p2\> [pb +4pS+2p* —4p> -3
elp,m/2) = exlpm/2) = { <1 n p2> _V{ 1+ ) ; (C.5)

P [ [p+4p° +2p* —4p> -3 1—p2\°
89(p,n/2)=8y(p,7r/2):Ean{[p + P(ii-+p;)2)4 p ]_V(I—I-ZZ) } (C.6)
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The normal strains at the center of the disk for applying concentrated loads are

&(0,m/2) = &(0,7/2) = %{1 + 3v}, (C.7)
P
£9(0,7/2) = ¢,(0,1/2) = —m{S + v} (C.8)
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