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Eigenfunctions of Fourier and Fractional Fourier
Transforms With Complex Offsets and Parameters

Soo-Chang Pei, Fellow, IEEE, and Jian-Jiun Ding

Abstract—In this paper, we derive the eigenfunctions of the
Fourier transform (FT), the fractional FT (FRFT), and the linear
canonical transform (LCT) with (1) complex parameters and
(2) complex offsets. The eigenfunctions in the cases where the
parameters and offsets are real were derived in literature. We
extend the previous works to the cases of complex parameters
and complex offsets. We first derive the eigenvectors of the offset
discrete FT. They approximate the samples of the eigenfunctions
of the continuous offset FT. We find that the eigenfunctions of the
offset FT with complex offsets are the smoothed Hermite-Gaussian
functions with shifting and modulation. Then we extend the results
for the case of the offset FRFT and the offset LCT. We can use the
derived eigenfunctions to simulate the self-imaging phenomenon
for the optical system with energy-absorbing component, mode
selection, encryption, and define the fractional Z-transform and
the fractional Laplace transform.

Index Terms—Eigenvalue, eigenvector, fractional Fourier trans-
form (FRFT), fractional Laplace transform, fractional Z-trans-
form, linear canonical transform (LCT), offset discrete FT (DFT).

I. INTRODUCTION

N THIS PAPER, we discuss the eigenfunctions of the

Fourier transform (FT) [1], the fractional FT (FRFT)
[2]-[4], and the linear canonical transform (LCT) [5] with
complex parameters and complex offset. The offset FT,
FRFT, and LCT are defined as follows.

e Offset FT [6], [7]

GF'(w)=FT-y [g(x)]

oo

= 1/2x / expl—j(w—7)(@—n)] g()dz. (1)
¢ Offset inverse FT (Offset IFT):

g(z) =TFT, , [GE"(w)]

=+/1/27 / exp [j(z — n)(w — 7)] GE"(w)dz. (2)
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» Offset FRFT:

G (u) =0F ™" [g(@)]

1—jcota ()
= — eXx MU
\/ o pUn

oo
X / exp [%(u— )2 cot o — j(u — T)x csc

+%:L‘2 cot a] g(z)dz. 3)

» Offset LCT [8], [9], [23], [24]:

T, a,b,c,d,T,
Gl () = OF "7 [g(a)]
— i 1 eJnu
72mh
" / e B i T8 8 g (0)
when b # 0 4)
T, a,0,c,d,T,
Gl ey () = OF 07 [g ()]

— dl/Zejnu+jcd(uf‘r)2/Zg(du . dr)
when b = 0. ®)]
In the above, ad — bc = 1. In (1)—(5), 7 and 7 are two offset
parameters corresponding to displacement and modulation. The

parameters «, a, b, ¢, and d in (3), (4) and (5) can be complex.
However, from [5]

Im(a/b) > 0whena # 0, and Im(b) =0 whena=0.

(6)

For the case of the offset FRFT, the above constraint becomes

Im(cot ) > 0, i.e., Im(a) < 0. @)

Both the offset FT and the offset FRFT are special cases of
the offset LCT

. — T 0,1,—-1,0,,
FT.y [g9(2)] = /je /0% " g(a)]
O;,‘r,n [g(.’L’)] _ exp(ja)OE;‘,os a,sin a,— sin a,cos o, 7,7)
x [g()] - (8)
In addition to the offset FT and FRFT, the offset LCT is
also a generalization of many other transforms. For ex-
ample, when {a,b,c,d,7,n} = {1,2A/27,0,1,0,0},
the offset LCT becomes the Fresnel transform. When
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{a,b,c,d,7,n} = {071,0,0,0,0,0}, it becomes the scaling
operation. When {a,b,c,d,7,n} = {1,0,0,1,7,n}, it be-
comes the shifting and modulation operations. The offset LCT
has the following additivity property:

Og;lz;bmcmdzﬂ'zﬂlz) {O$17b17617d177177]1) [f(il?)]}

= exp(j9)OF " (@) )

e f| _laz bal|]ar by
[g }L}_|:02 d2:| |:61 d1:|

HEEAINEE

and ¢ is some phase defined in [10].

The eigenfunctions of the nonoffset FT and FRFT are known
to be Hermite-Gaussian functions [1], [3]. The eigenfunctions
of the nonoffset LCT were derived in [10], [11]. In [12], we
found that the eigenfunctions of the offset FT, FRFT, LCT have
the following form:

where

(10)

T+ (1l —a
Eape.drm(z) = exp {J Hfﬂ] Eap,c,d)

(1—d)r+bn
x (x— m) (1

where E(q..q4)(7) is the eigenfunction of the nonoffset FT,
FRFT, and LCT. However, the results in [12] are suitable for the
case whether the parameters and the offsets are real. In the case
where {a,b,c,d, T,n} are complex, there are two problems.
@ In(11), [(1 = d)7 + bn](2 — a — d)~* may be complex
and it is very hard to define the displacement with complex
distance.
® The eigenfunction E, ;. 4(z) of the nonoffset LCT
with complex {a,b, ¢, d} has not been found completely.
In [25], Wolf derived the eigenvectors of the complex
LCT in some special cases (including the Fourier, Hankel,
bilateral Laplace, Bargmann, Weierstrass—Gauss, and
Barut—Girardello transforms), however, the general result
was not derived. They find the functions that satisfy

0D (4(2)) = Cexp(jax® + jfz)p(yz +6)  (12)
but the eigenfunction that satisfies
O (9()) = Ad(x)
and
Ogl_,b,c,d,r.,n) (p(x)) = A(z) (13)

was not found yet.
Due to the above two facts, we cannot use (11) to find the eigen-
functions of the offset FT, FRFT, and LCT with complex param-
eters and offset in all the cases.
In this paper, we will derive the eigenfunctions of the offset
FT, FRFT, and LCT for all the cases, including the cases where
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the offsets 7, n and the parameters «, a, b, ¢, and d are com-
plex. The results are useful for analyzing the self-image and the
resonance phenomena for the optical system with the decayed
component (i.e., the component that can absorb light energy).

II. EIGENVECTORS OF DFT COMPLEX OFFSETS

A. Previous Works About Eigenvectors of Offset DFT

Before deriving the eigenfunctions of the offset FT, we first
discuss the eigenvectors of its discrete counterpart, i.e., the
offset discrete FT (offset DFT), which is defined as [6], [7]

Xp,qlm] =DFT, 4 (z[n])
=VvN-1 Z exp [

n,m €[0, N —1].

