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Abstract
Let k be a field of charasteristic p and G<GL(k) be a finite group such that p | |G|. Let
A (k)=k[x, y], xy-yx=1, be the Weyl algebra over k. G induces a linear action on A, (k). We

GL,(F,)

find the invariant subalgebras A (F ) and A, (F, ) Let ¢ x> x, ye> x+y, and

G=<0 > be the cyclic group generated by . We find A, (k)*® for p>3 and p=2,

respectively.
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by
Huah Chu

Let k be a field and G < GL,(k) be a finite subgroup. Let R =
k[X1,...,Xn] be the polynomial ring. Then G induces a linear action
on R. The invariant subring is R® = {f € R | of = f for all 0 € G}.
If char k / |G|, there are plenty of results about RS (See e.g. [15], [3],
[14]). This is not the case for char & | |G|.

Let K = k(Xi,...,X,) and char k | |G|. The invariant subfields
KGLnFo)  KSLn(Fa) gre found in [11]. The invariant subfields K©~e),
KU are found in [4]. The invariant subfield K5F»®4) is found in
[7]. The invariant subrings REL+F<) and RSI(Fo) also appear in [11].
RSPn(Fa) is settled in [5, 3]. R9*Fa) is found in [10], R%*®4) is found in
8].

On the other hand, if G is a cyclic group generated by o : X; —
X, Xo— X1+ Xo,...,Xn— X1+ X,. Then REC is constructed in
(12, 13] for n < 5.

Now let A;(k) be the Weyl algebra k[z,y], zy — yz = 1 and D;(k)
be the Weyl field k(z,y), zy —yz = 1. If G < GLy(k), then G also
induces linear actions on A;(k) and D,(k). Suppose char k£ / |G|. [6]
had constructed the subalgebra A,(k)¢ by means of k[X,Y]. [1] had
proved that the invariant subfield D; (k)€ is isomorphic to D (k). [2] had
proved that if G is a finite abelian group, then D, (k)¢ = D,(k). [9] has
proved the result for the case that G is a monomial action on D (k).

In this note, we consider the invariant subalgebra A; (k)¢ for char k
G-



§1.
In 4,(k) we difine a filtration

k:M()CA/[]CA/[QCA/f:;C...

where M, is the k-module generated by all monomials 1y zo2yPz

z®yP 3" a; + Y B; < n. Then we have an associated graded ring
gr(Al(k)) = Mo %) Ml/Mo & Mg/Ml D....

In our case, gr(A;(k)) = k[X,Y], the commutative polynomial ring
with two variables X and Y. The group G acts linearly on A, (k) induces
a linear action on k[X,Y].

For f € Ai(k), f can be written as f = f, + fac1 + ..., fi is a
homogeneous polynomial of degree ¢ (the expression is not uniqne), we
define ®(f) = fo + M,y € k[X,Y]. That is, if f, = az®y® .. zoyP +
..., then ®(f) = a X1t FTaybit. . +6

Lemma 1.1. If f € 4,(k), then ®(f) € k[X,Y]C.
Proof. Write f = f, 4+ g9, 9 € M,_;. Then, forany ¢ € G, f =

o(f) =o(fa) +0(9), o(fn) = fo = g — 0(g) € My_1. Hence o(®(f)) =
o(f).

O

Theorem 1.2. Let k[X,Y]° = k[G,...,Gn]. Suppose for any G;,
we have a polynomial ¥(G;) := f; € A;(k)” such that ®(f;) = G;. Then

A1(R)C =k[f1,..., fml-

Proof. We just need to show that A;(k)° N M, C k[fi,..., fm] by
induction on n. Suppose f € A;(k)® N M,, we may assume that f ¢



M1, ®(f) € kX, Y]C. So
O(f) =D Gy ...Gor,
a) € k, >, A\ deg (G;) = n. Since f € A;(k)¢ and dU(G;) = G, it fol-

lows that f—>" ap W (G)M-- - U(G,,)M € M,_,. Apply the induction hy-

pothesis, we prove the result. O

Remark 1.3. If char k£ [ |G|, then we can define ¥(G;) as follows.
We choose a preimage f € M, of GG; and define

¥(G) = 5 S o) € M,

oceG

(See [6]). In this case, if k[X, Y] in found, then we can construct A;(k)“
straightforward. But it is not well-defined if char & | |G|.

§2
From the definition zy — yz = 1, we can easily deduce that

Lemma 2.1. y"z = zy"™ — ny™"}, yz" = 2"y — nz"" L.

n . .
Let P, =5 ( 7; x'y™". Note that it is the “formal” expansion of
i=1

(z + y)™ under the condition zy = yz.

Lemma 2.2. (1) P,z = 2P, — nP,_;.
(2) Pu(z +y) = Poyr —nPao



Proposition 2.3.

m2 .
(T+y)" = (=1)1-3--- (2~ 1) ( 0 ) Paas.

=0

Proof. By induction on n,

2 "
@) = S (013 =D ( 5 ) Panlo +0)

i=0 ..
(n/2]

= 5 03 @) () (Pacaint = (0 20 Pacarc)
m2 n /2]
= Sy 3 -1 (5 ) P 2 (D13 2

27:"0— 2) ( ;LZ ) Pri1-2i41)
= n+1+[7§]{( 1)1 (22—1)<21)—(—1)*‘*11-3.--(22'—3)
(n+2—21) ( 9 _ 9 )}Pn+1 2 + P’
[n/2]

. (2i—1) (n+2-21)
= Iny1+ Z ( ) ) (22 3) (2i— 2)' n— 21)'{21(21—1)+ (n+2 21)(n+1 21)}
Pn+1 2 + P
[n/2]
= fpy1t Z (— ) - (20-3) (21'—2)?(!71—21)! ’ 2i(n1—1—g§+1) “Prprui+ P
S IR BN ( 1) Prica
1=0

where P’ = 0, if nis even; P’ = (=1)*"'1-3--- (n—2)-nPy, ifn = 2k+1.
O

By direct checking, we have the following



Corollary 2.4. (1)If char k = 2, then
(x+y)?" =22" + 42" + L.
(2) if char k = p > 2, then
(z+y)P" =z +yP".

