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Abstract 
natural configuration space for spacecraft systems in a central 

gravitational field can be modeled by SO(3) x IR', where the Speciol 
Orthogonal Group SO(3)  represents the attitude dynamics and R3 is 
for the orbital dynamics. While the attitude dynamics of the space- 
craft system is affected by the orbital elements through the well-known 
gravity-gradient torque, it has not been noted before, to our knowledge, 
that the effects of attitude-orbit coupling can be used to change orbital 
motions by controlling the attitude. This controllability property is the 
main issue of this work. We shall prove that the control systems for 
spacecraft with reaction wheels or gas jets as attitude controllers are 
controllable. 

The 

1 Introduction 
For a spacecraft system moving in a central gravitational field, the gas jets, 
or thrusters, acting directly on the orbital elements, are commonly used in 
orbital maneuvers. Typically, the satellite is modeled as a point mass and the 
orbits are simply Keplerian orbits. However, if a rigid body with finite extent 
is chosen to model the spacecraft, the orbital motion will be then coupled 
with the attitude dynamics. The Hamiltonian structure of such system and 
the effects of this coupling have been discussed in 128, 29, 31, 301. With 
this coupling it was then suspected that controllin the attitude motion 
may eventualiy affect the orbital motion. This tlienqeads to the notion of 
controllability of the spacecraft system by using gas jets or reaction wheels 
which control only the attitude. This idea motivated our work in this paper. 

The natural configuration manifold for spacecraft systems in a central 
gravitational field can be modeled as SO(3) x R3, or abbreviated as SE(3) .  
The Spectol  Orfhogonal Group SO(3) refers to the configuration space of 
attitude dynamics, while nt3 is for the configuration space of orbital (or 
translational) dynamics. How to control the attitude motion and orbital 
motion (efficiently) during maneuver keeps being an important issue in s- 
pacecraft controller design. More specifically, various control strategies have 
been used in controlling the attitude. These include thrusters (gas jets), mag- 
netic torquer, dual-spin technique, gravity-gradient. t,orque, control-moment 
gyros, momentum wheels, and reaction wheels, see, e.g. [32, 531. Concerning 
the efficiency, power and accuracy of the control systems, an effective 3-axis 
stabilization s c h e m ~  may use reaction wheels for attitude control with the 
momentuiii dumping through the thrusters. On the other hand, as described 
in the precious paragraph, orbital controls are mainly performed through gas 
jets. In previous design of such controllers, the gravity-gradient torque is 
sometimes included as disturbance torque or is used to assist the controller 
design. This gravity-gradient torque technique exhibits one of the coupling 
effects on the attitude from the orbital motion. However, as will be tlemon- 
strated later, this coupling also appears in orbital dynamical equations. Ac- 
cordingly, how to assess this effect on orbital dynamics and how to properly 
use them to assist orbital control become an interesting question. 

The controllability problem has attracted many investigators for its impor- 
tant role in control theory and applications. For a general nonlinear system, 
the sufficient and necessary conditions, i.e. the Lie algebra rank coatlition, 
for local accessibility (or weak controllability) for analytical systems was ad- 
dressed in many places, such as 125, 14, 101. In order to guarantee that a point 
p is in the interior of the reachable set from p for arbitrary small time, the 
notion of small time local controllability was introduced in [16]. Many suffi- 
cient conditions for the small time local controllability have been obtained in 
[6, 11, 91. In [23], Sussman proved a general theorem accommodating these 
conditions by applying the idea of action of Lie groups on the state-space of 
the dynamical system. For general nonlinear systems the concept of (global) 
controllability is very sophisticated, cf. [5, 241. Although there are no com- 
pletely satisfactory criteria has been developed, there are fruitful results for 
some special classes of nonlinear systems. In [19], it has been proved that 
the controllability can be established for Poisson stable systems satisfying 
the Lie algebra rank condition. Some extension of this result, which only 
requires the drift vector field (i.e. the vector field with no controls) having 
the Poisson stability property, can be founded in [13], and [4]. These result- 
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Figure 1: Spacecrraft with Reaction Wheels in a Central Force Field 

s have been applied in [8] to established the controllability property of the 
spacecraft system in which only attitude dynaniics were considered. In this 
paper, a slight generalization of the controllability theory mentioned above 
will be c.onstrncted. The re uirement of Poisson stability will be replaced by 
a weaker condition, i.e. weally posifiuely Poissoa sfobilily. This theorem will 
be then directly used to prove the controllability of the spacecraft systems, 
which include attitude-orbit coupling, controlled by using reaction wheels or 
gas jets in only attitude controllers. This is one of the main contributions of 
this work. 