—j3rm = p)n — )| aln]
(14)

It generalizes DFT by two extra parameters, p and q. It extends
the utilities of the DFT and is useful for filter design, signal
analysis, and the fast algorithm development [6], [7]. When p
or g is complex

where i1, 0, Kk, and p are real (15)

p=utjo, q=r+jp,

the offset DFT becomes the DFT with the real offset terms (u, )
and the decayed terms exp(—27on/N) and exp(—2mpm/N)

—j27wop/N—2n(ko+ N X .
e o/ (retue)/ Xytjo,ntiplm]
N-1

_j2n(m—p)(n—r) —2ron
Ze N e~ N zxn]. (16)

n=0

Tpm

= N_l/zeizN

The eigenvector of the original DFT (i.e., p = ¢ = 0) has
been widely discussed [13]. In [14], Tseng derive the eigenvec-
tors of the offset DFT for the special case of p = ¢ = 1/2. In
[15], Pei and Ding found that, when p 4+ ¢ = integer, the eigen-
vectors of the offset DFT could be derived from the methods of
1) sampling and summing the eigenfunctions of the continuous
counterpart; 2) commutative matrix; or 3) linear combination.
However, in [15], the way to derive the eigenvector when p + ¢
is not an integer was not found yet. In [16], Clary and Mugler
extended Griinbaum’s work [17] and found that, when p = g,
the following tridiagonal matrix can commute with the offset
DFT matrix:

Tpln,n]= - 2008[%} sin[%]@{@}

T,[n,n—1]=T,[n—1,n]=sin[rn/N]sin [r(2p+1—n)/N]

T,[m,n]=0, otherwise. (17)

Since T, commutes with the offset DFT matrix when p = ¢,
we can use it to determine the eigenvectors of the offset DFT
for the case where p = q.

In the next subsection, we extend the previous works and find
the eigenvectors of the offset DFT with arbitrary p and g, in-
cluding the cases where p + ¢ # integer, where p # ¢, and
where p, g, or both of them are complex numbers. If the number
of points N is sufficiently large, the eigenvectors offset DFT

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:46 from |IEEE Xplore. Restrictions apply.



PEI AND DING: EIGENFUNCTIONS OF FOURIER AND FRFTS WITH COMPLEX OFFSETS AND PARAMETERS

derived in this section will approximate to the samples of the
eigenfunctions of the continuous offset FT.
B. Generalized DFT Eigenvectors and Eigenvalues

When p 4+ ¢ # integer, the eigenvectors of the offset DFT
can be determined from the following tridiagonal matrix:

rDyg Oy 0 0 0 0 17
Bi D Cy 0 - 0 0
0 By Dy Cj : :
Toq=|0 0 By . - 0
: : 0 CN_2 0
0 --- Bny_9s Dy_s Cn_1
Lo o0 o0 -- 0 By-1 Dy-1]
(18)
B, =™ @=P)/Ngin[rn/N]sin [r(p + ¢+ 1 — n)/N]
C, =™ P=0/N gin[rn/N]sin [x(p + ¢ + 1 — n)/N]
1 _
D, = — QCOS[%]SiH[%}SiD[W} -(19)

(a) The matrix T o commutes with the offset DFT matrix
FpqGe, TpgFpq=FpqTpq)
Proof: If G = T qFp q and H = F, Ty 4, then

™

e T (m=p)("=0) Gl n)

_ i ) i [T g, | TP A L= m)
= iR i [T i | TS

—2cos|[n(p+ q+1)/N]sin[rm/N]
x sin[r(p +q—m)/N] + e—im(2n—p—q)/N
x sin [r(m 4+ 1)/N]sin[r(p + ¢ — m)/N]
= —cos[r(p+q—2n)/N]cos [r(p+q +1)/N]

o 2
+ eI™/N cos [ﬁw(n - m)] /2

N 2
+ e~ I/N cos [ﬁﬂ(m +n—p— q)} /2
T
NP rat 1)} {COS [
— cos [%(p +q-— 2m)]
e T (m=p)("=9) [ ]

_ iF@m-p—0) g [%} sin [W ]
—2cos|n(p+ q+1)/N]sin[tn/N]
x sin[r(p+q—n)/N] + e—im(2m—p—q)/N
x sin [r(n + 1)/N]sin [r(p + ¢ — n)/N].

After some calculation, we obtain

™

—i—cos[ N

(p+ Q)}

I T (m=p)("=0) F i p] = eI F (=P =D G )
TpaFpq =FpqTpq- #

(b) When p + ¢ # integer all the eigenvalues of T,  are dis-
tinct.
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Thus, if v is an eigenvector of T, g, (i.e., Tp q - v =7-V),
then

TpalFp,qv] =FpqTpqVv=Fpqrv=r[Fpqv] (20)

In other words, F, 4 - v is also an eigenvector of Ty,  cor-
responding to the same eigenvalue. Since the eigenvalues of
T}, q are distinct, the eigenspace-dimension corresponding to
7 should be 1. Thus, we can conclude that Fp, 4 - v must be a
multiple of v (i.e., Fp g -+ v = Av for some constant A). Thus,
v is also an eigenvector of Fy, . That is,

* The eigenvectors of T, , are also the eigenvectors of

F,.q when p 4+ q # integer.

Therefore, to find the eigenvectors of the offset DFT when
p + q # integer, we can first find the eigenvalues 7,’s of Ty, g
(but they are not the eigenvalues of Fy, o)

det(Tpq—7I) =0, p=0~N -1 21
After 7,,’s are determined, the eigenvectors of T, 1, can be com-
puted from the recursive process of
vp[0] = any constant, vp[1] = (1, — Do)vp[0]/Ch
vp[n] =(7p — Dy—1)vp[n — 1]/Cy — By_1vp[n = 2]/C,
forn=2~ N —1. (22)

The eigenvectors vy, [1n] we obtained are also the eigenvectors of
the offset DFT when p 4+ ¢ # integer. We can sort the eigen-
vectors vp[n] according to the amplitudes of 7;,’s, i.e.,

|T0|>|7’1|>|T2|>...>|TN_1|. (23)

When p + ¢ is an integer, the matrix T, 4 may have repeated
eigenvalues and we can not use it to determine the eigenvectors
of Fp, o. In this case, we can apply the methods introduced in
[15] to determine the eigenvectors of the offset DFT.

