Experiment and Analysis on the
Free Dynamics of a Shallow Arch
ersan s | After an Impact Load at the End

e-mail: jschen@ccms.ntu.edu.tw

Chun-Yi Liao In this paper we consider a sinusoidal arch with one end pinned in space while the other
Graduate Student, end attached to a mass and supported by a spring. The supporting wall of the spring is
moved a distance quasi-statically to initiate preload in the arch and the spring. The
Department of Mechanical Engineering, assembly is then set in motion by an impact at the attached mass. The condition under
National Taiwan University, which the arch may snap to the other side dynamically depends on the initial speed of the
Taipei, Taiwan 10617 attached mass due to impact. Sufficient condition on the initial speed against dynamic

snap-through is formulated based on the concept of minimum energy barrier. The effects
of damping on the transient response of the assembly are also discussed. An experimental
setup is designed to measure the transient response of the arch following the impact and
the critical initial speed of the attached mass. The experimental results are in good
agreement with theoretical predictiongDOI: 10.1115/1.1827245

1 Introduction sified in two groupq9]. The first approach is to st_udy the total _
An arch subjected to lateral loads may become elastically ufneray agq_ the ]Phe:jse pla'ne ofbt_lhe systetr)n. By tbhll_shmgth%d ?_ufh-
stable. If the initial height of the arch is of the same order as t{eE"t conditions for dynamic stability may be established. The first
span of the arch, the buckling deformation is nearly inextension%.eore“Cal pred!ctlon of dyn.amlc.buckllng Ioaq was condypted by

On the other hand, an arch is termed shallow if the initial height &0 2nd Bruce in 195410], in which they studied the stability of
a sinusoidal arch under unit step loading and ideal impulsive load-

much smaller than the span. When the lateral load of a shaII(I)Hv% Hsu[11,12 and Hsu et al[13] studied the effects various

arch reaches a critical value the deformed shape may Llrlden;]oarameters on the stability of a flexibly supported sinusoidal arch

sudden jump called snap-through buckling. The buckling defols : . . .
mation of a shallow arch will be extensional rather than inexte%1der impulsive and other types of time-varying loads. Xu et al.
i

sional. Depending on how the lateral load is applied, the sn 4] considered a shallow arch elastically supported at both ends

through buckling of a shallow arch can be divided into two the lateral direction and under impulsive loading. This approach
rovides a lower bound of the dynamic critical load.

categories, i.e., static buckling and dynamic buckling. In the caBt

of static buckling, the lateral load is applied in a quasi-static man-The second approach is to solve the equations .Of motion nu-
merically to obtain the system response and identify the critical

ner. The first theoretical prediction on the static critical load W3S d for specified system parameters. This approach provides a
conducted by Timoshenko in 1934}, in which a pinned sinu- more accurate prediction of the critical load at the expense of

soidal arch was subjected to a uniformly distributed load. Fqurge amount of calculation. Humphrejs] performed both nu-

and Kaplan[2] extended the research by. considering a ﬂex'.b%erical and experimental studies on the dynamic snap-through of
supported shallow arch under various kinds of lateral Ioadlnﬁ.

Fung and Kaplan also conducted a series of experiments on gircular arch under uniform impulsive loading. Lddi6] used a

in-gnded arEhes having riaid simple s orts Gielsvik a erical integration method and an infinitesimal stability analy-
P 9 ng P upports. -©jeisv réf to predict the dynamic critical load of a sinusoidal arch under
Bonde_r [3] presented a complete theoretical and experlmentg tep loading. Huang and Nachta7] added the effects of geo-
analysls.on a clamped arch under a .centre.ll poncentr@ted Ioﬁ'l tric imperfection and viscoelastic behavior. Ariaratnam and
Franciosi et al[4] extended the conventional limit analysis to thPSanka|[18] studied the dynamic buckling of a shallow arch under
collapse of arches under repeated loading. Schreyer and &sur,

. stochastic loads. Fulton and Bartph9] introduced a different
analyzed a clamped circular arch and demonstrated that the e ISferion for dynamic stability. Sundararajan and Kumgg] in-
tence of a bifurcation of the equilibrium state is not an adequ :

i ) ; o %stigated the dynamic stability of a shallow arch under inclined
condition for the use of the asymmetric buckling criterion. Leads. Lo and Masuf21] presented a hybrid method for snap-

a_nd Murphy[6] considered the me_lastlc bugkllng_ O_f a Clampe‘iihrough stability analysis, which incorporates an integral equation

_C|rcular arch made of Wor_k-hardenlr_\g material. S_'m”@ﬂ“d' formulation in conjunction with a finite element method. Johnson

ied the effect of an elastic foundation on the critical loads of g4 Mclvor[22] investigated numerically the effects of the spatial

