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Abstract. The alternating group graph, which belongs todlass of Cayley
graphs, is one of the most versatile interconneatietworks for parallel and
distributed computing. In this paper, adopting toaditional fault model in
which each vertex is assumed to be incident with &wmore fault-free edges,
we show that am-dimensional alternating group graph can tolergte¢oudn—
13 edge faults, wheme> 4, while retaining a fault-free Hamiltonian cycleists.
The result is optimal with respect to the numberedfje faults tolerated.
Previously, for the same problem, at mastB edge faults can be tolerated if
the random fault model is adopted.
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1 Introduction

Network topology is a crucial factor for the intenmection networks since it
determines the performance of the networks. Manter@onnection network
topologies have been proposed in the literature tifi@er purpose of connecting
hundreds or thousands of processing elementsn lbeaepresented by a graph where
nodes represent processors and edges represest detveen processors. The
alternating group graphs [11], like the well-knowtar graphs [1] and hypercubes
[14], belongs to the class of Cayley graphs [22][Furthermore, it has been shown
in [7] that a class of generalized star graphsedathe arrangement graphs also
contains alternating group graphs as members. dhde@roof given in [7] showed
that then-alternating group grapAG, is isomorphic to then( n— 2)-arrangement
graphAnn 2.

Arrangement graphs have been shown to be vertexedgel symmetric, strongly
hierarchical, maximally fault tolerant, and stronglesilient [8], and thus of
alternating group graphs. Besides, alternating mrgtaphs have sublogarithmic
degree and diameter [11]. They are all desirableerwhve are building an
interconnection topology for a parallel and disitddl system. An efficient
communication algorithm for shortest-path routisgavailable for alternating group
graphs [11].



The study of graph embeddings arises naturally muaber of computational
problems: finding storage schemes for logical datactures, layout of circuits in
VLSI, portability of algorithms across various péeharchitectures, just to mention a
few [12]. Among of them, the ring is one of the inésndamental networks for
parallel and distributed computation, and it igahle to develop simple and efficient
algorithms. Numerous algorithms that were desigoedings for solving various
algebraic problems and graph problems can be foufig], [13]. A ring can be also
used as a control/data flow structure for distébutomputation in a network. These
applications motivate the embedding of cycles itwoeks. It was shown that the
arbitrary cycles can be embedded in an alternajimogip graph [11]. Besides, the
alternating group graph also can embed some otlmetamental networks, such as
grids [11], trees [11], and arbitrary paths [6].

Since node faults and/or link faults may occur tworks, it is significant to
consider faulty networks. Many fundamental problesosh as diameter, routing,
broadcasting, gossiping, embeddingic, have been studied on various faulty
networks. Among them, two fault models were adapttke is the random fault
model, and the other is the conditional fault modélerandom fault modedssumed
that the faults might occur everywhere without argstriction, whereas the
conditional fault modelassumed that the distribution of faults must Bats®me
properties, e.g., two or more fault-free links @it to each node. Apparently, it is
more difficult to solve problems under the conditibfault model than the random
fault model. Previously related work about embeddim faulty networks under the
conditional fault model can be found in [4], [59][[15], [16].

In this paper, under the conditional fault moded aith the assumption of at least
two fault-free links incident to each node, we shbwat ann-dimensional alternating
group graph can tolerate up to-413 link faults, wheren>4, while retaining a fault-
free Hamiltonian cycle exists. The result is oplimih respect to the number of link
faults tolerated. For the same problem, at most@link faults can be tolerated if the
random fault model is adopted [10]. With our resulall parallel algorithms
developed on rings can be executed as well on-dimensional alternating group
graph with up to A- 13 link faults.

In the next section, the structure of the altengatgroup graph is reviewed.
Necessary definitions, notations, and some pragedf the alternating group graph
are also introduced in order to prove the mainlte3then the main result and its
proof are shown in Section 3. Finally, this papendudes with some remarks in
Section 4.

