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Summary. By appealing to the classical boundary-layer theory, the present paper investigates the effect of
the freestream shear on the separation of the laminar boundary layer around a circular cylinder. It is
shown that on the side of the cylinder with faster freestream velocity the location of the separation point
(point of vanishing wall shear) is virtually unaffected by the freestream shear, while on the other side of
the cylinder a critical shear rate is observed. Below this critical value, separation occurs typically at the
rear surface of the cylinder and is found to shift towards the downstream direction with increasing free-
stream shear. Above the critical shear rate, the boundary layer separates from the windward side of the
cylinder. Further increase of the freestream shear then causes the separation point to move towards the
upstream direction. The present findings may have important implication on the issue regarding to the
orientation of the lift force exerting on the cylinder.

1 Introduction

Ever since Prandtl first proposed the concepts of “boundary layer” and “flow separation” in
his truly epoch-making paper [1] in 1904, the boundary-layer theory has played an important
role in the development of modern fluid dynamics. Mathematically, the theory leads to a
great simplification of the complete Navier-Stokes equations, and physically it describes the
limiting behavior of the flow with infinite Reynolds number. It is generally accepted that the
boundary-layer formulation is a valid approximation to large-Reynolds-number-flow until
“separation” starts to intervene. In steady flows, such a feature is associated with the appear-
ance of a vanishing wall shear and was described by Prandtl in his theory as flow “breaking
away” from the surface. Early efforts in studying flow separation were then made by tracking
the point of zero wall shear (see, e.g., Schlichting [2]) as it signals the onset of flow reversal
and termination of the boundary-layer type flow.

Among all the benchmark studies in fluid mechanics, the problem of a uniform flow past a
circular cylinder has long been a paradigm for exploring flow separation and related phenom-
ena [2], [3]. The abundant and intriguing flow dynamics associated with yet such a simple con-
figuration has attracted the attention of many researchers over a time span of nearly a cen-
tury. Though with the advent of high-speed computers and delicate experimental techniques
complicated flow phenomena about a circular cylinder have been disclosed and established to
an extent far beyond the pertinent realm of the boudnary-layer theory, the fruitful achieve-
ments and the great success we enjoy today can be attributed to Prandt!’s invaluable contribu-
tion.
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Interestingly, the more general case of flow separation over a circular cylinder placed in a
uniform shear flow, which is of both theoretical and practical importance, appears to have
received less attention. In practice, shear flow is a more commonly encountered one than the
uniform stream; e.g., the atmospheric flow near the surface of the earth, the flow near the
wall of a conduit with Jarge cross-section, etc. There exist in literature some important results
(4] -(7], mostly for low-Reynolds-number-flow, discussing the characteristic of the Iift force
acting on the circular cylinder due to the asymmetry of the shear flow. Some other studies
[8]-[12], either numerical or experimental, are focussing on the frequency of the vortex shed-
ding and the associated drag force over the cylinder in a linear shear flow. However, despite
of the historical significance of the boundary-layer hypothesis and its simplicity in formula-
tion, a fundamental study about the dependence of the separation location on the freestream
shear as based on Prandtl’s simple criterion of separation seems to be lacking. The present
paper is intended to provide such a result.

In strict mathematical terms, the viscous boundary layer and the limiting inviscid-flow for-
mulations construct the so called leading order inner and outer expansions, respectively, of
the full Navier-Stokes equations. In the essence of the matched asymptotic expansions techni-
que, the boundary-layer flow is then completely determined by the streamwise pressure gradi-
ent incurred from the outer inviscid flow. The outer flow can be either irrotational or with
constant vorticity, as long as it satisfies the inviscid-flow equations. In the classical uniform
stream past a circular cylinder problem, the outer inviscid flow is easily obtained from the
well known complex potential theory. Probably less known is the inviscid solution of a uni-
form shear flow past a cylinder. Fortunately, as will be described in the next section, there is a
nice theory (Milne-Thomson [13]) with which an exact analytical result for the circular cylin-
der case can be derived. With the inviscid flow distribution along the cylinder surface at hand,
the flow in the boundary layer can then be readily solved via a conventional numerical
scheme, and the separation is determined by locating the point where the wall shear vanishes.