. . ! Qistribution of impulsive loads and dampifig3] on the dynamic

study the effect Qf small imperfection on the buckling of elas“@nap-through of a shallow arch. Huang and P[24] studied the

structures, including a laterally loaded circular arch. dynamic stability of a shallow arch under pulsating loads. Gregory
In the case when the lateral load is applied suddenly |nsteadé%/{d Plau{25] and Donaldson and Pla[26] discussed the stabil-

in quasi-static manner, the phenomenon is dynamic and muehhoundaries for arches that are loaded by two independent sets
more complicated. Generally speaking, the methodologies UsedoF‘dynamic loads.

estimating dynamic critical loads of elastic structures can be clas-; is noted from the earlier literature review that while theoret-

ical development on dynamic snap-through of shallow arches is
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wall movement can be related to the arch shgpéx* ,t*) by

considering the equilibrium of the attached mass as
(p*—m*&*)L 1 [t 2k ik

a3, [0h) () @)

The first term on the right-hand side of E(R) represents the
effect of extensibility of the arch, while the second term represents
Fig. 1 Schematic diagram of a flexibly supported arch under the effect of shape changmainly due to rotation From Eqs(2)
impact at the end and (3) we can derivep* as

*

* -

P*(V= EATieL
and supported by a spring. The arch is not subjected to any lateral
load. After a quasi-static movement of the supporting wall to pre-
load the arch and the spring, the attached mass is subjected to an —(y:(*)z]dx*} (4)
impact and attains a substantial initial speed. The arch-mass-
spring assembly is then set in motion. The question we are intge parameters’ , p¥ , and functiony? (x*), which refer to the
ested in this paper is whether the arch will snap to the other sififass position, axial force, and deformed shape of the arch before
before it settles to a steady state position. Intuitively, if the impaﬁhpact’ can be calculated from qu_)l (3), and(4) by ignoring
is minor the arch will return to its original position after the vi-a|| the terms involving differentiation with respect to time.
bration following impact is damped out. On the other hand, if the Equa’[ions(]_) and(4) can be nondimensionalized to the forms
impact is more severe and the initial speed of the attached mass

5*

. EA (L
L &* +EAa — — | [(Ye)?
0

reaches a critical value, the arch may snap to the other side. The- Y=~ (Y= Y0) xoot (P=ME)Y ux (5)
oretical prediction of the critical initial speed will be presented K (7 .
and verified later by an experiment. By adjusting the stiffness of P=5- fo (Y3~ Y3, )dx+a+kms (6)

the supporting spring and the height of the arch, the assembly can
be used as a mechanical warning device against severe impagfhere

y* vs xX* wt*  [El

2 Equations of Motion Y= Yo X2 U Nap

Figure 1 shows a flexibly supported shallow arch, with one end p*L2 Kt
pinned in space while the other end attached to a massand = . k==
supported by a spring with spring constadit. We assume that mEl k*+EAL
both the arch and the spring are in unstrained state initially. The . _ .
initial shape of the arch when it is unstrainedyfs(x*) with the 5= Lo” , a= KLa , = (1=k)lm'm
two ends being separated by a distahc@®efore timet* =0 we mr?(1-k) wor? L3A%p
move quasi-statically the supporting wall of the spring a distance L3p*
a* to the right. The arch-mass-spring system is then in a stable vi:L \ﬁ
equilibrium position with the distance of the two ends of the arch x*r31-k) VE

being increased by an amourd’ , while the spring being As a general rule in this paper, a variable without asterisk is a
stretched a distanc& —a*. The shape of the prestressed arch idimensionless counterpart of the one with asterisk.the radius
denoted byy" (x*). The axial thrust throughout the arch and thef gyration of the cross section of the argi= 1 corresponds to
spring isp* . If the supporting wall of the spring is moved to thethe Euler buckling load for a perfectly straight simply supported
left then a* is negative. We assume that at titie=0 the at- beam. The dimensionless spring constantanges from 0K*
tached mass of the prestressed assembly is under impact by=® to 1 (K* —). The boundary conditions fgratx=0 andm

object and attains an initial speeff (0)=v’ . The arch-mass- &'¢

spring system is then set in motion with the shape of the vibrating Y(0)—Yyo(0) =Y xx(0) = Yoxx(0) =Y () = Yo(7)

arch being denoted by* (x*,t*). The equation of motion of the

arch can be written as =Yl ) = Yo ) =0 )

N % e ek The initial shape of the unstrained arch is assumed to be in the
PAY s x = —ENY* =Y5) sorsersomses 7 (P* =M*6")Y s (1) form

The parameterg, p, A, andl are Young’s modulus, mass density, Yo(X)=h sinx (8)
area, and area moment of inertia of the cross section of the arfihs e jinitial height of the arch. It is assumed that the shape of
The comma represents partial differentiation, while the overhe arch can be expanded as

dot represents the derivative with respect to time. In writing EqQ.