2 Preliminaries

It is convenient to represent a network with a gr@pwhere each vertex (edge) &f
uniquely represents a node (link) of the netwoud. the graph definition and notation,
we follow [17]. We useV/(G) andE(G) to denote the vertex set and edge sdB,of
respectively. Given a vertex in G, we defineN(u) ={v|(u, v) € E(G)} to be the
neighborhoodf u, which is the set of vertices that are adjacentitoG. Thedegree
of u, denoted by deg], is the size oN(u), i.e., deg() = [N(u)|. We useXG) to denote



min{deg() | ue V(G)}. Let V' be a vertex subset &. We defineN(V’)= (J N(u)

ueV’

-V’ to be theneighborhoodof V'. A path PXOX{ = X0, X1, =+, Xp), IS @ sequence of
vertices such that every two consecutive verticesadjacent. In additionPXOX{ is a

cycle if Xo=x. A path{Xo, X4, -+, X) may contain other subpath, denotedx@sx, ‘-,
Xil P [} le °tty Xt>| Where lexl :<X|| Xi+l| "'IXj—ll XJ>-

A path (or cycle) inG is called aHamiltonian path(or Hamiltonian cycl if it
contains every vertex d& exactly once. A grapis calledHamiltonianif it has a
Hamiltonian cycle. A graph is callddamiltonian connectedf every two vertices of
G are connected by a Hamiltonian path. All Hamileanconnected graphs excéft
andK, are Hamiltonian.

Let p=aa,--a, iS & permutation on {1, 2;-, n}. A pair of symbolsa; anda; in p
are said to be amnversionif a < g wheneveri >j. A permutation is areven
permutationif it has an even number of inversions. Hiternating group Ais the set
consisting of all even permutations on {1;-2,n}, where A,|=n!/2. The following is
a formal definition of alternating group graphsténms of graph theory.

Definition 1 An n-dimensional alternating group grapldenoted byAG,, has the
vertex seV(AG,) ={aara,|aar-a, is an even permutation of 1, -2, n} and the
edge setE(AGy) = {(81d-++8n, @& & 1218+1+8n) OF (4dp8n, A8y++3-1803+1++3) |

aay-a, € V(AG,) and Xi<n}.
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Fig. 1. Examples of alternating group graphs.A&. (b) AG..

From definition, it is easy to see that the vedek ofAG, is the alternating group
An. It hasnl/2 vertices, each of degreen{ 2), and hasn- 2)n!/2 edges. The
alternating group graphsG; andAG, are shown in Fig. 1. Lai=a;a--a, be any
vertex of the alternating group grapls,. The edgesaay-a,, a8 1818i+1-an)
and @,8--a,, ady-ai_13:8.+1a,), denoted bye(u), are referred to aisdimensional
edgesof u, where 3i<n. We useE"(AG,) to denote the set of aldimensional
edges INAG,.



Alternating group graphs are vertex symmetric, edgmmetric, and strongly
hierarchical [11]. For ¥k<n, let AG,(k) denote the subgraph &G, induced by
those vertices with a,=k. Clearly, eactlAG,(k) is isomorphic tAAG, ; for 1<k<n.
Due to the strongly hierarchical structure, thesraliting group graph can also be
defined recursivelyAG, is constructed fronm disjoint copies of if— 1)-dimensional
alternating group grapAG,_.'s. We use Eé”}] (AG,) to represent the set of those

dimensional edges iAG, that connecAG,(p) andAG,(q), where Kp=qg<n.

Throughout this paper, the paired terms network gnagh, node and vertex, and
link and edge are used interchangeably. S#€g is isomorphic to then( n—2)-
arrangement graph, ., the following lemma ofAG, is deduced from a result of
arrangement graphs.

Lemma 1 [10] For anyF' = V(AG,) v E(AG,), AG,—F' is Hamiltonian if F'|<2n-86,
and Hamiltonian connected F'|<2n-7, wheren>4.

