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We give a short review of what we need from {?], in preparation
for next section. Let 7 : X — S be a smooth proper morphism of
relative dimension 1 between smooth varieties in characteristic 0. We
write Kx/s or wxs interchangeably for the dualizing sheaf. One has
an exact sequence

(1.1) 0— TX/S ek Tx ﬁ) ‘ﬂ'*Ts — 0.

As in [?], one defines the subsheaf n~'Ts C 7*Ts and its preimage
T, = dn~'T, C T, defining the exact sequence

(1.2) 00— TX/_g — T A ?T-ITS — 0.

Let E be a vector bundle on X, and Ag = det Rr,E be its determinant
bundle. The Atiyah algebra Ag is the subalgebra of the sheaf of first
order differential operators on E with symbolic part in (id®7Tx) = Tx.
The relative Atiyah algebra Ags C Ag consists of those differential
operators with symbolic part in Tx/s, and Ag . C Ag with symbolic
part in T,. Let " AZ" be the subquotient of the sheaf defined in [?]

ERop, (B @ wxs)(2A)/E By, (E* @ wxys)(—A)
where A C X xg X denotes the diagonal, which fits into an exact
sequence '
(1.3) 0— Wx/s — AEI 2 A}_";/s — 0.

The trace complex is defined by

(14) tr Ay Oy SXE tr p) 1%, 4
with Ag . in degree 0. One has

Proposition 1.1. " A% carries an algebra structure for which ROm, (" A})
is canonically isomorphic to Ay (]?], 2.9.1, see also [?]).

For the purpose of this paper it is more convient to define the trace
complex concentrated only on i = —1 and ¢ = 0 of the original trace
complex. This modified trace complex is still denoted by A} whose

0-th direct image is easily seen to be the same as that of the orginal
1
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one. Henceforth we shall use the modified trace complex. One has now
an exact sequence

(L.5) 0 — wyysl] - A — Af, — 0,

where the complex A} , is defined by

(1.6) A% i Agss — Az

and thus is quasi-isomorphic to #~7.
Notations 1.2. Tet # : X — S be as before, and g : S — M be a
smooth morphism where M is a smooth variety. Denote by

Agxm C Ap,r

the inverse image of #™1Tg/x by the symbolic map A}, — 7~'Tg, and
by
TApm C7 AL
the inverse image of A}, /s via the map " AL — A% ..
In summary one has
Proposition 1.3. The exact sequences

0 — wxysll] =% Ap — Ap, — 0
0 — wxys[l] = Agyy — A zm — 0
have 0-th direct images (via w) isomorphic to
0—=0s—>D'(Ag) > Ts—0

0— Os — D?;M(AE) —F TS/M — 0.
For use in later sections, we review a description of ™ A% in terms
of local coordinates, [?], p. 660. Let ¢ be a local coordinate (along
the fiber), and a trivilization O% = F; s a local coordinate on S.

Note ¢ naturally induces local coordinates (¢,,%;) around the diagonal
of X xg X. One has isomorphisms

(1-7) Ox @ Mﬁtn(o_x) @Oy = e El;
xt) . B(t) _
(X: B, V) = [(tﬁ = t1)2 (32 _ t]) s V(tl) dtzi

T, & Matn(Ox) = " AL = Ap.i (1, A) — 7(8,8)8; + u(s)d, + A

For different choices of coordinates and trivializations, there are for-
mulas for transition functions, and also for the algebra structure (Lie
brackets); we refer the details to [?], p. 660.
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2. FIRST ORDER DIFFERENTIAL QOPERATORS OF THE
DETERMINANT BUNDLE ON THE MODULI

The main result of this section is Theorem ?? which enables us to
take care of {?7). First we set up the notation. Let p: C — B be a
smooth family of genus g (g > 2) curves between smooth varieties. We
are free to shrink B if necessary. Denote by L — C a line bundle, by
§: S — B the family of moduli spaces of stable vector bundles of fixed
rank r 2> 2 and fixed determinant L|c, (b € B), by 7 : X=CxgS— 8§
and by E a universal bundle on X (assuming it exists).

We shall be working with a slightly more general situation. Let S,
S c S, be a smooth variety such that g = gls: S— Bis surjective;
denote by # : X — & the pullback of # : X — 5 via § — §, by
E — X the pullback of £ — X.

For the sake of completeness, later in this section we will relax the
situation so that bundles above are allowed to be semistable. This part
will find an application to the genus g = 2 case, cf. Theorem ?7.

Definition 2.1. In the notation of Section 5, defirie
End(E)™' :=res (End(E)) C* A7 and
End®(E)™" = res (End®(E)) C End(E)™!
(where End(E) = End®(E) & Ox with its trace free part End’(E) and
the trivial bundle Ox) giving exact sequences
0 — wxys — End®(E) = End®(E) - 0;
0 —wxs — End(E)! = End(E) — 0.
Notations 2.2. F .= End®(F), F-! := £nd’(F)~! and Ar the associ-
ated determinant bundle on § {Ar = Kg/gls canonically).
Consider the natural morphism
Sym?*(End®(E)™") @ox Txys = Sym*(End’(E)) ®oy Tx/s — 0
induced by End®(E)~! — End®°(E). Denote the kernel of ¢ by K. It is
easily seen a canonical isomorphism ¢ : K = £nd®(E)~! (cf. (?7)).
Definition 2.3.
¢ '(id ® Txys) = S(Sym*(End’(E) ™) ®ox Tx/s)
where id € Sym?(£nd®(E)) is the identity element.
It follows the exact sequence
(2.1)
0 — End*(E)™" — S(Sym*(End®(E)™") ®ox Tx/s) — Tx/s — 0.
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Write
(2.2) KSg: Ts — R'mAys,  Agss = Apys/Ox;
KSp:g'Tp — R'n.Tx/s
for the Kodaira-Spencer maps.
Remark 2.4. One way to see KSg of (??) is via the natural map
Ag - — AoE/S[l] with (?7?); similarly KSp is via (Tgys — T) — Teyl[l]
combined with its pullback via ¢ : § — B. The diagram (?7?) via
natural maps Ts — g*7Tp and R‘W..A‘}J.,S — R'm,Txys, for KS maps
commutes.
The main theorem of this section is the following.
Theorem 2.5. i) Suppose KSg is injective and dim S, = dim S, Vb €
B. There are canonical isomorphisms
¢ : Rr(End(E)™") = R°7.(End(F)™' — Apn/p)
= ROny Akys-
it) Suppose KSg is an isomorphism. Fiz a section s : B — C and a

coordinate = (along fiber of C — B) around s. There is a canonical
isomorphism (dependent only on the choice of z)

¢ = $_a : R'7.S(Sym*(End®(E) @0, Tx/s) & ROm (" AF' — Ap.).
(The R.H.S. of i), 11} are canonically identified with Df;B(AF), D' (Ar)
respectively, ¢f. Proposition 72.)

REFERENCES

[1] A. Beilinson, V. Schechtman: Determinant bundles and Virasoro algebras,
Commun. Math. Phys. 118 (1988), 651-701.

[2] H. Esnault, I-H. Tsai: Determinant bundle in a family of curves, after A.
Beilinson and V. Schechtman, Commun. Math. Phys. 211 (2000), 359-363.



	page1
	page2
	page3
	page4
	page5