(1) we assume that the curvature of the arch is small and can be - ]

approximated by (y* —y§) ,xx+ . An arch is termed high arch y(X,t)=yo+nZl an(t)sinnx ©)
when its curvature cannot be treated as small. We also assume that o o .

the effects of rotary inertia and shearing deformations are nefter substituting Eqs(8) and(9) into (5) and (6) we obtain the
glected. Strains are assumed to remain within the elastic limit aRguations governing the generalized coordinatgs

Hooke’s law is valid. The ternp* —m* 5* is the axial thrust in a1=—ay—(p—md)(h+ay) (10)
the arch, whilep* alone is the axial force in the sprin . -
whiiep ! X ! pring ap=—n*a,—n%(p—mda, n=23,... (11)
p*=—k*(5*—a") @) where
We assume that the axial thrust is constant along the arch and is h 17
thus a function only of the time. The moving distangeof the p=k Sait ZE i2a? | +a+kmd (12)
attached mass from its initial rest position before the quasi-static =
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It is noted that the parametérin Egs.(10), (11), and(12) is still 20
unknown. To obtain the additional equation of motion accounting
for & we substitute Eq(4) into Eg. (3), nondimensionalize, and

discretize by using Eq9): 15
. h 1< a
mé=—o6—| s ay+ = D, i2a? |+ — (13)
2 44 1-k 10 b
3
Equationg10)—(13) are the discretized equations of motion of the
assembly.
5 }
3 Equilibrium Configurations
We first study the equilibrium configurations of the prestressec ®
arch-mass-spring assembly following the quasi-static wall move 0 0 120
menta. The shape of the prestressed arch can be determined fro
Egs.(10) and(11) by neglecting all the acceleration terms. There [rR:
are two different types of equilibrium configurations, i.e., one-
mode and two-mode solutions. It can be easily shown that Egs. Fig.2 a curves onthe kh%-a plane
(10) and(11) do not admit an equilibrium configuration with more /
than two modes.
One-Mode Solution 3 yy+ a4 SinXx. o
a; satisfies the following cubic equation The special initial height which rendees=a; is denoted by, ,
@ where
__ 1 2 2 —
a(a,+h)= ) (kaf+3kha;+2kh"+4) (14) 2:2(j2—1)3 =234, (23)
After defining parametea, as The values of some dfh2 arekh2=>54, kh2= 1024, etc. Figure 2
Kh? shows thea; curves in thekh2 a plane. These; curves divide
a=—g - Z(4kh2)l/3— 1 (15) thekh?-a plane into several regions. The black dohath, sig-
_ _ nifies the touching point betweeny anda, curves. For a given
we can make the following observations. set ofkh? and a, we can determine the number of equilibrium
. . . . . 2 . .
1. If a>a,, then there is only one equilibrium configurationconfigurations. For instance, if the poirkt(,a) fall in the region
denoted byP,. 1, then there is only one equilibrium conflguratlaa For the

Parameter ranges in Fig. 2 there are seven regions, whose equilib-

2. If a<ay, then there are three equilibrium configuration
! q d rium configurations are listed in Table 1.

Po, P;, andP; , where

1/3
al(PI)<—h—(?) <ay(P])<—h<ay(Py) (16) 4 Stability of Equilibrium Configurations
First of all, the dimensionless total enerblyof any configura-

3. If a=a,, then the configurationB; andP; coincide. We tion can be calculated as

denote this special one-mode configuratiorPas Also - 2p%(1—k)
13 = _ f [(y,t)2+(y,xx_yOxx)Z]dX+2(p_m5)2+ T
ay(Py)=—h=| - (17) o

o
Two-Mode Solution ¥ Yo+ a; Sinx+a; sinjx. +2ms*(1-k) (24)
It can be shown that a two-mode solution always contains tfTée two terms in the integral represent the kinetic energy and the
first mode a4 sinx. For this case the solutions can be writterbending strain energy. The second term is the strain energy due to

explicitly the axial force. The third term is the strain energy of the spring.
5 The last term is the kinetic energy of mass. For an equilibrium
P —j‘h (18) configuration corresponding to a specified wall movengrihe
! j2—1 kinetic energy is zero and the total energy consists of only the
strain energyJ:
2 Ja—a
i 2
ai=*— 19 2 g 2p
TEIN TR 49 e I (25)
where
(j?-2)j*h%k
= 4(J _ 1)2 - (20) Table 1  Equilibrium configurations in various regions of Fig. 2
These configurations are denoted By, and Py, which exist Region Equilibrium configuration Stability of P
only when 1 Po
2 P,, P* Stable
a<a, (21) 3 Pg. pi ) pli2 Stable
It is noted that in both Eq915) (for a;) and (20) (for a;) the 4 Po, |:>1 plz, |:>13 Stable
parameterk andh appear together in the forkch®. By compar- 5 Po, P1 Plz, P13, P14 Stable
ing Egs.(15) and (20) we observe that 6 Po, P1 . Piy, P33, Py, Pis Stable
7 Po, PI Unstable
a;=g; (22)
56 / Vol. 72, JANUARY 2005 Transactions of the ASME
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For the two-mode configuratio;; andPy; the strain energy are quasi-static wall movements, which result in only one stable

equal, and can be written as equilibrium positionP,, the assembly will return to the original
position following impact. On the other hand, for those wall
N 1/ j%n? 4 o movements which render the existence of two stable positigns
U(Py)=U(Py) =1 2 1_21 —4j%a (26) andP; , then it is possible for the arch to snap and settl®fo

following the impact. It is the purpose of this paper to determine
For the one-mode solutions the strain energy is the lowest possible initial speed of the impacted mass, below
5 which the arch-mass-spring assembly is in no danger to snap. This
U=a2+ 2p° @7) lowest initial speed is called the critical initial speed.