We also present some propertiesA@, in the following. They are necessary in
order to show our main result in the next sectB®esides, we use (c E(AG)) to
denote the set of edge faultsAf.,.

Lemma 2 |E(? (AG))|=(n-2)!, wheren=>4.

Proof. Considerp = pipo--pn € V(AG,(i)), wherep, =i. Suppose thap connect to
AG,(j), hence we havp,=j or p,=j. If p1=], then there aren(-2)!/2 choices foip,,
Ps, -+, Pr-1. The discussion is similar i =j. So E® (AGy)|=(n-2)!. O

Lemma 3 Suppose thalt={ky, ky, -, kn} ={1, 2, -, n}, wheren>5 andm>2. Let

AG,(l) denote the subgraph &G, induced bYUV(AGn(k))- If AG(k) - F is
kel

Hamiltonian connected for evekye | and||§é”}k (AG,) —F|=3 for all 1<j<m, then

there is a Hamiltonian pafy in AG(l) — F, wheres e V(AG(k.)) andt € V(AG,(kn)).

Proof. Note that ifv=c;c+-c, € V(AG,), thenv e N(V(AG.(c1))) » N(V(AG,(cy))), thus,
the two edges o&"(v) incident to differenAG;(c)s. Letu; =s. Since E™, (AGy)-

F|>2 for all 1<j<m, we can find an edge:( W) € E”(AG,) - F such that,=u, and
U, € V(AG,(kp). Similarly, we can find edgess( uz), (3, Us), -+, (Vmo2, Un1) €
EM(AG,) - F, wherey, andyv; are two distinct vertices iG,(k) for alli e {2, 3, -, m
~1}. Since E® | (AGy)-F|>3, we can find an edgeq(s, Un) € EM(AG,) - F such

that Vi 1 # U1, Un#=t, andup, € V(AG, (k). Let vip=t. In addition, sincAG,(k)—F is
Hamiltonian connected for af I, there is a Hamiltonian patlpw in AGy(k)-F

for all i € {1, 2, -, m}. An Hamiltonian pathPg in AG(lI) — F is constructed as
follows (see Fig. 2):
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Fig. 2. A Hamiltonian pattPg in AG,(I) -F.

3 Main Reault

In this section, we would show that with the asstionpof two or more fault-free
edges incident to each vertex, mdimensional alternating group graph can tolerate
up to ©-13 edge faults, while retaining a fault-free Haarmilan cycle exists, where
n>4.

Theorem 1. AG,- F is Hamiltonian if f|<4n-13 and5(AG, - F) > 2, wheren>4.

Proof. We can proceed by induction ean When n=4, we can use a computer
program to check that the result is true [18]. Assuhat the result holds f&G, for
somen>4. ConsidelAG,.; with [F|<4n-9 andS(AG..1—F)>2. For brevity, assume
that F| = 4n — 9. Without loss of generality, assume thBf"P(AG...) ~ F| >
[EP(AG1) N F|=> - = [EP(AG1) A F. If n>7, we haveH™Y(AG,.1) n F|=[ (4n—9)
/(n-1)1>4, F-E™Y(AG1)|<4n-13, andE(AG,.1(r)) n F|<4n—13 for all 1<r<
n+1. In addition, when 4n<6, we haveH™(AG,..)) ~F|>3, F-E™(AG,.1)|<
4n-12, and E(AG,1(r)) nF|<4n-12 for all 1<r<n+1. Without loss of generality,
assume thatE[AG.1(n+ 1)) » F| = |E(AGh1(n)) N F| = -+ > |[E(AG+1(1)) ~ F|. Note
that whenn>5, by Lemma 2, EJ(T“ (AG)|=((n+1)-2)!=(n-1)!>4n-6=|F|+3,

hence we haveélj(l*l) (AGy1) —F|=3 for allj, ke {1, 2, -+, n+1} andj=k. If n=4,
we have EF)(AGs)|=(5-2)!=6<7=4n-9 for allj, ke {1, 2, ---, 5} andj=k. Hence,
it is possible thatEJ(f}(, (AG;)-F|<3 for somg', k'e {1, 2, ---, 5} andj' =k'. We usd;,

i2, -+, Ine1 tO denote th@+1 distinct integers from 1 to+1 (i.e., {iy, iz, -+, i} ={1,
2,--,n+1}). Four cases are considered:

Casel. E(AG1(n+1))~F|<2n-7. In this cased(AGy1(r)—F)>2 for all 1<r<n
+1. Leti;=n+1 andl={1, 2, ---, n}. We can findug, v; € V(AG,:1(i1)) such that\g,
W), (Un, Vi) € EM(AG1) — F, whereu, € V(AGria(iz)) andVis: € V(AGh:(ins)). By
Lemma 1 and Lemma 3, we can find a Hamiltonian paum in AG..1(i1) —F and a

Hamiltonian pathp, ~ in AG(I)-F (whenn=4 and ifj', k' exist, let {', k} #{iy,
ir+1} for 2<r<n). Hence(uy, Pulv y V1, U, P, Vi, Up) form a Hamiltonian cycle
in AGysq,—F.



Case2. M-6<[E(AGui(n+1))~F|<4n-13 and E(AG..1(n)) nF|<2n-7. Then
we have E(AG1(r)) nF|<2n-7 for allr e {1, 2, -, n}. Let i;=n+1. Three cases
are further considered:

AGn+l(i 3) AGn+l(i4)
@

AGn+l(i 1)

AGn+ l(l 2) AGn+l(I n+l)

AGn+l(i3) AGn+l(i4) AGn+1(i3) AGn+1(i4)
(b) (©

Fig. 3. A Hamiltonian cycle inPAG,;1—F. (@) |E(AG.1(n+ 1)) F|>2n-6, E(AG:1(n)) "F|<
2n—7, andS(AG(ie) —F) 2 1. (b) |[E(AG.a(n+ 1))~ F|=2n-6, E(AG:1(n)) nF|<2n-7,
and(AGua(i1) —F) =0. (¢) [E(AGya(n+1)) N F| = [E(AGy.1(n)) N F|=2n-6.

Case2.1. 5(AG4(i1) — F) > 2. The induction hypothesis assures that thereseris
Hamiltonian cycleC in AG.4(iy) —F. We can find §, v1) € C such that\, uy), (U,
Vi) € EM(AG,.1) — F, whereu, € V(AGhia(iz)) andvie: € V(AGhsa(ineg)). Let P, =

C—{(u, v} and 1 ={1, 2, ---, n}. By Lemma 3, we can find a Hamiltonian path
P in AG,(I)-F (whenn=4 and ifj', k' exist, let {', k'} #{i, i;+1} for 2<r<n).

UpVii

Hence(u,, Pulv , V1, U, P, Ve, Up) form a Hamiltonian cycle ihG,..—F (see
Fig. 3(a)).



Case 2.2. 6 (AGa(iy) — F) = 1. There is exactly one vertex with degree one in
AG1(i1)—F. Sinces(AGyw,—F) =2, we have\, w) € E™Y(AG,.,) - F, for someu,

€ V(AGy1(in). Select @y, v1) € E(AGh4(i1)) ~ F such thatiy, Vi) € E"(AG1) —F,
wherevi.s € V(AGh(in+1)). We can always find suclu( vi) since |[g | (1, 2 € F and

Ze V(AGy1(i0)} =2n-5, E™V(2)|=2 for all ze V(AGh(i1)), E™V(AGn) ~ F|<
(4n-9)—(2n-5)=2n-4, and 2(2-5)>2n -4 whenn=> 4. Moreover, since
[E(AGi+1(i1)) » (F—{(ug, vo)})| <4n-14, the induction hypothesis assures that there is
a Hamiltonian cycleC in AGh.(i1) — (F — {(uy, vi)}). Note that (i, vi) must be
contained irC. Then the construction of a Hamiltonian cyclé\i@,.;— F is similar to

Fig. 3(a) (whem=4 and ifj', k' exist, let {', k} #{iy, i+1} for 2<r<n).