Though it is well recognized that due to the negligence of the viscous-inviscid interaction
existing in a finite-Reynolds-number-flow and the effect of the wake behind the cylinder the
actual flow diverts somewhat from the classical boundary-layer result, the present work may
nevertheless serve as a benchmark case for reference in fluid dynamics texts. It also provides
a basic result upon which future improvement may be built up, such as the incorporation of
a strong viscous-inviscid interaction model to attain a more realistic approximation to the
flow.

2 Formulations of the problem
2.1 Boundary-layer equations

Let the velocity distribution of the freestream with uniform shear be given by
U="U,+oy., 1)

where o = OU /0y, = —( denotes the constant shear rate of the freestream and is equivalent
by definition to the negative vorticity ¢ of the flow, and U, is some reference velocity along a
line passing through the center of the circular cylinder (see Fig. 1). According to Eq. (1), posi-
tive o refers to the freestream speed increasing linearly in the positive (upward) y,.-direction.
The formuiation is then given by the usual steady, incompressible two-dimensional boundary-
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in which x and y represent the boundary-layer coordinates along and normal to the cylinder
surface, u and » are the velocity components along x and y, respectively. As usual, Egs. (2)
and (3) have been normalized by the radius of the circular cylinder a and the reference velocity
U,. Also, both the normal coordinate y and velocity component v have been scaled up by the
Reynolds number R, = U,a/v. The above equations are subject to a no-slip condition on the
cylinder surface, and an inviscid velocity distribution U, at the far field:

u=v=0 at y=0, (4.1)
w - U, as Yy — 00. (4.2)

The distribution of U, is to be obtained from the inviscid solution of the flow (derived in the
next section) along the cylinder surface. The streamwise pressure gradient dp/dz driving the
boundary layer is then related to the velocity U, as dp/dz = —U, dU./dz.

2.2 Quter inviscid-flow solution

The inviscid-flow solution to the problem can be obtained by using the second circle theorem
[13] described as follows.

Let the stream function v, of an unperturbed (that is, without the presence of a cylinder
or any solid boundary) two-dimensional flow with constant vorticity (, be expressed as

Yol 2) = F(2) + F() ~ 3 022, (5)

where z = z,. + iy,, 2 = x, — iy, is a pair of complex coordinates, F(z) is a complex function,
and overbarred quantities denote the complex conjugates of the associated function or vari-
able. [t is a trivial task to confirm that the vorticity of the flow represented by (5) is a con-
stant:

P, | .\ D%,
¢= _<azc2 +5yc2> 4

T 6z62:C0'



74 T. Wu and C.-F. Chen

The second circle theorem states that when introducing a circular cylinder of radius a (cen-
tered at the origin of the complex plane 2) into the above base flow, the stream function of the
resulting flow field is then given by

_ a? _ o _(a? 1, _
’(/)(Z,Z)ZF(Z)"F(T>+F(Z)—F<—-> —={,2Z. (6)
z z 4

It is easy to show that along the circle |z| = a the above stream function reduces to a constant
1 = —1/4(,a?, indicating that the circle is indeed a streamline. Far from the cylinder z — oo,
Eq. (6) converges to the base flow (5). The last term in (6) accounts for the vorticity persistent
to the flow. Again, the vorticity is a constant and equal to that of the base flow ¢,, in consis-
tence with Kelvin’s theorem [13] which states that the circulation in an inviscid, incompressi-
ble flow subject to conservative external forces is conserved. Thus the expression (6) is indeed
the solution we are secking, and the whole problem is nailed down to the determination of a
proper function F(z).