k
wherea; andp are the generalized coordinate and the axial thruét Snap-Through Criterion

of the one-mode solution. The physica| total endeYand strain While it is in general difficult to determine the necessary and

energyU* are related tdd andU by sufficient condition for dynamic snap-through to occur, we can
establish the sufficient conditions against dynamic shap-through
4AL3H* 4AL3U* in terms of the dimensionless total enetdyf the vibrating arch-
p=Ta U= PEErY (28)  mass-spring assembly following the impact. The basic idea of the

shap-through criterion is that if the total energy gained by the
In order to study the stability of the equilibrium configuratiorassembly from the impact is smaller than the minimum energy
with shapey, we perturb the equilibrium shape by a small amourttarrier lying between the nearest stable equilibrium position and
ey to examine how the strain energy changeis. a small positive the distant stable one, then the arch has no chance to snap dynami-
number. The strain enerdy of the perturbed configuration can becally. The energy barrier can be proved to be the strain energy of
expanded in terms of as either the unstable configuratid®; or P;,, depending on the
4 (= o parameter, h anda [27]. The sufficient conditions against dy-
U(7+89)—U(7)=8:—f (Y xx— Y000 sxt py,xy,x]dx] namic snap-through fronP, to P; can then be stated in the
m™Jo following.
) Case (1) h<h, and a,<a<a,: The sufficient condition
T . + .
+82[; fo [(y,xx)2+p(y,x)2]dx against snap-through 18;<<U(P7), whereH; is the total energy

T

2k .
. Y xY xdX

+ —
772

3 2k[ (7 .
+e ? Y <Y xdX

immediately following impact.
Case(2) a<a,: The sufficient condition against snap-through
2 is Hi<U(P)).
Figures 3a), 3(b), and 3c) show the equilibrium positions and
strain energy contours for three typical situations. In Fig) &
m =0.4,h=10, anda=3, which falls in region 3 of Fig. 2. There
f (Q,X)de ] are five equilibrium positions in this region, among thex, are
0 0 the saddle points whose strain energy is the energy barrier pre-
K - 2 venting thg_ sys}em frqm snapping from positifg to another
+84[_{f (7 ,)2dx ] (29) stable positiorP; . In Fig. 3b) k=0.2,h=10, anda=0.6, which
2w Jo 7 falls in region 2 of Fig. 2. There are three equilibrium positions in
= ; PP - = this region, among therR; is a saddle point whose strain energy
E;EET;:;IELHCE%?B?;:Qumbnum configuration and can be serves as the energy barrier. In Figc)3k=0.8, h=10, anda
=13.8, which falls in region 7 of Fig. 2. There are three equilib-
. rium positions in this region, among theRy is the only stable
" ay+h (30) equilibrium position.P; becomes a saddle point in this case.
To prove that an equilibrium shapeis stable we have to show .
that the energy differenctl(y+ey)—U(y) is positive for any 6 Effect of Damping
y#0. On the other hand, to prove thats an unstable equilibrium  Figures 4a), 4(b), and 4c) show the deformation history of an
shape, we only need to find oge“0 which renderdJ(y+ey) arch withh=10, k=0.4,a=3, andm=0.001, which falls in re-
—U(y) negative. After integrating by parts and using the fact th@ion 3 of Fig. 2. In calculating the response we modify EL)
y satisfies the static equilibrium equations it can be shown that thg adding a damping parameter
coefficient ofe in Eq. (29) is zero. To determine the stability we . . -
next examine the second variation of the strain energy ay=—pay—a;—(p=mé)(h+ay) (32)
KT [ The relation betweep and its physical counterpagt* is
fo Y XY xdXx

0= 2 [ 19,007+ 3,020 0
T Jo XX X 772 _ M L \/E (33)
(31) K 2onr VE

In some cases?U is zero identically, and higher order variationThe initial speed; is set to be 110. The dampingused in Figs.
is needed. More details of the above energy method can be foufid), 4(b), and 4c) are 0.2, 0.3, and 0.6, respectively. The initial
in Ref.[27], and the conclusions are summarized in the followingonditions are

One-Mode SolutionsP, is always stableP; is always un-
stable. Ifh<h,, thenP; is stable if and only ifa<a,. On the
other hand, ifh>h,, thenP7 is stable if and only ifa<as,.