In fact, we shall show that for a dynamical system with weakly positively 
Poisson stable drift vector field , the Lie algebra rank condition will imply 
controllability. For the spacecraft system under consideration, its intrinsic 
Hamiltonian structure can be utilized to prove the weakly positively Poisson 
stability by a@ying Poincari recurrence theorem. On the other hand, the 
work of checking the Lie algebra rank condition can be carried out with the 
aid of the general formula for the Lie bracket computation in YT(SO(3)"  x 
Ut)" developed in [17][18]. With these tools, the controllability can be then 
concluded. 

The rest of this paper is organized as follows. A quick review of equations 
of motion for the spacecraft systems is given in Section 2.  Formal defini- 
tions of controllability and weakly positive Poisson stability will be given in 
Section 3.  The techniques developed in this section and the Lie bracket com- 
putation on jet  bundles of SO(3) are then used to prove the controllability 
of spacecraft systems in Section 4.  In order to verify the Lie algebra rank 
condition, proper approximations for the gravity term are adopted. We shal- 
l prove that for some spacecraft wiflioirl any azis-syiiiinefry and satisfying 
some conditions, the controllability of the coupled system by using gas jets 
or reaction wheels in attitude controller can be concluded. Consequently, 
the coupling effects of attitude and orbit may be useful in controlliug orbital 
motion for a spacecraft. 

The result obtained in this work may be not intuitive a t  the first look. 
However, it has been noted, cf. (221, that the center of gravity of the assembly 
is different from the center of mass and the former may change its location 
with respect to different attitudes. This is one place where the coupling effects 
appear. From this observation, it is then natural that controlling the attitude 
may lead to some chan e of orbital motion. Accordingly, the controllability 
results are also p ~iysicaily appealing. 

2 System Description 
Consider a system consisting of a rigid body, or platform with some sym- 
metric rotors, moving in a central gravitational field, as deiicted in Figure 1. 
Let E denote the center of a gravitational field (e.g. generated by the Earth) 
with gravitational constant p .  The system of the platform of m m  nio and I 
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rotors of masses nr,, i = 1, ' . , I ,  inoves around t,he center E. The total mass 
of the assembly B will be denoted by in. Let 0 denote the center of mass of 
the assembly. We attach an inertial reference frame {el,ez,ea) to  E and a 
body reference frame {bl, bz, b3) to 0, respectively. The radius vector frpm 
E to 0 is represented by r E El3 in inertial frame. 

The attitude of the assembly can be modeled by an element B E SO(3), 
which represents the rotation of the body frame relative to the inertial frame. 
The special orthogonal group or rotation group S0(3),  is defined to be the 
set 

SO(3) = { B E  R3X"IBTB = l ,det(B) = I}, 
which is a subset of 3 x 3 nonsingular matrices. Here, and in what follows, 1 
denotes the identity matrix of the appropriate dimension. 

Let so(3)  denote the space of 3 x 3 skew-symmetric matrices. A natu- 
ral isomorphism between I R ~  and so(3) can be constructed as, with the - 
operator, - 

0 -a3 (12 

-Cl2 (11 0 
( i ; )  = ( a3 0 -a1 ) 

The kinematic eqnation for a rot,ation matrix can be written as b = B A ,  
where R is the tirsfanlanrous body ongular urlocity of the assembly. 

For the i-th rotor, the location of its-center of mass ailcl orientation of its 
axis of symmetry will be denoted by d,  and a unit vector ii , ,  respectively, 
both in body frame. The location of the center of mass of the platform will 
be denoted by do in body frame. The mot,ion of i-th rotor relative to t,he 
platform ran be described by an angle 0,. or equivalently, by an element 
in the circle group S'. As a conseqnence, the configuration space of the 
assembly can be modeled as  SO(^) x T" x I R ~ .  