Using the method in (18)—(23) (for p 4+ ¢ = integer) together
with the works in [15] (for p + ¢ # integer), we can deter-
mine the eigenvectors of the offset DFT with arbitrary offset,
including the case where p and q are complex numbers (i.e., the
decayed offset DFT defined in (16)). The proposed method is
more general than the works in [14]-[17].

III. EIGENFUNCTIONS OF FTS WITH COMPLEX OFFSETS

Comparing (1) with (14), it can be seen that the relations be-
tween the variables and the parameters of the offset DFT and
the offset FT are

z=VAn—Ny), w= VA —Ny), 7=VA(p - Ny)
n=VA(g-MN)
where A = 27 /N and N1 = (N —1)/2. (24)

(In (24), we do the subtractions of 271(N — 1) to centralize the
position of z = 0). Note that

p=7VA-1+N;, g=nVA-14+ Nj. (25)
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Fig. 1. First six eigenfunctions of the offset FT where 7 = 0.6 + 0.255 and
n = 3.9 4 0.197. The solid lines are real part and the dash lines are imaginary
parts. (a) Eq(x). (b) E1(x). (¢) Eo(x). (d) E3(x). (e) Ea(x). () E5(x).

0.4 (a) 0.4 (b)
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0.2 0.2
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IE 4 EsX)
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0 0
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Fig. 2. Amplitudes of the eigenfunctions in Fig. 1.

Therefore, suppose that v[n] is an eigenvectors of the DFT with
offsets {TA™%5 + Ny, nA~%% + N;}

DFTTA—0-5+N1,1;A—0-5+N1 (v[n]) = )\’U[?’L] (26)
then v[n] approximates the samples of the eigenfunction of the
offset FT with offsets {7, 7}

v[n] & E(:c)|a::\/z<n_N1) where FT, , [E(z)] = AE(x).
27
If N is sufficient large, then the approximation in (27) is very
accurate and we can use the commuting matrix in (18) together
with (21) and (22) to derive the eigenfunctions of the offset FT.
In Figs. 1 and 2, we give some examples to show the eigen-
functions of the offset FT we obtain. We show the real and the
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imaginary parts of the first six eigenfunctions Fy(z) in Fig. 1
and show their amplitudes | E(z)| in Fig. 2. When 7 and 7) are
real, the eigenfunctions of the offset FT are the modulation and
shifting of the “smoothed” Hermite-Gaussian functions. We
will discuss it in Properties D and E in Section III.

Then, we discuss the eigenvalues \;’s of the offset FT. We
can also find them from the eigenvalues of the discrete counter-
part. From experiments, we find that, if we sort the eigenvectors
according to |Tp|, as in (23), then most of the eigenvalues of the
offset DFT can be approximated by the following.

A) When —N/4 < (p+q)/2 < N/4,

Ak zjN7kej”(P+q)+j7r(pfq)2/(QN) when k is small

Ak & (—j)hejﬂ(pﬂ)/”jﬂ(p_qf/(2N) when k is large  (28)
B) When N/4 < (p+q)/2 < 3N/4

Ak z(—j)kejw(p_q)Q/(QN) when k is small

A~ (—j) eIt /24im (0 =)/ 2N) when | is large  (29)

In (28) and (29), h is some integer.
To see the eigenvalues, we can apply (25) and set IV to be
infinite. Then, since

N p+q [N7+nmn N-1 3N
152 Va2 T2 ST
when N is very large, thus it is proper to apply (29). After sub-

stituting (25) into (29), we obtain the following.
* Eigenvalues of the Offset FT:

(30)

g rr=m?
A = (—j)fed ™7 3D
The above discussions are valid even when 7 and 7 are complex
numbers. Note that, if 7 or 7 is complex, the eigenvalues no
longer have unity amplitudes. In this case

[Ak| = exp [-7(r — s)(v — w)/2) (32)
where r = real(7), v = imag(7), s = real(n), w = imag(n).

We then list several important properties of the eigenfunc-
tions of the offset FT.

(Property A): The complex offset FT has a real eigenfunction
setif 7 = conj(n).

Note that any linear operation with a conjugate symmetric
kernel has a real eigenfunctions set.

(Property B) Orthogonality Property:

(i) When 7 and 7 are real, and Fx(z) and Ej(z) are two

eigenfunctions of the offset FT, then

/ Ek(w)Eh(.T)d:l? = C’kék,h. (33)
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(ii)) When 7 and 7 are complex but and 7 = 7, the eigenfunc-
tions are also orthogonal, but now the conjugation opera-
tion in (33) is removed

(34)

/ Ek(aZ)Eh(:lZ)d:E = C’kék,h.

Note that in this case the kernel of the offset FT is sym-
metric.

(iii) If 7 and 7 are complex and 7 # 7, eigenfunctions are or-
thogonal after applying the weighting function exp|[j(7 —

)]

o0

/ Fu()En(x) exp [j(r — n)z] dz = Ciedn.

—00

(35)

(Property C): If E(x) is an eigenfunction of the offset FT
with parameters {7, 7}

FTr, [E(x)] = AE(x) (36)
then exp(jrx) - E(x) will be the eigenfunction of the offset FT
with parameter {7 —r, 47} and the eigenvalue is changed into

expljr(n+r—7)] - A

FTr_rptr [exp(jra) E(z)] = exp [jr(n+ 7 — 7))
XX [exp(jrz)E(z)] . (37)

(Property D) Hermite-Like Property (When T + 1 is Real):
It is well-known that the original FT has the eigenfunctions
of exp(—x2/2)Hy(x) where Hy,(z) is the Hermite function of
order k. In [12], we found that, for the case of the offset FT with
real 7 and 7, the eigenfunctions are the shifting and modulation
form of exp(—x2/2)Hy(z)

s _ _ 2
Ex(z) = 77 % exp [_u] H, <$ _ T;”) _

8
(38)
In fact, (38) can also be applied for the case where 7 and 7 are
complex but 7 + 7 is real.

(Property E) Smoothed Hermite-Like Property (When T + 1
is Complex): When 7 4 7 is complex, the eigenfunction of the
offset FT and the continuous Hermite function may not have the
relation as (38). However, we still observe some regularity.