§3.

Now we consider the case of G being a cyclic group (o), where

g.:xT—T

Yy—z+y.

In commutative case, it is easy to show that

Lemma 3.1. If char £ = p, then
kX, Y] = k[X,YP — XPlY].

Theorem 3.2. If char k = p > 3, then
Ay (k)9 = k[z,yP — P71y

Proof. By Corollary 2.4. (2)
o(yP —2Ply) = (z+y)? — 2"z +y)
=P +yP — 2P — P ly = yP — P71y,
Hence in Theorem 1.2., G; = X, Gy = Y? — XP°'Y | we define f, =
U(G,) =z and fo = V(Gy) = y? — 2P~ 1y, get the result. O

Note that Theorem 1.2. can not apply to the case of p = 2. Since in
this case, G, = Y? + XY. Then ¥(G,) has the form y? + zy + a. But
o(y* +ay) = (z+y)* +z(z +y)



=y +azy+1
by Corollary 2.4. (1), we can not find an element ¥(Gj). In the following,

we will settle this case.

Lemma 3.3. Let char k = 2, then
xy2 + :rzy +y and y*+ x2y2 + 92
are invariant under o.
Proof. a(xy2 + x2y + y): z(z + y)2 + x2($ + y) +z+y
=z(@®+ P+ 1)+ 22+ 2%y +z+y
= zy? + 2%y + v.
oy + 7%y +¢°)

=(z+y)*+2%(z+y)? + (z+y)?

=zt +yt+ 1+ 2@+ + )+ + P+ 1
O

= y* + 222 + 92
Lemma 3.4. Let char k =2, and G = (Y? + XY)*, k odd. We can

not define an element ¥(G) € A;(k){.

Proof. We define A := ¢ — 1. Then ¥(G) € A;(k)‘) if and only
if A(U(G)) = 0. Note that A(z'y?)= o(z'y?) — z'y?= zio(y)? — 2%y’=
z'A(y’). Hence the term y* appears in A(z'y?) only if i = 0.



the term y7 also appears in P;, hence it is cancelled. Thus the only term
y* appears in A(y/) isk < j—2.
Write U(G) = fo + fo—2 + fa—a + -+, where f; is a homogeneous

polynomial of degree i, n = 2k,

o= zk: iy 2k
= yZQ(')C + z- (other terms),
Ay*) = (z +y)* + y*
= sz+y2’°+< 22k ) P2k—2+< 24k > Pogg+---.

. 2 _
Since < 2k ) = 2k(2§ D — k(2k —1) is odd, so the term y**~2 appears in
Af,. On other hand, if y? appears in any other term Af;, i =n —2,n —
4,--- then j < i < n—2=2k—2. Hence 4?72 can not be cancelled and

A(Y(G)) #0. O
Theorem 3.5. If char £ = 2, then

Al(k)<"> — k[:c, a:y2 + $2y +y,y4 + x2y2 +y2].

Proof. Let f € 4;(k)‘?, ®(f) € [X,Y]“ and
B(f) = T, aXt(Y? - XY)*
By Lemma 3.4., it is impossible that {; = 0 and k; is odd. Hence if

we have either k; is odd and {; > 1, or k; is even. Thus we consider

Lc_i_
9= —{Zreven a(y* + 229> +y°)7
k.—1
+ Y odd @Et T ey 2ty +y) (v + ey +y7) T L



Then ®(g) € F,_1. Then by induction on n, we get the result. O

84.
In this section, we consider the invariants of GL(F,) and S Ly(F,)—actions.

The invariant polynomials in commutative polynomial ring were found
2_ 2_
by Dickson [11]. Let D; = XY? — X9Y and Dy = X2 =Y" " thep

X9-1_yq-1 >

Lemma 4.1.
Fo[X,Y]¢2®e = F DI Dy,

Fo[X,Y]32®a = F_[D,, D,).

If g is odd, by Corollay 2.4 (2), zy? — z% and (zy? — z%)9"! are

invariants. For Dy, we must define some elements. Let
n . n . .
- _1\n—i i(p—1) ('n—z)(p——l).
Q= S-1 () sty

Note that it is the “Formal expansion” of (zP~! — y?~1)™ under the

condition “zy = yx”. We define

1
\I,(DZ) = qz+: xj(q"l) . y(Q+1_j)(q_1)+
7=0
(g=1)/2 -1 ) ‘
55 1-3---(20-1) ( q% ) 33q_1+1(q_2)Qq—1—2iyl(q_2)'
j=1

To show that ¥(D,) is an invariant, we just note that SL,(F,) is gen-

erated by o, = ( (1) Lf ) and 7 = < ? _01 ), GLy(F,) is generated by



SLy(F,) and p, = ,a€ lP‘;‘. By direct computation, it can be

a 0
01
shown that W(D;) is an invariant. Hence we have

Theorem 4.2. Let ¢ be an odd prime power.

A(Fg)¢PF) = F,[(zy? — 2%)7", ¥(D>)]

Ay(Fg)SE2Fa) = F [zy? — 2%, ¥(Dy)].
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