Let I, and I, denote, respectively, the moments of inertial tensor of the 
platform and of the i-th rotor about their centers of masse. The equations 
of motion for the spacecraft system wit.11 I reart.ion wheels in a central grav- 
itational field can be derived by using the Eider-Lagrange method [I71 or 
Newton-Euler method [30] and are expressed as follows, 

- T r  
where I = c:,~(I~ + ni;d n i l ,  r, stands for the eigenvalue of ~i along the 
eigenvector n,, ri is the torque generated by the acturator acting on the i-th 
rotor, and r )  denot.es the total angular momentum of rotors relat,ive to the 
body, 

I 

3 Poisson Stability and Controllability 
Before answering the controllability prol)leni for the spacecraft system, we 
need to give formal definitions and obtain some criteria to suit our needs. 
Consider a,smooth vector field X on a smooth connected manifold M .  Let 
dX denote its flow: 

q5' : R x M -+ IM; ( t , p )  H d ; ( p )  

Assume that X is complete or q5:(p) is defined for all f 2 0. A point p 
in M is called posifiuely Poisson stable for X if for all T > 0 and for any 
neighborhood U, of p ,  there exists a time t > T, such that 

9XP) E UP 

The vector field X is called posifiueiy Poisson sfable  if the set of positively 
Poisson stable points for X is dense in M .  

A point p E M is called a nonwandering poinf  of X if for all T > 0, and 
for any neighborhood Up of p ,  there ,exists a time t > T such that 

o;(U,) n U P  # 0, 

where q5;(Up) = {q57(q) : q E U,). A positively Poisson stable point is 
necessarily a nonwanderin point. Let r. denote the nonwandering set, which 
is defined t o  be the set of afl nonwandering points of X. We have the following 
lemma. 

Leuiiiia 1 The nonwandering sef  of a posifiuely Poisson sfable  vector  field 
I S M .  0 

Proof: Let S denote the set of positively Poisson stable points for X. By 
definition, the closure of S, cl(S), is equal to M. That  is for any p E M ,  
given Up, a neighborhood of p ,  we haxe U p  n S # 0. This implies that  there 
exists a positively Poisson stable point (I. Let rJq E Up, be a neighborhood 
of q. We have VT > 0,3 t  > T ,  @ ( q )  E U q .  Hence & ( q )  E Up, which implies 

@ ( U p )  n U, # 0. Thus p is a nonwandering point. Since p is arbitrary, we 
prove rx = M. 

From this lemma, the conditions for a vector field with the whole manifold 
M being its nonwandering set are weaker than the conditions for it being 
positively Poisson stable. Accordingly a vector field will be called weakly 
positively Poisson stable if its nonwandering set is M ,  

Recall that in classical mechanics Liouville theorem tells us that the flow 
generated by a time-independent Hamiltonian system is volume-preserving. 
On the other hand, Poincard recurrence theorem proved that for a volume- 
preserving, bijective, continuous map 9 on a bounded domain D C R", every 
neighborhood U of each point in D contains a point y which returns to U 
after repeated application of the mapping, i.e., g" (q)  E U for some for some 
positive integer 1 1 .  By conibiiiiug the above observations, cf. [3, 271, we have 
the following theorem: 

Theorem 1 A tinre-independenf Haoiilfonian uecforfielri on a irianijold whrch 
is bonnded i s  weakly positively Poisson sfable .  

0 

0 

A dynamical polysystrm,  c.f. [19], is defined to be a collection of complete 
vector fields on M ,  which can be denoted by 3 = {X,, n E I} where I is 
an index set. An integral curue of 3 is a mapping 0 : [ to ,  f,] - M such that 
there exist vector fields, X I ,  . . .,XI in 3 aid 1, < f 1 < . . < t k  = f f ,  with 
the property that the restriction of Q to  [ t i - l ,  t i ]  is an integral curve of X i  
for each i = I ,  2 , .  . . , k. 

Let U be an open connected snbset of M and T > 0. A point y E U 
is locally 3-reachable froin p a1 tiirir T if associated to 3, there exists an 
integral curve @ ( t )  E U for all t E [O, T ]  such that @(O) = p and @(T)  = y .  
The set of all locally F-reachable point from p a t  time T will be denoted by 
R c ' ( 3 , T , p ) .  Let R V ( 3 , p )  denote U O < ~ < T R " ( F , ~ , ~ ) .  

Defiiiition 1 A dynamical polysystem 3 is said to be locally accessible if 
restricted to every open connected subset U of M,  for all T > 0, R V ( + , y )  
has a nonempty interior subset for every p E U .  It is said to be accesstble If 
for all T > 0, R F ( F , p )  has a nonempty interior subset for every p E M. o 

The local accessibility, which is sometimes called locally weak confrollabrl- 
ity, means that for every p ,  q E U ,  any T > 0, there exists an integral curve 
in U steering p to g or (not necessary and) q to p within the interval (0, T). 