In our present problem, the unperturbed base flow is a free stream with constant vorticity
(o = —0o as given by (1), the corresponding stream function is, upon using the coordinates
relation y, = —4/2(z — ),
—ilU, iU,

(-2 -3 (=2 =2+ 5252 2 -

o 4 O _
5 5 Z+—2z. (7)

o —iU,
Yo = Upye + = y02 = g 4

2 2

Comparing with Eq. (5), it is apparent that

Substituting F'(z) into Eq. (6) and taking the proper conjugate operations, we obtain

iUga® oot iU, _ o 4 i,a®? oa® o _
- P +- 2%,

—il, n
2z 822 2 8 2z 822 4

¢(Z, 2) = 9

g
2-= 2+
8
Written in terms of the polar coordinates z = re?, the above expression becomes

P(r,0) = Uo('r—a?z) sin9~% KTZ ~j—2) cos 20 — (r* —a?)| . (8)

In Eq. (8), a constant —ca?/4 has been added to render the stream function ¢ = 0 along the
circle » = a. The inviscid velocity along the cylinder surface can then be obtained by evaluat-
ing the derivative of the stream function (8) at r = a,

b

Vo= -3

= —2U, sinf + oa cos 26 — %‘f . 9)

T=a

When normalized by the characteristic length a and the reference velocity U,, the nondimen-
sional forms of (8) and (9) read

¥(r,0) = (T—D sinf - Kﬁ —%> cos20 — (2 — 1), (10)

Vo=-2 Sin0+acos20—g, (11)

with ¢ now denoting the dimensionless shear rate (o = ~{,a/U,) of the free stream.
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Finally, in conformity with the direction of the dimensionless boundary-layer coordinate =
defined in Fig. 1, the inviscid velocity distribution U, along the circular cylinder is re-written
as (in nondimensional form):

U, = —Vg=2sinx—acos2x+%. (12)

Equation (12) serves as the boundary condition at the outer edge of the boundary layer.

2.3 Stagnation points and stagnation flow

According to Eq. (12), the location of the stagnation point z, (where U, = 0} on the cylinder
surface is given by

z, =sin"! (———————_1 Evit 02>
o B
20

The above expression is graphed in Fig. 2, because of symmetry only the variation of the stag-
nation Jocation at the windward side (front stagnation) is shown. Depending on the value of
o, there may be two stagnation points (one at front and the other at rear) on the cylinder for
—4/3 < o < 4/3, or four stagnation points otherwise. The presence of the extra two stagna-
tion points is owing to the fact that for large o] value one side of the cylinder surface is cov-
ered with flow that travels in the opposite direction. To show this, inviscid streamliines (10)
are plotted for three different values of ¢ in Fig. 3. At o = 1, only two stagnation points are
present on the cylinder, the other stagnation point, appearing as a saddle in the plot, les
within the flow. At a critical value o = 4/3, the saddle point attaches to the cylinder surface.
It then splits into two stagnation points, separating apart along the cylinder surface with
increasing o. In the latter case, a portion of the cylinder surface in the lower half is covered
with a back flow. To simplify the issue, the boundary-layer calculation and discussion made
in this paper will be restricted to the parameter range —4/3 < ¢ < 4/3 only. It is also observed
in Fig. 3 that within this range the location of the front stagnation point is biased towards the
fast side of the freestream as noted in [6].
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The inviscid velocity near the front stagnation point z, can be derived from expanding
Eq. (12) for small & — z,:

dU,
dx

Zo

Ugz) =20+ ( — o) = (2cosx, + 208in27,) (z — T,) - (13)
Equation (13) gives a linear distribution of U, in (z — z,). Furthermore, from the inviscid
solution (10), it is not hard to show that the stagnation streamline intersects the cylinder sur-
face perpendicularly at the stagnation point. Thus disregarding the presence of a simple shear
in the freestream, locally the boundary layer in the neighborhood of the stagnation point can
still be treated as the well known plane stagnation flow of Hiemenz. The governing equation
for the Hiemenz flow is [2]

éf L df  (df\?
_ 4 —_< _ =L 1=
dn? +f dn? (dn + 0 (14)
with
dU, df u
= —_— = 1
n=yy /= IR Al (15)

The equation and its solution are well stated in most of the texts (e.g., see Schlichting [2]). The
solution is then used as the initial condition for starting the numerical integration of the vis-
cous boundary-layer equations in the next section.
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3 Numerical method