(a) Assume that (i) Ei(z) is the kth eigenfunction of the
offset FT when 7 = r + jw and 7 = s 4+ jw where r, s,
and w are real, (ii) G (z) is the kth eigenfunction of the
offset FT when 7 = r and 7 = s, and (iii) |w| is small.
Then we find that

@ If |G (z)| has a peak (or dip) at o,
has a peak (or dip) at .
@ sign|(d/do)|Ey ()] = sign|(d/dz)|Gi(a)]].
® [(d/dz)|Ex(x)|| < |(d/dz)|Gr(z)]].
In other words, the shape of | ()| is very similar to that
of |Gk (z)], but the variation of |Ej(z)| is smaller. That
is, |Ex(z)| is the “smoothed form” of |G (z)|, and the

Ey(z)| also

1603
04 (a) 04 (b)
sty NER
= 3.3-0. eta = 35.5-0.
02/0® ] 02 )
0 0
-10 0 10 -10 0 10
04 (© 04 (d)
" [tau=0.7 “|tau=0.7+0.1]
eta=3.3 eta =3.3+0.1)
0.2 0.2
0 0
-10 0 10 -10 0 10
0.4 © 0.4 ®
’ tatlu = g§+8§‘1 " |tau=0.7+0.3j
= + = H
02 M 0.2 eta =3.3+0.3j
. . JV\/L
-10 0 10 -10 0 10

Fig.3. Comparing the amplitudes of the fifth-order eigenfunctions of the offset
FT where {7,n} = {0.7 + jw, 3.3 + jw} and w = —0.2,-0.1, 0, 0, 0.1,
0.2, and 0.3, respectively. (a) |Es(x)|. (b) |Es(x)|. (¢) |Es(x)]. (d) |Es(x)]. (e)
[Es(x)]. () [Es(x)].

(@) |
J

~5

(b) o03f i " 7=15+0.67]"

r=15+0.3]
7=0.77+0.67]\ |

4508 7= 1.5 +0013]

7 =077+0/13]

~—__
r=1.5, n=0.77
3 4

5

Fig.4. Comparing the amplitudes of the second- and the third-order eigenfunc-
tions of the offset FT where {7,n} = {1.5 + jw,0.77 + jw} and w = 0,
0.13, 0.3, and 0.67, respectively. (a) |E2[x]|. (b) |Es[x]|.

eigenfunctions of the offset FT when 7 + 7 is complex is
the smoothed Hermite-Gaussian function with shifting
and modulation.
In Figs. 3 and 4, we perform some simulations to show
how the eigenfunction amplitudes change with imag(7)
and imag(n). We find that, as imag(7) and imag(n)
grow, the variations of amplitudes are getting smaller and
smaller.

(b) Suppose that E () and F () are the kth eigenfunctions
of the offset FT with offsets {r + jw, s + jv} and {r +
jlw+ 2),s+ j(v — 2)}, respectively, then

When z >0 :|Fj(2)| < |Ex(x)| for 22 <Re(r+s)
|Fy.(2)| > | Er(x)| for 22> Re(r+s).

When z <0 :|Fj(2)| > |Er(x)| for 2z <Re(r+s)
|Fy(z)| < |Ex(x)| for 2z >Re(r+s). (39)

These facts can be seen from the experiments in Fig. 5.
Note that, if we increase the imag(7) and decrease
imag(n), the amplitude of the eigenfunction is “tilted”
rightward.
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0.4 (a) 0.4 (b)
“'| tau=0.7+0.09j “| tau=0.7 +0.03j
eta=3.3-0.09j eta=3.3-0.03j
0.2 p \ 0.2 /\ A ,\
0 0
-10 0 10 -10 0 10
(©) (d)
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Fig. 5. Comparing the amplitudes of the fifth-order eigenfunctions of the offset
FT where {7,7} = {0.7 — j2,3.3 + jz} and z = —0.09, —0.03, 0.03, and
0.09, respectively. (a) |E5(x)|. (b) |Es(x)]. (¢) |Es(x)*. (d) |Es(x)].

(c) If Ex(z) and Py(z) are the kth eigenfunctions of the
offset FT with offsets {7, 7} and {conj(7), conj(n)}, re-
spectively, then

|Ex ()] = |Pr(2)]- (40)

(Property F) Zero Crossings Property:

(a) When 7 + 1 is real, from (38), since e~/ ("=7)*/2 F () is
the shifted version of exp(—x2/2)Hy(z) and Hy(x) has
k zero crossings, thus e~/ ("=7)%/2 [5; () also has k zero
crossings.

(b) When 7 + n is complex, from property E,
e J=m2/2 [ (z) is the “smoothed and shifted
version” of exp(—z%/2)Hy(x). Thus, although
due to smoothing, the number of zero crossings of
e=/(=7)2/2 [, (') may not exactly equal to k, but it has
the trend of growing with k.

(c) The numbers of zero crossings of Re[E(z)] and
Im[Ey(x)] depend on those of e~(1=7)2/2[, (z),
cos(Re(n — 1)z /2), and sin(Re(n — 7)2/2). Thus, when

Dk is larger and @|Re(n — 7)| is larger, the numbers
of zero crossings of Re[E(x)] and Im[E(z)] have the
trend of growing larger.

IV. EIGENFUNCTIONS OF FRFTs WITH
COMPLEX ORDERS AND OFFSETS

It is known that, for the nonoffset FRFT with parameter «,
the eigenfunctions is the Hermite-Gaussian function @ (z) and
the corresponding eigenvalue is exp(—jam) [2], [3]

O [@4(a)] = exp(—jam)Py(x) (A1)

where @ (1) = exp(—x?/2)Hy,(z) and Hy () is the kth-order
Hermite polynomial. In fact, (43) can also be applied for the
case where « is complex. If & = ¢+ jp (from (7), ¢ < 0), then

OLHI209 (9, (1)) = exp(pk) exp(—jpk)By(z).  (42)

Then, we discuss the case where the offsets 7 and 7
are nonzero. In this case, we can apply (11) and the re-
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sult in Section II. Although (11) is nonsense for the case
where the amount of displacement is complex, however,
we can use it to conclude the relation between the eigen-
function of the offset FT and that of the offset FRFT. Note
that the offset FRFT corresponds to the offset LCT where
{a,b,e,d,7,n} = {cosa,sina,—sina,cosa,,n}. Thus,
from (11), its eigenfunction is

Eemn) () — pi(n=7cot $)z/2 p(a) ( Tt E)
(x)=e T =g cot 5
where E(®)(z) is the eigenfunction of the nonoffset FRFT.
Moreover, since the offset FT corresponds to the case where
{a,b,c,d,7,n} = {0,1,—1,0, 7,7}, thus its eigenfunction is

EC" (0) = -T2 B (o — (r 4 1)/2)  (44)

where Er(z) is the eigenfunction of the FT. Note that the
Gaussian-Hermite function is the eigenfunction for both
the FRFT and the FT, ie., in (43) and (44) we can set
Ep(z) = E(®)(z). Although (43) and (44) may not be mean-
ingful when 7, 7, or « is complex, we can conclude that when

T+ ncot(a/2) = 7" +n" and n — 7 cot(a/2) =’ — 7' (45)

ie.,

, T o ! «
T :—(cot—+1)+—(eot——1)

2 2 2 2
n':g(l—cot%)—l—g(cot%-}-l) (46)

where Im(a)) < 0, the eigenfunction of the offset FRFT with
parameters {«, 7,1} is the same as the eigenfunctions of the
offset FT with offsets {7/,7'} when Im(«) < 0. That is the
following is true.