Definition 2 A dynamical polysystem 3 is said to be locally controllable 
if restricted to  every open connected subset U of M and for every p E U ,  
R V ( 3 , p )  = M .  I t  is said to be confroflabfe if RY(F,  p )  = M for every p E M 
and some T > 0. 0 

Accordingly, local controllability (accessibility) implies controllability (ac- 
cessibility). However, it is noteworthy that,  in contrast with [lo, 15, 7 ,  201, 
with the above definitions, (locally) controllable does not imply (locally) ac- 
cessible. This is because that for accessibility, the nonempty interior property 
must be satisfied for all T > 0 while for controllability, we only ask for some 
T > 0, R V ( F , p )  = M. For the brevity of notations, in the sequel, we shall 
adopt the convention that if T is suppressed, R " ( F ,  p )  is to be understood as 
R $ ( F , p )  for some T > 0, while if II is suppressed, U = M ,  e.g., R ( 3 , T , p )  is 
to be understood as R M ( 3 , T , p ) .  

The necessary and sufficient c.ondit,ions for local accessibility are given by 
the following theorem: 

Tlieoreiii 2 [fO] L e f  L(F)  denote the smallesf  L ie  algebra in X ( M )  that 
conlaitis 3. The  dynonriral polysysteiu F is locally accessible if (and only tj 
for the analytical case) 

spa" ( ( 4 3 ) ) ( P ) )  = TpM,  (3) 

for  a l l  p E M .  0 

In the following, condition (3) will be called the Lie  algebra rank condttton. 
It has also been stated in [I91 that  for the analytical case, the polysystem 3 
which is controllable must satisfy the Lie algebra rank condition. Therefore, 
(local) controllability will imply local accessibility for analytic vector fields. 

Next we consider a general nonlinear control system: 

where f, 91,. . . , gj are analytic vector fields on M ,  arid the control U : Rt - 
U ,  a bounded subset of d, is a measnrable function. Let . Y ~ ( M )  denote the 
set ofall analytical vector fields on M .  Let 3 = {f+CJ g i u i  1 u E U )  tiefine 
a (~ynamica~ polysystem. ~ i i  integral curve of 3 essdZaliai1y corresponds to 
a trajectory of (4) with piecewise constant inputs. The smallest Lie algebra 
in .ya(M) that  contains 3 is equivalent to the Lie algebra generated by 
{f,s~,. . . ? g j ) .  

It  w a s  proved in (211 that for f = 0, and F defined above being symmetric, 
i.e., for any X E 3, also -X E 3, then the locally accessibility implies 
controllability. However, the control systems we are dealing with are not 
symmetric. The method of analyzin the controllability of the spacecraft 
system in the subsequent sections is &ased on the following controllability 
theorem: 
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Theorem 3 Suppose that j is a weakly positively Potssoii vector field. The 
systein (4) i s  controllable i f  and only rf it is locally accessible. 0 

Before proving the theorem, we introduce the following lemma 

Lelriiiia 2 [12] Let 3 be a dynamical polysyslenr. Then 

cl(R(3,p)) = cI(R(conv(F),p)), V P  E M ,  (5) 

where conv(3) denofe lhe convet  hull o f 3 .  0 

In fact, the condition (5) says that 3 and its convex hull conv(F) are equiu- 
alent by the definition in [12]. Now we are ready to prove the main theorem. 
Proof of Theorem 3 We only need to prove local accessibility im- 
plies controllability. Let 6 = 3 U {-j} and L(6)  denotes the Lie algebra 
generated by 6. Then conv(C) is symmetric and by the accessibility con- 
dition span L ( C ) ( p )  = T, (M) ,  Vp E M .  Also span L(conv(C))(p) = T,M. 
Since conv(6) is symmet,rir, by previous remark on syninietric systems, we 
have R(conv(C),p) = M ,  Vp E M. From the above lemma, CI(R(C,IJ)) = 
M ,  Vp E M ,  also. Since spanL(C)(p) = spanL(-&)(p) = T,M, R(-6,y) 
has a nonempty interior for all y E M. Hence, for any q E M ,  there 
exists r E int(R(-C,q)) n R(C,p). This implies q E R(C,p). As a result, 
R(C,p) = M ,  Vp E M. 