Two-Mode SolutionsPl*j andPy; are always unstable.

From the earlier analysis, we know that for any combination of ) .
aandkh? there are at most two stable configurations. One of them @i(0)=0, i=234...
is alwaysP,, and the other possible stable configuratiodis.  For the small damping case in Figad the energy gained by the
In Table 1 we also identify the regions with stali¢ . For those assembly is large enough to surpass the energy bar(ier,) and

2

a(0)=0, i=123...

. 2v;
(0=~ 3, (34)
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(2)

a®)

a®)
a®)

o2

12

a®)

a@®)
a®)

(b)

a2

o)

a®)
o(F)

(c)

" OF P, 2%

o2
(=]

3 6 9 12
t

Fig. 4 Effect of damping u on the response of the assembly
-4 p with h=10, k=0.4, a=3, v,=110, m=0.001. (a) u=0.2, (b)
-18 -12 - 0 =03 (c) u=0.6.

a1

Fig. 3 Strain energy contours for (a) k=0.4, h=10, a=3, (b)
k=0.2, h=10, a=0.6, (¢) k=0.8, h=10, a=13.8 h[kai(Pf)—kai(Po)-i-2p2(Pf)—2p2(Po)]1’2

[2mhPk(1— k) +4k]?

(35)

Uer

a; can reachy;(P;). However, due to small damping, the arch ig(Po) and p(P;y) are the axial thrust of the assembly in the
snapped back and finally settles to positlg. For the medium equilibrium positionsP, andP; , respectively. For the case when
damping case in Fig.(8), the assembly not only gains enougha<a, the energy barrier itJ(P;,). From the conditiorH;(v ;)
energy to surpassd(Py,) anda; can reachy;(P; ), the damping = uU(Py) it can be found that the critical initial speed, for this
also prevents it from snapping backRg. The arch settles t8;  case is
eventually. In Fig. 4c) the damping is so large that it prevents the
arch from surpassing (P1), and the arch has no choice but to _ h[16kh?— 96— 48a—3ka3(Py) —6p?(Pg) ]2
settle toPy. The existent equilibrium positions are plotted as Ver™ [6mHPk(1—k)+ 12K] Y2
dashed horizontal lines for reference. These examples demonstrate
that damping plays an important role in dynamic snap-throughit is noted that the one-mode solutid®, and Py cannot be
when the total energy of the assembly gained from impact élved explicitly whena+0. Therefore, the parametess (Py),
greater than the energy barrier. a1(P7), p(Po), andp(P;) in Egs. (35 and (36) can only be
calculated numerically. On the other hand whar-0, i.e.,
. . the assembly is unstrained before impact, E§5) and (36) can
7 Critical Initial Speed be expressed in the following closed forms. For the case
Another important factor in determining whether snap-through8> kh?>16:
will occur is the end initial speed. Apparently, for very small

(36)

initial speed no snap-through is possible. Asincreases, on the _h*3—c)| 16+2kh*(1-c)? 12

other hand, snap-through might occur. It is therefore possible to Ver™ 4(1-c) | khmh(1—k)+2]

define a critical initial speed, below which no snap-through is

possible even if there exist two stable equilibrium positions. From 16

the snap-through criterion discussed previously, we can derive the where c=1/1— — (37)
expression of the critical initial speed as follows. kh?

For the case wheh=<h, anda,<a<a, the energy barrier is

2 .
U(P7). From the conditiorH;(v.,) =U(P7), whereH;(v,,) is For the cas&h™>18:

the total energy of the system immediately after the attached mass h 3h2k_192 Y2

attains initial spee@., from the impact, it can be found that the Vg=n| ——————— (38)
critical initial speedv , for this case is 2| 3mhPk(1—k)+6k
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(5)striki1§g t
mechanisn I | 0 4.75 9.5 14.25
(6)adjusting 2.0 3333
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($)guiding rods \ 1 o 15 2500
— — L
1.0 1667
(2)mass  (4)supporting o
(1arch spring 2
& 2 0.5 1833 O
loscilloscopg =
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Fig. 5 Schematic diagram of the experimental setup 05 W \A/
' -833
- 1.0 . . -1667
8 Experimental Setup 0 0.05 0.1 0.15

An experimental setup is designed to verify the earlier theoret
ical prediction. The schematic diagram of the setup is shown in
Fig. 5. The function of each component in the setup is explaings 7 Measured speed history of the attached mass following
as follows.(1) The arch is made of aluminum strip with Young'sihe impact. Parameters of the assembly are  h*=2.80cm,
modulus 70 GPa and mass density 2800 Kg/fine lengthL of  jx =357 N/cm, a*=0.
the arch is 40 cm and the cross section is 25Xind mm.(2)