The streamwise velocity v along the stagnation line in the viscous boundary layer is identically
zero. In order to employ the Hiemenz solution as the starting velocity profile for integrating
the flow downstream, the boundary-layer equations (2} and (3) need to be modified slightly.
Let us define “reduced” velocities as

U= su, Ue = sUe,

with s = x — z, denoting the distance to the front stagnation point z,, then the governing
equations (2), (3) become (in conservative form)

o(sii) v
1o(si?) 10(s0,) &4 06 1,2
5 o 3 dw op “opale ") an)

Note that the flow variable in the Hiemenz equations (14), (15) is related to the newly defined
reduced velocities by df/dn = (ii/U.),_,. Therefore, in what follows we are actually solving
for the reduced velocity @ from Egs. (16) and (17).

In the calculation, the unbounded physical domain 0 < y < oo is more conveniently trans-
formed to a unit computational region 0 < 5 < 1 by the mapping function

0
y—Atan<~2~ﬂ>,

where A is a mapping constant controlling the grid spacing near the cylinder surface. In terms
of 8, Egs. (16) and (17) become

(st v

E%) =0y Frk (18)
10(si2) 10(0.0)  ,, 0% o 1 ,-2 .
2 9r 2 0Oz ’yﬁ+(ﬁ’yy_vﬂ’y) EE+§(U€ —), (19)

in which 3,, and §,,, are shorthand notations for the first and second derivatives of the map-
ping function. The proper boundary conditions for the above equations are then

t=v=0 at §=0, (20.1)
=0, at g=1. (20.2)

A uniform grid is adopted in the 8 direction, and Egs. (18), (19) are discretized in terms of the
computational coordinates (z, 5).

The numerical scheme used to integrate Eqgs. (18) and (19) is the conventional spacemarch-
ing technique initiated from the front stagnation line with the Hiemenz velocity profile

= d
ﬂ:Ugag at s=0. (21)
The method is standard (sce the text by Anderson [14]), and the procedure is described briefly
as follows.
All B-derivative terms are approximated by central differences, and a second-order Crank-

Nicolson scheme is applied to the streamwise derivatives. Introducing incremental variables

(dﬂ)H],j = az’+1,j - ﬂi,jv (dv)H-Lj = Vitl,5 ~ Vi (dﬁe)Hl = Uem - (7@,- )
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where indices i, j denote the grid levels in the z- and 8-coordinates, the resulting finite-differ-
ence equation for (19), after re-arrangement, can be put into a form with tridiagonal coeffi-
cient matrix:

Cj(da)z‘+1,j—l + Dj(dﬂ‘)ﬁ—l,] + Ej(dﬁ)i+1,j+1 = Si+1,j ’ (22)
where

_ (ﬂ?;)j o
J— 2(A,8)2 4Aﬂ [(ﬁvyy (/3724) vz,]]

(8:2); 1 s

3 (ﬂ,f,) 1 |
]—‘Q(Aﬂ) 4Aﬁ [(ﬂ’yy) (ﬁ»y)jvi,j},

and the source term is

{Eii;; 248 [('B wy); = (B ); (vw (dv);“’j )} } Ui j-1

U A

2(8); - 1 s i B i
+ 1 U, + (Z + ;2;) (du)?+l,j + (4Ayﬂ (d )z+1,j((du)i+l,j (du)z 1J)

i+l = —

(48)°
1 - -
+ Az [ACL'('“%‘,J‘)2 - AI(U&) — 284 Ue (dU )H—l 3i+1(dUe)z?+1J

- (U2 a3 ) *i (20, (d02) 41 + (dUe)2 1] -

Notice that we have retained all the high-order terms like (d@)?, (dv) (d@) in the source term §
for accuracy considerations. Due to the presence of these nonlinear terms, Eq. (22) must be
solved iteratively. Using an efficient tri-diagonal matrix solver [15], Eq. (22) can be easily
solved for (dit); ., ; by first guessing a trial value for (dv);,, ; and (d@), +1,; I the expression of
Si+1,;- Having obtained the reduced velocity 41,5, the normal velocity ;.1 ; can be computed
from integrating the continnity equation