Now, we prove that for arbitrary p , q  E M ,  q E R(F,p).  
Let z E int R(-F,q) and w E int R(3 ,p) .  Since R(6, w) = M ,  there exists 

an integral curve of 6 joiiiing w to z ,  i.e., 

3 t l , .  . . , I I .  > 0 and S I , .  . . . X I .  E f s . t  

2 = 0 ' ' ' 0 4:; (1u)  

IfX,, i = 1 ,  . . . , k, belong to 3 ,  we liave q E R(3,p) .  If there are some X ,  such 
that X; = -f E C ,  we now try to "correct" the integral curve by using the 
property of weakly positive Poisson stability o f f .  Without loss of generality, 
m u m e  that Xi = - j .  We can find a neighborhood of z ,  say U,, in the 
interior of R(-3, q )  such that 

with w E (4:: 0.. o@:;)- '  ( U z ) .  

t i ,  there exists TI > t l  such that 
Now the weakly positively Poisson stability o f f  implies that for U, and 

4$,(uz)nuS +PJ 

Arcordingly, there exists F and 
( =  44,((). From (6), we ran find s E int(R(F,p)),  such that 

such that ( , i  E (Iz c int(R(-3,q)) and 

As a result, 

where gF denote a flow of 3, Other possible - j in X z ,  . , . , Xk can be treated 
in an analogous way. As a consequence, Q can be reached from p by some 
integral curve of 3. This completes the proof of the theorem. 0 

In [4, 191, it has been proved that the controllability can be established 
for Poisson stable systems satisfying the Lie al ebra rank condition. The 
theorem above extends their results to  the weakfy positively Poisson stable 
systems. Now, we combine Theorem 1 and 3 to yield the following theorem. 

Tlieorem 4 Consider  a confrol system on M ,  

(7) 

where X H  IS an analytical Haniilloittan vector field with lime-rndependent 
Harniltonian H ,  a n d g , ,  i = I , .  . , , j  are analyticalvectorfields on  M .  Assume 
M is bounded, ihen ihe sysleiii (7) IS eontrollable (with ptecewise constant 
inputs) iff the Lie algebra rank condilzon is safisfied, I.e.,  

spanL(XH, 91 I . . . , gj)(p) = TpM, V P  E M .  
0 

This theorem will be directly used in the following sections to prove the 
controllability of the spacecraft system by using gas jets. 

2 T I ~ ~  following prod is m a i d y  based OU =U unpuhlislted m t e  of W. P. Dayawausa. 

4 Controllability of Spacecraft System 
With the tools developed in the previous sections, we are now to  prove the 
controllability result for the spacecraft system. 

4.1 Spacecraft System with Reaction Wheels 
First, we consider the system of spacecraft with reaction wheels. The equa- 
tions of motion were given by (1). To apply Tliwrem l ,  i t  is natural to  
transform the dynamics on TQ to the dyna~nics on T'Q. We accomplish i t  
through the following process. With conjugate momenta defined by 

I 

n = IQ + 1 ~ ,  h = TJ + iillinTn, = mi ,  
I S 1  

where i j  is defined in (2), we can transform the dynamical equations (1) to 

1. = 11 
111 ' 

11 = r, 

where r = Cl,, r,n,. Here, II denotes the total angular momentum of the 
assembly and J 

For the case of no control inputs, i.e., r, = 0 (sometimes this is called 
the case of free rotors), then 11 is constant. Hence, the dynamical system 
described above is indeed a canonical Hamiltonian system with associated 
Hamiltonian H: 

I - xi=, I , i i , i i~ .  

Accordingly, the following proposition is obtained: 

Propositioii 1 The dynaiiiics of the spacecrafi systenr with free rotors can 
be ezpressed as a canonical Hairiilfon'8 equafion in  ( 8 ,  B d , r ,  p)-coordinates  
wtth Hatnilionian (9), where h is constant. Moreover, when r is finite and 
bounded away froin zero, ihen the systeni is  weakly positively Poisson stable. 

Proof The restriction on r inrplies that  the energy manifold is bounded, 
and then the systein is weakly positively Poisson stable by theorem I .  0 

For the controllability of system (8) being of concern, we look a t  the cor- 
responding conservation law of angular momentum. In fact, i t  can be easily 
verified that 

Bn + r  x p = k 
is the total angular momentum with respect to the inertial frame and is 
conserved for (8). Accordingly, the relatiouship among Il, r, p is invariant 
for any control input r .  We thus conclude that the control system (8) is not 
controllable. 

However, the phase variables that we are coucerned are not (B, BO, r ,  P ) ~ ,  
where II is the toial angular momentum of the spaceeraft and reaction wheels, 
but instead ( E ,  Bti8,r,p)', where n, = JR denotes the angular momentum 
of the spacecraft with locked reactioii wheels. The dynamical equations (1) 
can be transformed into a system in terms of the variables (B, BfIs,r,p) as 
follows. 