Attached mass, which consists of a roller bearing and a linear

bearing at the end, is scaledrat =473 g. The roller bearing is impact. The initial speed is measured af =1.72m/s ¢,
installed to simulate the pinned condition, while the linear bearing 2866) and is signified by a black dot in the figure. The risel time
is to reduce the friction when the mass slides on the guiding ro%m impact to the speed peak is about 0.0005 s' In this experi-
(3. (4) Spring to support the arch in the axial direction, Whosg,ent snap-through occurs with the arch passing through the hori-
annk? constant can It()_e aclijustedslnAthIe rlflhgz 20|0_400 N./lf.m zontal position at 0.015 @he first crossing of thé* =0 line). For

y changing Its working ength(5) \ lock-and-release striking asy reference we present the results with both physical param-
mechanism, which consists of a striking hammer and a spring S?ers(with asterisk and the dimensionless on@githout asterisk
store the striking powet6) An adjustable screw mechanism toThe same labeling style is adopted in the following figures.
control the quasi-static wall movemeat. (7) An LDV system  The solid lines in Fig. 8 represent the measured lateral deflec-
made by Polytec Co(optical measurement head OFV-508 andion history at the midpoint of the arch following the impact. The
electronic signal processor OFV-2832 measure the speed of theparameters of the assembly in Fig(aB are h* =3.46 cm h
sliding mass in the axial direction or the lateral speed at the mid-ggy ~ k* =206 N/cm k=0.0034), v* =1.44 m/s {; = 2400).
point (one at a timgof the arch. The converting ratio of the LDV ' t :
signal is 1 V to 125 mm/s. The instrument can record a signal up
to 15 V. Displacement can be obtained by integrating the spee(*a)

t : (sec)

signal. (8) A digital oscilloscope is used to visually monitor and 4 425 "
record the signals from the LDV system. A photograph of the 29 2.5 14. 46
laboratory setup is shown in Fig. 6.
glo P 23
9 Transient Response Measurements E /my: 7\ 22 <
¥ T X roN
Figure 7 shows the measured speed history of the attached m § 0 W/ \\/ \/ 0 i
following the impact. The parameters of the assembly are initic  11_, W/ AV 23 2
height h* =2.80 cm f=65), spring constank* =327 N/cm K = Y ~
=0.0050), wall movemena* =0. The complicated impact phe- =20 -46
nomenon between the striking hammer and the metallic flange ¢
the sliding mass is not of our interest. Instead, we focus our a  -30 o3 0-269
tention to the initial speed gained by the sliding mass after th 0 0.05 R 0(-1 ) : :
sec
t
13.2
(b) 00 3.3 6.6 9.9 :
z
A
7N
E-30 y 69 =
g R ~ =
S N // \\\ P =|‘\
i N\ S N N N
* o 60 No_~ =~ S1138 N~
N
S
290 -207
0 0.035 .07 0.105 0.14
t (sec)

Fig. 8 Deflection history at the midpoint of the arch following
the impact. The solid lines are the measured response while

the dashed lines are the numerical results. (@) h*=3.46cm,
Fig. 6 A photograph of the experimental setup in the k*=206 N/cm, vi=1.44m/s. (b) h*=3.00cm, k*=333N/cm,
laboratory vi=179m/s.
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No snap-through occurs in this case and the arch settles to th(a) a
original shape eventually. Figuré shows the deflection history 2-&.96 2222 148 074 0 074 148

of another assembly with parametdr$=3.00 cm f=70), k* . 3333

=333N/cm k=0.0051), v{=1.79m/s¢;=2975).  Snap- g 3000

through occurs in Fig. ®) and the arch settles eventually to the *E 2667 &

other side. S 2333

To simulate the motion of the assembly numerically, we have to

estimate the damping of the system. The dissipating mechanism ¢ -4 -3 -2 -1 0 1 22000

the system comes from the friction in the moving parts and the(b) ak(mm)

material damping in the arch and the spring. We assume that th 0.0021 0,002

first mode is dominant in the dynamic response in Fig).8The 30921 00027 0.0033 00039 00045 00051 00037 .

damping factor may be estimated from the decaying rate of the g 3 B 3000

two peaks as signified by black dots. The heights of the two peak: & 16 k=ky *7he 2667 &

are measured at; =38 andy,=24. The ratio of the damping of ~ * 4 W g

the systemu in Eq. (32) to a critical dampingu, is [28] > 11; 2333
po In(y; /ys) ) 160 180 220 k*:()g?cm) 300 340 388000
e {(2m)?+[In(y,/y2) 122 (©) h

The damping ratio in Eq(39) is calculated as 0.07. The critical 2J16 762 808 854 900 o4g. .