* Eigenfunction of the Offset FRFT:

OF ™" [E(x)] = X* [E(x)]
if FT.,—I,UI [E(J?)] =A [E(JT)] 47)
where 7/ and 7 are defined in (46). Thus, we can first use the
method in Section II to find the eigenfunction of the offset FT
with parameters {7/, 7'}, then it is just the eigenfunction of the
offset FRFT. To obtain the eigenvalue, we can take fractional
power for (31) and obtain that

a _ (_j)akejﬂ’a(‘r cot(a/2)—n)? /443K

o= (48)

where « is some real constant. When «, 7, or 7 is complex, the
amplitude of the eigenvalue may not be 1.

Since the offset FRFT has the same eigenfunctions as the
offset FT, all the properties in Section III can be applied for the
offset FRFT with complex parameters and offsets, except that
we should change {7, 7} as {7/, n} before applying them.

V. HERMITE-LIKE EIGENFUNCTIONS OF LCTS WITH
COMPLEX PARAMETERS AND OFFSETS

The LCT with complex parameters and offsets is useful for
analyzing the optical system with energy loss [23], [24]. As the
works in [11], [12], we will use the following property to derive
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the eigenfunctions of the LCT with complex parameters and
offsets.

(Property 1): If (i) E(x) and X are the eigenfunction and
the eigenvalue of the operation O 4, respectively, and (ii) Op
is reversible, then since

00405 {0 [E(z)]} = OpO4 [E(x)] = A - Op [E()] .

(49)
the operation OO0 405" has the eigenfunction of Op[E(x)]
and the corresponding eigenvalue is also A.

From Property 1, we can derive the eigenfunctions of the
offset LCT with complex parameters. In (49), we choose O 4 as
the offset FRFT, which corresponds to the offset LCT with pa-
rameters {cos «, sin «, — sin «, cos «, 71, 71 }. Then we choose
Op as the offset LCT with parameters {e, f, g,h,0,0}, and
O3 is the offset LCT with parameters {h, — f, —g, ¢, 0,0}. The
constraint is that f should be real, since

O(h,—f,—g,e,(] 0) {O(e ,f>9,h,0,0) (.CE)]}

]"]"ex jly=v)u/f)
J) 27| f|
X exp [j#] p(z)dx (50)

and (2n|f|)~" 7 exp[i(y — z)f~'u]du = 6(y — z) only
when f is real. In (49), if the offset LCT with parameters
{a,b,¢,d,7,n} equals to OBOAOIEI, then

a bl [cosa—(eg+fh)sina (e2+ f?)sin
c d| | —(g*°+h?)sina

cosa+(eg+ fh)sina
51
[:J = [; ,ﬂ [:}1], ie,m =Th—nf,m = —1g + ne.
where Im(a/b) > 0 when a # 0, and Im(b) = 0 whena = 0
[5]. In (51), since there are 5 unknowns e, f, g, h, and a and 4
equalities, there are infinite solutions. To simplify it, we can set

F=1. (52)
Note that the offset LCT with parameters {¢e, 1, g, h,0,0} is
(j27r)_0'5ejh“2/2 / exp(—juz) exp(jex?/2)g(z)dz. (53)

Itis a combination of the FT and two chirp multiplications. After
setting f = 1, then e, g, h, and a can be solved from

a+d=2cosa,— a=cos ' [(a+d)/2]
b=(e?+1)sina,— e =vbesca — 1
(d—a)csca =2(eg+h), c=—(g°>+h*)sina (54)

After substituting ¢ = [(d — a)/(2€)]csca — h/e into ¢ =
—(g? + h?)sin a, we obtain

h= [d— at\/(d+a)? —4/I— bcsca} /(2b), g = eh—1.

(55)
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Then, all the parameters in (51) can be solved. Note that, in (54),
there are two solutions for e. To make the integration in (53)
finite, it is proper to choose the solution that satisfies imag(e) >
0. Similarly, in (55), there are also two solutions for A (denoted
by hi and ho). If imag(hy) > 0 and imag(hs) < 0, we set
h = hy. If both imag(h, ) and imag(hs) are positive or both of
them are negative, we choose the one whose absolute value of
the imaginary part is smaller.
Thus, to solve the eigenfunction of the offset LCT with
complex parameters and offsets, we can use the process of
@ First, we use the method in Section IV to solve
the eigenfunction of the offset FRFT with parameter
{a,m1,m} where a, 71, and 7, are defined in (54) and
(51).

0SB (2)] = AE: (). (56)
(@ Then we do the following operation, which is equiva-
lent to the offset LCT with parameters {¢, 1, g, h, 0, 0}, for
Ey(z). The result E(z) is the eigenfunction of the offset
LCT and the eigenvalue is also .

E(z) = exp(jh:vz/Z)FT [exp(jer/Z)El(v)] (57)
where e and h are derived from (54) and (55)
Ot (B ()] = AE(x), \is defined in (56) . (58)

VI. OTHER TYPES OF EIGENFUNCTION

A. Periodic Function-Like Eigenfunctions

It is known that the eigenfunction of the Fresnel transform
is a periodic function. Therefore, in (49), we can also choose
O 4 as the Fresnel transform (i.e., the LCT with parameters
{1,7,0,1}). Then we also choose Op as the offset LCT with
parameters {a1, b1, c1, d1 }. Then, we obtain that

a b _|a b1 1 r d1 —b1

c d| |e di| |0 1||-c1 @
| 1=aicrr 2
- —cir

ajr
1+ alclr} ) (59)

There are infinite solutions for a1, c1, and r. Since the eigen-
vectors of the Fresnel transform is a periodic function

O(1r01) (F(1) = uf()if £(t) = uf (t+ |r|7r> (60)

thus, from (49), the offset LCT has the eigenfunction of the fol-
lowing form, which is the LCT of a periodic function, and the
corresponding eigenvalue is