(10) 

B = BJ-III,, 

1. = E, 
ni 

11 = T .  

In contrast with the system (8), the constant of motion for system (11) be- 
comes 

where the relationship among B, II,, r, , p  is no longer constrained since 11 can 
be controlled through r .  It is noteworthy that there is no obvious Hamiltc- 
nian structure for the spacecraft system (1 1 )  with aero input. Thus Theorem 
1 can not be directly applied to  system (11). While the system (8) is not 
controllable, its property of weakly positive Poisson stability can be used to 
help us in establishing such property for (11). This is achieved through the 
notion of topological equivalence. 

B ( n ,  + h )  + r  x p = k, (12) 

31 07 



Defiiiitiou 3 12, 11 Topological flows $ and $'! on phase space M, N ,  re- 
spectively, are said to be topologically equivalent If there is a homeomorphism 
CP : N - M which carries the trajectories of one flow to the trajectories of 

0 

Proposit ioii  2 Consider vector fields X, Y and associated pow 9" nad by, 
respectively. If $* and (Y are topologically equivalent, then the weakly positive 
Poisson stability of X implies the weakly positive Poisson stobilily of Y ,  and 
vtce versa. 

P r o o f  By the topological equivalence, there is a homeomorphism 0 with 
M = @ ( N )  such that for any y E A' and every neighborhood V, C N, the 
set CJz = O(Vv) is a neighborhood of z = O(y). Since X is weakly positively 
Poisson stable, for some T < 00, $+(U,) n U, # 0. From the property that 
0 carries the trajectories of Y to the trajectories of X while preserves the 
direction of motion, we know $:(Vv) n V, # 0 for some t 5 T. 0 

Corollary 1 The drifl vertorfidd $of system (11) is weakly positively Pois- 
son stable. 0 

Proof: The corollary follows if we can establish the topological equivalence 
between the flows of the drift dynamics for (8) and (11). Let 

the other while preserving the direction of motion. 

.:( !) 
where 11 is a constant. The mapping 0 is obviously Iiomeomorphism. Now 
we prove that the transformation 0 carries the trajectories. Let 4; and 4: 
denote the flows of the drift dynamics (8) and (1  I ) ,  respectively. For arbitrary 
y = ( E ,  nr ,r ,p lT ,  we need to verify $(a o&)lv = X ( O ( ~ ) ) .  In particular, 

Accordingly, $" and 4 Y  are topologically equivalent, and then the corollary 
follows from Proposition 2. 0 

As stated before, we are concerned with the controllability property on 
the space , ( E ,  Bfis ,r ,  P ) ~ .  The dynamics of 11 in  (11) can be in fact decou- 
pled from the dynamics of ( E ,  BfIs,r,p) by using the law of conservation 
of angular momentum (12). Accordingly, for constant k, we reformulate the 
system as follows. 

where the canonical representation on TT'(SO(3) x Et3) (cf. [HI) has been 
adopted. The drift dynamics of (13) is also weakly positively Poisson stable. 
This follows from the corresponding property of the drift dynamics of (11). 
In fact, for arbitrary constant k in (13), we can find 11 = ET(k - r x p) - n, 
which is also a constant such that the drift dynamics of (13) is the same as 
that of (11). 

Now, we prove the controllability ,of dynamics (13) by applying Theorem 
3. The Lie algebra rank condition for (13) can be checked as follows. Since 
the Lie algebra rank condition is invariant under control feedback, we can 
choose 

Ir(BTr x t j )  -dm(B) -11, 7 = -BT(k - r x p) x J- 'n ,  - (14) J i r  + 8113 
Here, we assume that 7 can control three independent directions of rotation. 
With the feedback (14), system (13) can be put into the following form: 

Furthermore, by writing U = blul +bZuZ+b3u3, we could express the above 
equation in the form of (4) with 

where bl = ( l ,O,O)T,  b2 = ( O , I , O ) T ,  b3 = ( O , O , I ) T .  By applying the 
techniques developed in [17, 181, the Lie bracket o f f  and y, results 

Similarly, we have the following vector fields generated by the Lie bracket 
operation, V i = 1 , 2 , 3 ,  

where "*" denotes the "don't care " terms and Fi,4 is the fourth component 
of the vector field Fi given by 

From the above formulae, it is noted that the Lie algebra rank condition 
is satisfied if the three vectors FI,~, Fz,.,, F3,4 can span the 3-dimensional 
space. To this end, we rewrite CL, ciF,,4 with ci E IR as follows, 

P 
where A = BTr. Now, it becomes obvious that the non-singularity of matrix (17) 

P a t  every ( E ,  r) implies the Lie algebra rank condition which, in turn, implies 
the controllability. However, for an asymmetric niolecule, which consists of 
six point masses with two on each principal axis (c.f. [all) ,  matrix P can be 
computed to be singular for some configurations. Therefore, a more detailed 
analysis is necessary. 