ov 1 v Ser1hiv1 5 — S5tk
w,y) (aﬁ)m —§<ﬂ:y>](%)i7j—_—&c—_j 3

by the trapezoidal rule. The values are then substituted back into the source term S;4q ; in (22)
to calculate a new and improved (di),, , ;- The process is repeated until the deviations between
two successive iterates of ;4 ; and v;41; are both smaller than a specified tolerance, then the
solution is advanced to the next streamwise location ¢ + 2. Normally, 20 iterations are suffi-
cient to bring the error down to 10710, The number of iterations increases as the separation
draws near. In the present work, the solution was first advanced with a uniform step size Ax.
Close to separation, the step size was successively halved in order to obtain a better estimation
of the separation location. Due to the presence of the freestream shear, the boundary layer
develops asymmetrically along the upper and lower surfaces of the cylinder. Calculations
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were then performed separately, starting from the stagnation line, for the upper and lower
boundary layers under different values of .

We believe that by retaining the nonlinear terms in the discretized equation (22) and utiliz-
ing Hiemenz’ exact solution as the starting velocity profile along the front stagnation line, the
present numerical scheme can generate a more accurate solution than other existing schemes.

4 Results and discussion

Since the free stream with a negative shear rate is just the up-side-down case of that with posi-
tive o, only the results calculated for positive o will be presented here. Before showing the
resulis, the accuracy of the aforementioned numerical scheme is assessed by examining the
effect of grid refinement on the solution of the classical problem of a uniform flow (¢ = 0)
past a circular cylinder. Table 1 lists the location of separation x, computed on three succes-
sively finer meshes, 129 x 0.01, 257 x 0.005, and 513 x 0.0025. The two numerals associated
with the mesh denote the number of grid points and the step size in the § and x directions,
respectively. The results calculated over the three different grid settings appear to be all in
good agreement with the reported value of 104.5 deg in [2]. Figure 4 shows another grid
refinement test on the wall shear distribution 7, near separation calculated with nonzero free
stream shear (o = 1). Quadratic convergence of the numerical solution is affirmative in this
plot. Also, it is observed from the figure that at separation the wall shear drops to zero with a
singular slope, in consistence with the theory of Goldstein [16]. Unless noted otherwise, the
following results are all based on calculations with the finest grid, 513 x 0.002 5.

Variation of the separation location z, with freestream shear ¢ is shown in Fig. 5. For the
boundary layer along the upper half of the cylinder (i.e., boundary layer on the faster free
strearn side), the separation point shifts only slightly towards the upstream direction with
increasing o (from 104.5 deg at o = 0 to 100.7 deg at o = 4/3). However, a drastically differ-
ent picture emerges for the boundary layer at the lower half of the cylinder. Here, increasing

T,
0.20¢"
513x0.0025
0.15 257x0.005
129x0.01
0.10
0.05
0.00 L L - L L ~ X Fig. 4. Comparison of wall shear distributions r,,
-38.0 -385 -39.0 -39.5 -40.0 -405

(degree)  calculated over three different mesh sizes, o = 1.0

Table 1. Separation location x; calculated over three different mesh sizes, 0 = 0

Mesh size x5 (deg)
129 x 0.01 104.656
257 x 0.005 104.567

513 x 0.0025 104.533
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the freestream shear delays the separation at first. Then, beyond a certain critical value of the
shear rate o., the separation point suddenly “jumps” forward to the windward side of the
cylinder and continues to move upstream with increasing ¢. Detailed computation shows that
this critical value occurs at o, = 0.672. It is then interesting to learn how the boundary layer
behaves at this critical stage.