E(m):ejd]zQ/(2b1) / e‘jmy/blejalﬂz/(?b‘)f(y)dy (61)

where a1, by, ¢1, d1, and r should satisfy (59) and f(z) should
satisfy (60).
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B. Fractal-Like Eigenfunctions

Similarly, if in (49), we choose O 4 as a scaling operation,
i.e., the offset LCT with parameter {01, 0,0, 0,0, 0}, then

a b | bl U_l 0 dl —bl
cd| | di 0 of||l—ca o

[ardio™t —bicio arbi(o—a 1) ©2)
Cldl(O'_l—U) —b1010_1+a1d10'

where o = [a rd+ \/m} / 2. (63)

Since the eigenfunction of the scaling operation is the scaling-
invariant function (i.e., the fractal)

s(z) = As(ox) (64)

thus the offset LCT has the following eigenfunction, which is
the LCT of a fractal, and the corresponding eigenvalue is also
A ({a1,b1,¢1,d1}, o, and s(z), should satisfy (62), (63), and
(64))

E(z) = edhv"/ () /e—m/bleﬁ'“lyz/(z’“)s(y)dy. (65)

VII. EIGENFUNCTIONS/EIGENVECTORS
OF CONTINUOUS/DISCRETE COSINE, SINE,
AND HARTLEY TRANSFORMS

Since the cosine transform (CT), sine, transform (ST), and
Hartley transform (HT) have close relation with the FT (even
with the complex offset terms), we can use the eigenfunction
of the complex offset FT to derive the eigenfunctions of the CT,
ST, and HT with complex offset. Their definitions are offset CT,
ST, and HT are defined as follows.

¢ Offset CT:

T, lo(2)] = /1/27 / cos [(z — n)(w — 7] g()da.

(66)
e Offset ST:

STrnl9(x)] = V1/27 / sin[(z —n)(w — 7)] g(2)dz.

(67)
o Offset HT:

HT,, [g(z)] = V/1/2% / cas[(z — n)(w — )] g(x)d.

(63)
In the above, cas(xz) = cos(z) + sin(x). We find that
(A) The eigenfunctions of the FT with offsets (7,7) (i.e.,
n = 7) are also the eigenfunctions of the CT with off-
sets (7, 7). It can be proved from the following fact.

(i) The offset FT with parameters (7,7) and the
offset IFT with parameters (7,7) (defined in (1)

and (2)) have the same eigenfunctions. That is,

if FT,., [Ex(z)] = A Eg () (69)

then IFT, , [E(z)] = A, ' Ex(2). (70)
(ii)) When 7 = 7, then

FTry l9(2)] + IFT-y [g(2)]
_ /12 / (e—jw—r)(z—r)+ej<w—r>(m—r>) o(z)dz

= 20T;, (9(x)) - (71)

(iii) Therefore, if Ex(z) is an eigenfunction of the
offset FT with parameters (7, 7), then

CTr 7 [Ex(z)] = {FT; - [Ex(2)] + IFT, - [Ex(z)]} /2
= (A + A1) Br(z)/2. (72)

That is, F(t) is also the eigenfunction of the offset CT
with parameters (7, 7) and the corresponding eigenvalue
is (A + A H)/2.

(B) If Ej () is an eigenfunction of the offset FT with param-
eters (7, 7) and the eigenvalue is Ay, then Fy(x) is also an
eigenfunction of the offset Sine and HTs, and the eigen-
values are

j (A —Ay") /2, for offset ST (73)
(1+5)A/2+ (1= j)A;t/2, foroffset HT.  (74)

The proofs are similar to that of the offset CT.

(C) When 7 # 7, there is no obvious relation between the
eigenfunction of the offset FT and those of the offset CT,
ST, and HTs.

(D) Similarly, for the offset discrete CT, ST, and HTs (offset
DCT, DST, DHT)

DCT,., (ofn]) = VT Nz S EGELLED)

x x[n] (75)
DST, , (#[n]) = VN1 NZ i [P0 0]

x x[n] (76)
DHT, , (slnl) = VN1 Nz o [P0

x x[n] a7

we find that, if vi[n] is an eigenvector of the offset DFT
with parameters (p, p) and the eigenvalue is py, then vy [n]
is an eigenvector of the offset DCT, DST, and DHT with
parameters (p, p), and the corresponding eigenvectors are

for offset DCT : (uk + N;;l) /2

for offset DST : j (Ax — Ay ') /2

for offset DHT : [(1+ j)Ax + (1 — )A; '] /2. (78)
When p # ¢, there is no obvious relation between the

eigenvectors of the offset DFT and those of the offset
DCT, DST, and DHT.
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Fig. 6. Lens and a prism in an optical system may absorb the light energy.

VIII. APPLICATIONS

A. Self-Imaging Phenomenon Analysis

In many cases, especially when a part of light energy is lost
after the light propagating through some components of an op-
tical system, we should use the offset LCT with complex vari-
ables to analyze the optical system [23], [24].

For example, the prism in Fig. 6 has the transfer function as

where
t(z) = exp [—jk(n — 1)oz], k=27x\"" (79)
_ bottom width of the prism
N height of the prism
n : refractive index. (80)

Since (80) is a modulation operation, we can use the offset LCT
with the parameters of

{a,b,¢,d,7,n} = {1,0,0,1,0,—k(n — 1)o} (81)

to represent it. Note that all the parameters in (81) are real. How-
ever, if the lens can absorb the energy of light, the transfer func-
tion becomes

t(z) = exp [—p(h — z)]exp [-jk(n — 1)ox]  (82)

where h is the height of the prism. In this case, using the offset
LCT with real parameters to analyze it will not be suitable and
we should the offset LCT with complex variables to represent
it. Comparing with (5), it can be represented by the offset LCT
with parameters

{(I, b> cC, d-, 7-777} = {170707 17 07 —H1 — JI'I/Q}

p1 =k(n—1)o, pa=p. (83)
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Fig. 7. Optical system consisted of a decayed component.

Input

of the light)

ho(x) =t(z)h;(z), where
t(w)=exp[—jka?/(2])]exp[—p(h* —2%)/(2f)] (84)

and f is the focal length of the lens. Comparing with (5), we can
conclude that it can be represented by the offset LCT with

{a,b,e,d,7,n} ={1,0,—p1 — j - p2,1,0,0}
pr=k/f, p2=p/f. (85)

If an optical system consists of the light-absorption compo-
nents as in (82) or (84), we must use the offset LCT with com-
plex parameters to represent it.