Let J-'bi f bi and 1 denote the coefficient of inertial of the assembly, 
i.e., Z k J6 QITdni(q). We have Z = i tr (1) l -  I where I is the total moment 
of inertia of the assembly and is assumed to be diagonal. Hence Z is a 
diagonal matrix and has three different eigenvalues, say X1,Z2, Z3. For most 
applications, the body size of the spacecraft is very small comparing to the 
size of the orbital radius. We could thus approximate our vector fields based 
on the small parameter t f which represent the ratio of body size to 
the radius. Taking Taylor expansion with respect to E, the matrix P can be 
expressed as 

P =  

For the second-order approximations, it can be found that the determinant 
of P is 

detP = 2 ( X  Ix15 I -Z2)(12 -Z3)(Z3 - I l ) x I x Z h ,  

with A = ( A I , A ~ , X ~ ) ~ .  Accordingly, for nonzero X I , & ,  X3,  and asymmetric 
body, the Lie algebra rank condition is satisfied. However in order to apply 
Theorem 3, Lie algebra rank condition needs to be satisfieh for all X I ,  Az,  X3. 
Complete analysis will be given after the following main theorem is stated. 
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Theorem 5 Suppose the spacecmfl sysfetn (13) wifh fhree-azes reaction wheel- 
s i.e., fhe eflects of reaction wheels are on fhree independenf azes. Suppose 
h s o  (hat r is finite and suficiently large comparing io the sire of fhe apace- 
crafi. Then ihe spacecraft sysietn is conirollable if ihc s acecmft has fhree 
distinct principal niotnenis of ineriia and i ts mass disfrifuiion safisfies fhe 
constraints 

1 (IT(-l + 5bibT)qfTdnt(p) H bi ,  V i = 1,2,3. (19) 

Moreover, 1f the fofal effecfs of nactton wheels are only on one-azis or 
two-tndependenf azis, fhen the spacecrafi sysion is neifher controllable nor 
accessible. 

U 

Proof The weakly positive Poisson stability of the drift dynamics of (13) 
has been proved. For the Lie algebra rank condition, i t  is easily checked that 
gi, fi, V i = 1,2,3, span q ~ , s n ) P S 0 ( 3 ) .  I t  suffices to seek some vector 
fields which span Tp,p,T'IR3. 

The matrix P in (18) can be expressed as component form of 

(w - &)(z3 - 1 2 )  (* - A i ) ( I j  -b) ~ ( Z Z  - 21) 

o(<q 

4 1  4 2  4 3  

P 
O ( < S )  

The proof of the theorem is conducted tlirou 11 the following four steps. The 
idea is t o  find three independent vectors on t f e  tangent space corresponding 
to r and p, respectively. 
Step 1: We show that for every configuration (B,BfI,,r,p)T there exists 
a t  least one vector w E d satisfying w HA and U ,LA. 

Case 1: IX11,IXzI,  IA31 > Z, where F is a small number. This condition 
in fact says that A I ,  Az, A3 are all reasonably large. Under this cir- 
cumstance, the matrix P is nonsingular. Hence, by suitably assigning 
c1, cz, c3, we can find v = 

> F, 
or A 1  small and XZ,  A3 reasonably large. Let E;=, cibi = [c;,c;,OIT. 
Obviously, c', , c; can be chosen arbitrarily. We compute 

cibi soch that w H A  and w AA. 
Case 2: Without loss of generality, assiiine A1 E (-?,?), (XZ( ,  

. .  

W X A  sz 

Accordingly, i t  is evident that we can choose C;, c; such that U HA and 

1x1. Assume either A1 or X z  is nonzero, 
say X z  # 0. By a similar argument as the above case, we can choose 
Ct=l cibi = [d,O,0lT such that v = cjbi satisfies w A A  and 
w ,LA. When A1 = A2 = 0, the above arguments do not work. We need 
to look a t  the third-order approximation, i.e., the terms of 0(c3) in P 
need to be used. We have 

U p. 
Case 3: A 1 , A z  E (-!,<), AS 

ATP 

Thus, if conditions (19) are satisfied, we can choose c,, i = 1,2,3, such 
that w1 /LA. Now, if ul AlX, we are done and the desired U = vi. 
Otherwise, by similar argument as in Case 2 above, we can find vz such 
that w~ HA. If u2 ,LA, we let v = w2.  If u~ I A ,  then we pick Y = VI  +uz. 
Obviously, w HA and w ,LA. As a result, w is the desired vector. 