damping u is estimated numerically by adjusting the damping
parametem in Eq. (32) until the responser; ceases to oscillate. =
In this way the dimensionless critical dampipg is estimated as 26675
10. As a consequence the damping of the assembly is estimated 2333
u=0.7 (©*=9.8 Ns/m. It is noted that the concept of critical 129 T 35 57 3 77000
damping and the logarithmic decrement approach is for a linea h*(mm)

oscillator. We assume that the similar concept can be extended to

a nonlinear systgm W,'th a linear viscous damping such as ,Et'—‘ig. 9 Critical initial speed v, as a function of (a) wall move-
(32)' Alth(_)u_gh th.'s estimate may appear som_ewhat englr_leerlr;gém a*, (b) supporting spring constant  k*, (c) initial height h*
oriented, it is believed that the damping factor in our experimentg{ the arch. Symbol Xrepresents the measured data, while the

setup is about this order. Whether this approach is satisfactorysisid lines are the theoretical predictions.

examined by experimental results. The dashed lines in Fig$. 8

and 8b) are the deflection history from numerically integrating

Eq. (32). The short rise time from impact to the peak speed as

explained in Fig. 7 is ignored. It is noted that the actual responbkack dots are; =16h? andk,=18h. In the rangek,;<k<k,

as measured in the experiment may contain multiple-mode cothe theoretical critical initial speed is given by E@7). In the
ponents, while the numerical simulation contains only a singl@ngek<k, the theoretical critical initial speed is given by Eq.
modea; because of the initial conditior(84). The actual multi- (38). It is observed that the critical initial speed increases as the
mode response may result from imperfect initial shape of the arcipring constank™ increases. Figure(8) shows the critical initial
The good agreement between the experiment and the numerggged as a function of the initial height of the arch. The fixed
simulation as demonstrated in Figs(aB and 8b) confirms parameters of the assembly k& =208 N/cm k=0.0035), a*

that the one-mode solutiom,(t)sinx is indeed the dominant =0. The two points corresponding ty anda, are outside the

3000

*

Vo (m/sec)

component. range of this figure. The critical initial speed increases as the
N initial height of the arch increases. Generally speaking, the experi-
10 Critical Speed Measurements mental results of the critical initial speeds are satisfactory com-

Figure 9 shows the results from a series of experiments on thgred to the theoretical predictions.
critical initial speed. Figure @) shows the relation between the
. i .
critical initial speedvg, and the wa}ll movemena*. The fixed 11  conclusions
parameters of the assembly i8*=3.46cm H=80), k* ) ) . .
=206 N/cm k=0.0034). The symboirepresents the measured In this paper we consider a shallow arch with initial height
critical initial speed. In the experiment we increase the striking"€ end of the arch is attached to a masand supported by a
power of the hammer incrementally until snap-through occurSPring with constank. After the supporting wall is moved quasi-
The increment in the corresponding initial speed change is abgigtically a distance to preload the arch-mass-spring assembly,
0.0125 m/s, which may be considered as the accuracy of the criflé attached mass is subjected to impact and attains initial speed
cal speed measurement. Each experiment is repeated three tiies/Ve are interested in the conditions under which the arch will
Therefore, there are thraelustered for each specifieat. The Snap to the other side dynamically. Some results can be summa-
solid line represents the theoretical predictions. The two blafi¢€d in the following. . o
dots represent the wall movement corresponding;tanda,. In 1) .There are at most two stable equilibrium gonflguratlons for
the rangea,<a<a, the theoretical critical initial speed is given@nY given combination o, ?ndk' One of them iy, which is
by Eq.(35). In the rangea<a, the theoretical critical initial speed always stable. TQe other B, , which is stable only in certain
is given by Eq.(36). In the rangea>a, no snap-through is pos- range ofa andkh-. _ _
sible because there exist only one stable equilibrium posRign (20 Whenh=<h, anda,<a<a,, the energy barrier preventing
It is noted that the wall movement in the experiment ranges the arch from snapping from, to P; is the strain energy dp; .
from negative to positive values. It is observed that the criticéh the case whema<a, the energy barrier is the strain energy of
initial speed decreases as the wall movenzeinicreases until the Pliz_
poir_lt a=a;. o ) (3) The assembly is safe from dynamic snap-through as long as
Figure 9b) shows the critical initial speed as a function of thehe initial speed of the attached mass from the impact is smaller
supporting spring constakt . The fixed parameters of the assemthan a critical speed. This critical initial speed can be predicted
bly is h*=3.46 cm §=80), a* =0. The two points signified by analytically and confirmed by experiments.
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(4) Generally speaking the critical initial speed decreases as  Arches on Elastic Foundations Subjected to Dynamical Loads,” ASME J.

increases, while it increases lgndh increase. Appl. Mech.,35, pp. 713-723. A "
[14] Xu, J.-X., Huang, H., Zhang, P.-Z., and Zhou, J.-Q., 2002, “Dynamic Stability

of Shallow Arch With Elastic Supports—Application in the Dynamic Stability
Acknowledgment Analysis of Inner Winding of Transformer During Short Circuit,” Int. J. Non-
. . Linear Mech.,37, pp. 909-920.
The results presented here were obtained in the course of 185 Humphreys, J. S., 1966, “On Dynamic Snap Buckling of Shallow Arches,”
search supported by a grant from the National Science Council of ~ AIaA J., 4, pp. 878-886.
the Republic of China. [16] Lock, M. H., 1966, “The Snapping of a Shallow Sinusoidal Arch Under a Step
Pressure Load,” AIAA J.4, pp. 1249-1256.
[17] Huang, N. N., and Nachbar, W., 1968, “Dynamic Snap-Through of Imperfect

References Viscoelastic Shallow Arches,” ASME J. Appl. Mecl85, pp. 289-296.