Then, we see the optical system in Fig. 7. It consists of a
lens, a prism, and three free spaces. We can apply (83), (85),
and the additivity property of the offset LCT in (9) and (10).
After some computation, we can show that the system in Fig. 7
can be expressed as the offset LCT with parameters shown in
(86) and (87) at the bottom of the page. All the six parameters
may have imaginary part.

In [12], we derived the eigenfunctions of the offset FT and the
offset LCT with real parameters and offsets, see (11). However,
(11) can not be applied for the case where the parameters and
offsets are complex. Now, since we have derived the eigenfunc-
tions of the LCT with complex parameters and offsets, we can
use them to analyze the self-imaging phenomenon and the res-
onance phenomenon for the optical system with decayed com-
ponents.

For the example in Fig. 7, if we choose the parameter as

do =1,
1 :27

dy = 1.45,
p2 = 057

dy =2,
pr =1,

k=10
po = 0.2 (88)

then it can be represented by the offset LCT with parameters

a b] _ [0.6—01j 0.347 —0.0245]
c d| | -2-05] 0.51—0.1225j

Another example is that the transfer function for a lens in 7| _ | —0.2899 — 0.0429; 89
Fig. 6 can be expressed as (suppose that it can absorb the energy n| | —0.7245 — 0.06957 | - (89)
dap s dapa do+di+d do+di)dap: L (do+di)dapa
|:0, b:|:|:1—Tp_JTp 0 k.l 2_(0 k{ p._J(O k2) p1:| (86)
c d —p1 —jpe 1— (do + di)prk™" — §(do + di)pak™
T =didok 2 (pr1p — papin) — (di + do)pn k™ + j [didok ™ (papn + prp2) — (di + do)pok ]
n=(dik™ p1 = Dpa — dok™ popa + j [(dik™" p1 — Vpg + dok ™' papua] - (87)
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(b)

-5 0 5
Fig. 8. (a) Eigenmode of m, = 2 and m, = 4 (m, and m, are the orders
of the eigenfunction in # axis and y-axis, respectively) for the optical system in
Fig. 7. (b) Output when the input is (a). (c) Eigenmode of m, = 4and m, = 53,
(d) Output when the input is (¢). (a) Ez 4(x, y). (b) Output for E2 4(x,y). (¢)
E4 5(x,y). (d) Output for E4 5(x,y).

We apply the results in Section V and obtain its eigenfunction.
In Fig. 8, we show an example of applying the modes of {k, =
2,ky = 4} and {k, = 4, k, = 5} to the optical system in Fig. 7
and show the input and the output, where k, and k, mean the
orders of the eigenfunctions for x axis and y-axis, respectively.
Observing the outputs, we find that some energy is lost after the
light propagating through the optical system. It is due to that
the eigenvalues of the offset FT, FRFT, and LCT with complex
parameters and offsets may not have unitary amplitudes.

B. Fractional Laplace and Fractional Z-transforms

Note that, from (38), for the offset FT with parameters

(Tv 77) = (jU> —jO’) (90)
the eigenfunctions are the decayed forms of Hermite-Gaussian

functions ®y(x)

EUTI7) (4) = 7"y (z), where & () = e /> Hy ()
oD
and the corresponding eigenvectors are (—35)* exp(—jo?). The
fractional Laplace transform can be defined as the fractional
operation of the offset FT with parameter (jo, —jo)
From [3], the nonoffset FRFT is derived from eigenfunction
summation

Galt) = [ 9la) Y e
o k=0
X ()P (u)dx (92)
Wherei)k = O (x //<I>2
/ ®;(2)®x(x)dr =1, whenj = k
/ ®;(x)®x(x)dz =0, otherwise. (93)
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= \/(1 — jcot 04)/(27r)ej“2 cot a/2

Ze_j“kék(x)ék(u)

—jux cscozejz2 cot /2

X e (94)

If in (92) we use the eigenfunction of the offset FT with param-
eters (jo, —jo) instead of @ (x), then

GL,a(U): /g(:v)e_ﬁ(’”?/”

x 3 e ik EIT I () EIT T (w)de. (95)

Analogous to (93), Y797 () should be bi-orthonormal to
EY777)(2). From (91)

En(x) = e_‘””<1>k(a:)/ / 2 (x)dx (96)
Therefore, from (94)
Z e—jakE’(CJQ—JU)(x)EI(CJG;—JU)(u)
= ¢7(u=7) Z e_j”k&)k(x)fbk(u)
k=0
— ea(u—z) 1 —jcot Oleju2 cota/2
27
> efjuz cscozejx2 cota/2. (97)
Thus, we can define the fractional Laplace transform as
Gra(u) =07 (9(x))
— 1 _;COt ae—%aze%uQ cot at+ou
T
X / efjuxcscafo'ze%xz COtag(iL‘)dlL’. (98)

Note that, as the FRFT, the fractional Laplace transform is ad-
ditive and reversible

03 {07 lg()]} = 077 [g(a)], 07 {0% [9(@)]} = g(a).

99)
When o = 0, G o (u) = g(z). When a = m/2, it is near to the
original Laplace transform

Grrpa(u) = 77 H7G(s) (100)
where G(s) is the original Laplace transform of g(z) and s =
o+ ju.

Similarly, we can define the fractional Z-transform as the
fractional power of the transform matrix of the offset DFT
with parameters (p, q) = (jo, —jo). Analogous to the process
from (91) to (97), we obtain that, if F', is the transform matrix of
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the discrete FRFT (DFRFT) without offset and Z,, is the trans-
form matrix of the fractional Z-transform, then

Zo[m,n] =I5 feNo(m—mE, [m,n]. (101)
Therefore, the fractional Z-transform is defined as
N-—
Gz.al Z [m, n]g[n] (102)

where Z,[m,n] has the relation in (101) with the transform ma-
trix of the DFRFT. We can also prove that the fractional Z-trans-
form is additive and reversible

ZoZ2s="70+p3, Z_o,Z,=1 (Iisanidentity matrix).
(103)
When « = 7/2, the fractional Z-transform become the original

Z transform

Gzalm,n] = e_jzwaz/Ne%am/NG(z)
where G(z)is the original Z-transform ofg[n]

and z = exp(j2rm/N) exp(2wo /N). (104)

Both the fractional Laplace transform and the fractional
Z-transform are additive. They will be useful for signal pro-
cessing. As the FRFT and the DFRFT, they are suitable for
processing the signal whose instantaneous spectrum varies with
time. Moreover, for the following signal

oo

/ |g(x)| dx or Z |g[n]| does not converge

n=—oo

but / e~ 7% |g(x)| dx or

— 00
oo

>

n=—oo

e~7" |g[n]| converges for some o.  (105)

Although they cannot be transformed by the original FRFT and
the DFRFT, they can be processed by the fractional Laplace and
Z-transforms.