Distributions of the wall shear 7, and the displacement thickness é of the boundary layer
along the lower half of the cylinder at o = 0.672 are given in Fig. 6. It is observed that at this
critical shear rate the wall shear reaches a local minimum value (but still slightly above zero)
at ¢ = —76.67 deg. After that, it increases again and finally falls down to zero singularly at a
farther location = = —140.4 deg. The distribution of the displacement thickness shows a simi-
lar feature. Though the actual separation occurs at z = —140.4deg, it is evident that the
boundary layer has a strong tendency to develop a second separation in the upstream site.
Indeed, at the shear rate slightly larger than 0.672, separation first appears at a windward side
location z = —70.46 deg. In constrast to the case where the freestream shear is below the criti-
cal value, separation now moves towards the upstream direction with increasing o (e.g.,
zs = —29.43 deg at o = 4/3).

The situation can be fully understood by looking at the inviscid streamlines near the cylin-
der surface (Fig. 3) and the associated pressure gradient dp/dz imposed on the boundary
layer (Fig. 7). Increasing the freestream shear forces the third stagnation point (the saddle)
originally resides in the interior of the flow to move closer (along ¢ = 270 deg) to the cylinder
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surface. Thus, the inviscid flow on the windward side of the cylinder is retarded, and an
“adverse” streamwise pressure gradient is gradually formed in this area. As shown in Fig. 7,
roughly beyond o = 0.5, a region with positive pressure gradient (positive when advancing in
the downstream direction) appears at the windward side of the cylinder. On account of the
fact that a boundary layer cannot withstand even a mildly adverse pressure gradient, it then
separates immediately from the windward side. Further increasing o results in a “more
adverse” pressure gradient and hence promotes the separation at a location farther upstream.

The consequence is therefore an interesting one. For small freestream shear, the result in
Fig. 5 suggests that the boundary layer along the lower surface separates at a location farther
downstream than that along the upper surface. If not considering the turbulence effect, the lift
force acting on the cylinder will be most likely pointing downward in this case, i.e., towards
the side with slower freestream velocity. However, for larger freestream shear, the separation
of the lower boundary layer is advanced to the windward side, and the lift force may now act
in the opposite direction. This aspect might explain the perplexing result reported in [7] where
the lift coefficient was found to change sign with the shear parameter. In real flows, of course,
the situation is further complicated by the issues of instability of the laminar boundary layer
and the effect of turbulence re-attachment. The above observation has not been discussed in
other previous investigations ([6], [9]—[12]), probably because the ranges of the shear rate o
quoted in their studies are too small to capture the phenomenon. Also, the Reynolds numbers
assumed by them are far too low to define a meaningful boundary layer. Nevertheless, the
present study brings up a fundamental and yet potentially important issue awaiting for more
elaborate analysis.

5 Conclusion

In the present paper, the boundary layer over a circular cylinder placed in a uniform shear
flow has been studied in the framework of the classical boundary-layer theory. Specifically,
the veriation of the separation location (point of zero wall shear) under different freestream
shears has been determined numerically for a range of the shear parameter 0 < o < 4/3 by
integrating the steady boundary-layer equations via a proposed numerical scheme. Calculated
results show that on the side of the cylinder with faster freestream velocity the location of the
separation is not significantly affected by the magnitude of the freestream shear, while on the
other side of the cylinder increasing the freestream shear results in a downstream shifting of
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the separation point at first. At the critical shear rate o, = 0.672, the boundary layer starts to
separate from the windward side of the cylinder instead. A further increase of the freestream
shear then causes the separation point to move in the upstream direction. Thus, depending on
the magnitude of the freestream shear, the separation of the boundary layer may have oppo-
site effects on the orientation of the lift force acting on the cylinder.

The present work extends the classical boundary-layer result to a more general case invol-
ving a constant shear in the freestream. The critical role played by the shear parameter o in
delaying/provoking a separation has been established on a theoretical basis. The formulation
of the problem considered here is rather idealized, yet more realistic results can always be
achieved by modifying the outer inviscid velocity with that from a viscous-inviscid interaction
model or from experimental measurements. In practice, many interesting flows can be simu-
lated or approximated by a linear shear flow, the repercussion of the underlying feature
demonstrated in this study is then a far-reaching one.
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