[1] Timoshenko, S. P., 1935, “Buckling of Flat Curved Bars and Slightly Curved[18] Ariaratnam, S. T., and Sankar, T. S., 1968, “Dynamic Snap-Through of Shal-
Plates,” ASME J. Appl. Mech.2, pp. 17-20. low Arches Under Stochastic Loads,” AIAA J6, pp. 798—-802.

[2] Fung, Y. C., and Kaplan, A., 1952, “Buckling of Low Arches or Curved [19] Fulton, R. E., and Barton, F. W., 1971, “Dynamic Buckling of Shallow
Beams of Small Curvature,” NACA Technical Note 2840. Arches,” J. Eng. Mech. Div.97, pp. 865-877.

[3] Gjelsvik, A., and Bonder, S. R., 1962, “The Energy Criterion and Snap Buck{20] Sundararajan, V., and Kumani, D. S., 1972, “Dynamic Snap-Buckling of Shal-
ling of Arches,” J. Eng. Mech. Div.88, pp. 87—134. low Arches Under Inclined Loads,” AIAA J.10, pp. 1090-1091.

[4] Franciosi, V., Augusti, G., and Sparacio, R., 1964, “Collapse of Arches Unde[21] Lo, D. L. C., and Masur, E. F., 1976, “Dynamic Buckling of Shallow Arches,”
Repeated Loading,” ASCE J. Struct. Di@0, pp. 165-201. J. Eng. Mech. Div.102 pp. 901-917.

[5] Schreyer, H. L., and Masur, E. F., 1966, "Buckling of Shallow Arches,” J. [22] johnson, E. R., and Mclvor, I. K., 1978, “The Effect of Spatial Distribution on
Eng. Mech. Div.92, pp. 1-19. ) ) i . Dynamic Snap-Through,” ASME J. Appl. Mech45, pp. 612—618.

[6] Lee, H. N., and l\_/lurphy, L. M., 1968, “Inelastic Buckling of Shallow Arches, [23] Johnson, E. R., 1980, “The Effect of Damping on Dynamic Snap-Through,”
J. Eng. Mech. Div.94, pp. 225-239. ASME J. Appl. Mech. 47, pp. 601—606.

[7] (?IartrllgriesASGMéJliéil “’\SAf;iEDL%Q I?Ff’ L;ﬂf’;'ned Arches on an Elastic Founr, Huang, K. Y., and Plaut, R. H., 1982, “Snap-Through of a Shallow Arch Under

[8] Roorda, J., 1965, “Stability of Structures With Small Imperfections,” J. Eng. Pul;atmg Loaq,Stablhty in the Mechanics of Continu&. H. Schroeder, ed.,
Mech. Div., 91, pp. 87—106. Springer, Berlin, pp. 215-223. ) . N .

[9] Simitses, G. J., 1990Dynamic Stability of Suddenly Loaded Structures [25] Gregory, Jr., W. E., and Plaut, R. H., 1982, “Dynamic Stability Boundaries for
Springer, New York. Shallow Arches,” J. Eng. Mech. Div108 pp. 1036—-1050.

[10] Hoff, N. J., and Bruce, V. G., 1954, “Dynamic Analysis of the Buckling of [26] Donaldson, M. T., and Plaut, R. H., 1983, “Dynamic Stability Boundaries for

Laterally Loaded Flat Arches,” J. Math. Phy82, pp. 276-288. a Sinusoidal Arch Under Pulse Loads,” AIAA 21, pp. 469-471.
[11] Hsu, C.’S., 1967, “The Effects of Various Parameters on the Dynamic Stability27] Liao, C.-Y., 2003, “Experiment and Analysis of a Flexibly Supported Arch

of a Shallow Arch,” ASME J. Appl. Mech.34, pp. 349-358. Under Impact at the End,” Master thesis, Department of Mechanical Engineer-
[12] Hsu, C. S., 1968, “Stability of Shallow Arches Against Snap-Through Under ~ ing, National Taiwan University, Taipei, Taiwan.

Timewise Step Loads,” ASME J. Appl. MeciB5, pp. 31-39. [28] Rao, S. S., 1995Vechanical Vibrations3rd ed., Addision-Wesley, Reading,
[13] Hsu, C. S., Kuo, C. T, and Lee, S. S., 1968, “On the Final States of Shallow  MA.

Journal of Applied Mechanics JANUARY 2005, Vol. 72 / 61

Downloaded 16 Oct 2008 to 140.112.113.225. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