C. Other Applications

(i) Analyzing the resonance phenomena:
We can use the derived eigenfunctions to analyze the res-
onance phenomena for the radar system, the gradient fiber
system [21], or other electromagnetic wave systems with
energy absorbing components: The method is similar to
that for self-imaging phenomena analysis.

(i1) Mode selection:
Even when the offsets 7/ and n’ are complex, the eigen-
functions of the offset FT form a complete set. That is,
any function f(x) can be expanded as a summation of the
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eigenfunction of the offset FT, as in (106), where Ej(z)
is the eigenfunction of the offset FT

(106)

= Z akEk (.’L‘)
k=0

Moreover, from (45) and (46) in Section IV, we know that
the offset FRFT with parameters {«, n, 7} and the offset
FT with offsets {7, ' } have the same eigenfunctions and
their eigenvalues have the fractional power relation, see
(45)—(48). Thus, analogous to the works in [22], if a,- = 0
forr > M

T=siny, [T/(Sin Prmtc0s Py, ) + 77/ (Sin thm —cos l/}m)]
Py =M ! (107)
N =Ssin 1, [T/ (cos t, —sin 1, )
+n' (o8 P +sin ., )] (108)
we can obtain a certain mode ay Fy(x). It is useful for
phase retrieval and spectrum analysis.
(iii) Generalization for the DFRFT
Note that, in Section II we derived not only the eigen-
functions of the offset FT but also the eigenvectors of its
discrete counterpart, the offset DFT. We can apply these
eigenvectors to define a general form of the fractional
offset DFT i.e.,

= V,qD2 V5!

P.q " pP.q
where
Voa=[vg Vi -+ - va_1] (109)
Dg , s diagonal, abln] = exp(j2raM, )\
M,,' s are any integers , (110)

vik's : the normalized eigenvectors ofthe offset
DFT Fp, o derived in Section II-B

A's :
see (2

the corresponding eigenvalues
8) and (29). (111)

The fractional offset DFT are much more flexible and gen-
eral than the original DFT and the existing fractional DFT
[18], [20], and all of their applications are also the po-
tential applications of the fractional offset DFT. We can
use the advantage that the fractional offset DFT has a lot
of adjustable parameters (p, ¢, o, and M,,’s) to tune for
better performance. It will be useful for encryption, filter
design, watermark, pattern recognition, and linear system
modeling.

IX. SUMMARY AND CONCLUSION

The eigenvectors and eigenfunctions of the offset and
nonoffset DFT, FT, FRFT, and LCT are summarized in Tables |
and IL. In this paper, we derived the eigenfunctions of the offset
FT with arbitrary offsets 7 and 7, including the case where 7, 7,
or both of them are complex numbers (i.e., the decayed offset
FT). We found the eigenfunctions of the offset FT with complex
7 and 7 are the smoothed Hermite-Gaussian functions with
shifting and modulation. We also extended the results for the
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TABLE 1

SUMMARY OF THE EIGENVECTORS OF THE NONOFFSET AND OFFSET DFT

Operations

Types of Eigenvectors and References

(1) DFT

Hermite-Gaussian like vectors, derived from S matrix (Ref. [13])

(2) Offset DFT forp =¢q
=12

Shifted version of Hermite-Gaussian-like vectors, Ref. [14]

(3) Offset DFT forp + ¢

= any integer

(i) Shifted and (ii) modulation version of Hermite-Gaussian

like vectors, Ref. [15]

(4) Offset DFT forp=¢q

Shifted version of Hermite-Gaussian like vectors, Refs. [16][17]

(5) Offset DFT for

arbitrary real p and ¢,

(i) Shifted and (ii) modulation version of Hermite-Gaussian
like vectors, derived from the commuting matrix in Eq. (18) of

this paper

(6) Offset DFT for

arbitrary p and gq,

which can be complex

(i) Smoothed, (ii) shifted, and (iii) modulation version of
Hermite-Gaussian-like vectors, derived from the commuting

matrix in Eq. (18) of this paper

(7) Offset DCT, DST,
and DHT forp=gq

Eigenvectors are the same as those of the DFT with offsets (p,

p). see Section VII in this paper

TABLE II

SUMMARY OF THE EIGENFUNCTIONS OF THE CONTINUOUS NONOFFSET AND

OFFSET FT, FRFT, AND LCT

Operations Types of Eigenvectors and References
(1) FT, FRFT e”‘z/zH,( (x) Hermite-Gaussian functions (Refs. [1][2][3])
(2) LCT (a) Hermite-Gaussian functions + scaling + chirp multiplication

(b) Periodic Functions with chirp multiplication and FT
(c) Fractals with chirp multiplication and chirp convolution

(Egs. (39), (56). (62), (98), (109), (132), and (146) in Ref. [11])

(3) Offset FT and

FRFT (5 + ris real)

E,, (t) _ g/l eq_\qm,yz]-,:Hk (X*(T‘F?])/z),
Hermite-Gaussian functions with (i) modulation and (ii)

shifting, Eq. (47) in Ref. [12].

(4) Offset LCT

(n+ ris real),

(i) Modulation and (ii) shifting for the three type eigenfunctions

of the LCT, Eq. (60) in Ref. [12]

(5) Offset FT / FRFT

(n+ ris complex)

Hermite-Gaussian functions with (i) modulation, (ii) shifting,
and (iii) Smoothing (illustrated in property E of Section III),
derived from the commuting matrix in (18) together with Egs.

(46) and (47) in this paper.

(6) Offset LCT

(n+ ris complex)

@ E(x)=exp(jme?/2)FT|exp(jev? 1 2)E, ()],

E(v):

(b) LCT of a periodic functions

smoothed Hermite-Gaussian functions (Section V)
(Section VI-A)

(¢) LCT of a scaling-invariant function (fractal) (Section VI-B)

(7) Offset Cosine,

Sine, and Hartley

transforms when 7= 7

Eigenfunctions are same as those of the FT with offsets (7 7). See

Section VII in this paper.

case of the offset

FRFT and the offset LCT with complex pa-

rameters and offsets. The eigenfunctions we obtained are useful
for analyzing the optical system consisting of energy-absorbing

components, reso

nance analysis, mode selection, and defining

the fractional Laplace transform, fractional Z-transform, or a
much more general form of the DFRFT.
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