Case2.3. 5(AG(iy) —F)=0. Note that A-13=3<4=2(n-2) whenn=4, hence
this case will occur only when>5, thus,j' andk' do not exist. There is exactly one
vertexswith degree zero il\G.4(i1) — F. SinceS(AGy,—F)>2, we have™(s)~F
=0. Let (5, 9), (s W) e €™(s) wherevs; € V(AGy.1(is)) and us € V(AGh(is)).
Additionally, there exist\g, W), (Uy, V1) € E™(AG.,) — F, whereu, v; are two
distinct vertices iNV(AG+1(i1)) — {s}, U2 € V(AG+1(i2)), andvinig € V(AGq+1(in+1)). In
addition, letF' ={s} U (E(AGu(i1)) "F—{(s 2 | ze V(AG(i1))}). Note that F'|<
2n-8. By Lemma 1, we can find a Hamiltonian pamlvl in AGn(i])—F'. Letly=

{iz, igtand ,={1, 2, .-, n+1} —{iy, iy, i3}. By Lemma 3, we can find a Hamiltonian
path P, in AG,.(l1)-F, and a Hamiltonian pattp, ~ in AG,.(l,) - F. Hence(u,

P,V W, P,V S U, P._ , Ve U) form a Hamiltonian cycle iMG..,—F

WV UpV3 UgVhia
(see Fig. 3(b)).
Case3. E(AG1(n+1))~F|=4n-12. Note that this case will occur only wheart

<6. In addition ' andk' do not exist ancE[AG.1(r)) ~nF|=0 for allr € {1, 2, -, n}.
Leti;=n+ 1. Three cases are further considered:

Case3.1. 5(AG(iy) — F) =2. We can find (s, vi) € E(AG.+1(i1)) n F such that\{,

W), (U, Vi) € E™AGH) — F, whereu, € V(AGh(iz)) and Vi € V(AGhea(ine))-
Since E(AG:1(i1)) » (F—{(u1, v)})| =4n- 13, the induction hypothesis assures that
there is a Hamiltonian cyclé in AG..4(i1) — (F —{(us, v1)}). Assume thalC contains
(ug, v1) (otherwise, the discussion is easier). Then tmstruction of a Hamiltonian
cycle inAG,.1—F is similar to Fig. 3(a).

Case 3.2. 6 (AGa(iy) — F) = 1. There is exactly one vertex with degree one in
AG1(i1)—F. Sinces(AGyw,—F) =2, we have\y, w) € E™)(AG,.,) - F, for someu,
€ V(AGy(in). Select @y, v1) € E(AGh4(i1)) ~ F such thatiy, Vi) € E"(AG1) —F,
wherevi., € V(AGh(in+1)). We can always find suclu( vi) since |[g | (v1, 2 € F and
Ze V(AGy1(iD)} =2n-5, E™Y(2)|=2 for all ze V(AGw(i1)), E™V(AGn) ~ F|=
(4n-9)-(4n-12)=3, and 2(B-5)>3 whenn>4. Moreover, sinCeE[AG.+1(i1)) N
(F—{(uy, v1)})| =4n-13, the induction hypothesis assures that theaecHamiltonian
cycleC in AGa(iz) — (F—{(us, v1)}). Note that (i, v4) must be contained i@. Then
the construction of a Hamiltonian cycleAt,., — F is similar to Case 3.1.



Case 3.3. 5 (AG4(iy) — F) = 0. There is exactly one vertexwith degree zero in
AGy1(i1) —F. Sinces(AGyw:—F)>2, we havee™V(s) nF=0. Let {5, 9), (S, W) €
e™(9) wherevs € V(AGy(is)) andu, € V(AG,4(is)). Additionally, there existv, w,),
(Ug, Vier) € E™D(AG,:,) —F, whereuy, vi € V(AG1(i1) —{S}, W € V(AGya(iz)), and
Vne1 € V(AGha(in+1)). In addition, letF' ={s} U (E(AGu1(i1)) "nF-{(s, 2 | z e
V(AG,+1(i1))}). Note that F'|<2n-7. By Lemma 1, we can find a Hamiltonian path

Pulv in AGn+1(il)—Fl. Let |l={i2, |3} and |2={1, 2, -, N+ 1}—{il, iz, |3} By Lemma

3, we can find a Hamiltonian pat®  in AG.y(l;) - F and a Hamiltonian path

P, INAGu(l)-F. Hencg(w, P, Vi, U B, . Vs S Us P, Ve, W) form a

UsVhia UpV UgVoia

Hamiltonian cycle ilAG;.,1— F (see Fig. 3(b)).

Case4. E(AG1(n + 1)) » F| = |E(AG+1(n)) » F|=2n - 6. Note that this case will
occur only when & n< 6. In addition,j’ and k' do not exist in this case and
[E(AG1(r)) nF|=0 for allr € {1, 2, -, n—1}. In this case, we also havi{AG,.(r)
—F)>2 for all 1<r<n+1. Leti;=n+1 andiz=n. The induction hypothesis assures
that there are a Hamiltonian cydlz in AG,.1(i1) —F and a Hamiltonian cycl€; in
AGn+1(i3) —F. We can find l(ll, Vl) e C; and (.13, V3) e G such that\(l, Uz), (Vz, U3), (V3,
Us), (Us, Viss) € EMD(AGH,) — F, whereus, Vs € V(AG(i), Us € V(AGh(is)), and
Vn+1 € V(AGn+1(in+1)). Letl ={1, 2, -, n+1} —{il, iz, i3}, Pulvl =Cl—{( U, Vl)}, and
P, =C3—{(us, va)}. By Lemma 1 and Lemma 3, we can find a Hamiltanpath
P, in AG.+1(i2) —F and a Hamiltonian patrpuavm1 in AG..1(l) —F. Hence(uy, Py

Vi, Up, P, Vo Us, P vy Var Us, P, Vs, Uy form a Hamiltonian cycle idG,.1—

UpV2 U UgVhi1
F (see Fig. 3(c)). 0
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Fig. 4. A distribution of 41— 12 edge faults ovekG,.

The result is optimal with respect to the numberdfe faults tolerated. Since
alternating group graphs can be constructed re@lysiit is easy to see that there
exists a 3-cycle iMG,, wheren>4. Fig. 4 shows a distribution oh4 12 edge faults
over AG,, where{w, u, v, wy is a cycle andy, v), (u, w) (respectively,\, u), (v, w))
are the only two fault-free edges incidentut@espectivelyy). It is easy to see that no
fault-free Hamiltonian cycle exists in the faul{,.



4  Concluding Remarks

Since processor faults and/or link faults may odcumultiprocessor systems, it is
both practically significant and theoretically irgsting to study the fault tolerance of
multiprocessor systems. Most of previous works ukedrandom fault model, which
assumed that the faults might occur everywhereowittany restriction. There was
another fault model, i.e., the conditional faultdab which assumed that the fault
distribution must satisfy some properties.

In this paper, adopting the conditional fault modetl assuming that there were
two or more fault-free edges incident to each wertee constructed a fault-free
Hamiltonian cycle of am-dimensional alternating group graph with up @43
edge faults. The main construction methods wereodstrated in Fig. 3. This result
is optimal with respect to the number of edge fatdterated. Since amdimensional
alternating group grapAG, is isomorphic to ann( n— 2)-arrangement graph, , o,
our results and methods might be useful for peagie want to solve Hamiltonian
problems on faulty arrangement graphs under camditifault model and the same
assumption.
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