In summary, we make the following conclusion: let A1 denote the distribu- 
tion spanned by vector fields Fi, i = I ,  2,3 in (16) then there exists a vector 
field V I ,  V1 # 0, and V1,4(B,Bflr ,r ,p)  = Bw with w H A  and w , A A ,  such 
that 

for every point of ( E ,  fIs,r, p). 
Step 2: With w found in Step 1, here we prove that X x v is in span(L(f,gi)). 
Taking the Lie bracket of Fi and fi, we obtain 

AI 3 span{(*, *,O, VdT} 

* 

For the scalars c i , i  = 1,2,3 corresponding to the vector w obtained in the 
previous step, we have 

where DxP denotes the derivative of P with respect to A. In fact, as shown in 
(17), P is function of X = BTr only. Now, we pick l, such that E,"=, ljb, = 
KIA. Then 

[ g c i F i .  $ 1 j f i ]  =pBnl(X x u ) .  

As a result, if we define a vector field V2 such that V2,4(B,Bri,,r,p) = 
B(A x w ) ,  then we have 

A1 + Az 3 s p a n { ( * , * , O , V I ) T , ( * , * , O , V Z ) T ) .  

Step 3: Now we proceed to construct the third independent vector field. By 
similar process as in the above step, we compute the Lie bracket 

where ci, /, , i ,  j = 1 ,2 ,3  were given ill Step I and 2, respectively. By choosing 
d k ,  k = 1,2,3 such that xi=, dtbt = K ~ X ,  the bracket can be found to be 

Now, let a vector field V3 be such that V3,4 = B(X x ( A  x w ) ) .  Since 
{ w ,  X x U, X x ( A  x w ) )  forms a basis in lR3, we conclude that the distribution 
A1 + A2 + A3 span the tangent space corresponding to the component p. 
Step 4: Now, we need to prove that the distribution span(f(f,gi)) span the 
tan ent space corresponding to the component r. By a similar argument as 
in t f e  previous steps, we can show that the distribution 

where ci, l j ,  d t  are chosen in Step 1-3, spans the tangent space corresponding 
to r .  Consequently, we have the following conclusion: 



This complete the proof for tlie controllability of tlie system with three-axis 
reaction wheels. 

On the other hand, for the case of one-axis or two-axis reaction wheels, 
there exists some vector c such that 

c T B T ( k - r x p ) - c T n .  = cTli  = 0 

Therefore, there exists some constant of motion cTBT(k - r x p)  - cTn, 
which is invariant under any control input. Accordingly, the system (11) 
with one-axis or two-axis reaction wheels cannot be accessible, and hence 
not controllable. 0 

The conditions stated in the above theorem mainly require that the shape 
of the spacecraft should be not symmetric. I n  fact, for a totally symmetric 
spacecraft, the orbital dynamics is decoupled from attitude dynamics and 
is thus uncontrollable from the torque affecting the attitude motion. By 
choosing suitable masses and sizes of the molecule mentioned before, i t  has 
been checked that the conditions (19) can be satisfied. This shows that there 
are indeed some physical cases that the above theorem can be applied. Now 
we turn our attention to the controllability problem for the spacecraft system 
with gas jets. 

4.2 

The controllability analysis for spacecraft system with gas jets is similar to 
that for the system with reaction wlirels. Define conjugate momenta 

n = IQ and p = mi. 

The dynamical equations expressed as a canonical form on T’(SO(3) x Et3) 
are: 

Spacecraft System with Gas Jets 

B = BI-’n. 

; = E  
ni ‘ 

Theorem 4 can be applied to prove the controllability of system (20). To 
this end, we first consider the Hamiltonian structure of the drift vector field 
of (20). By setting 7 = 0, system (20) is a Hamiltonian system with the 
following Hamiltonian, 

Now, we check the Lie algebra rank. condition. 
feed back 

r = - n  ~ I - l n -  ____ 

By choosing tlie control 

(22) 
p(BTr x l j )  1 I r +  Bql3 dnL(q) + “ I  

system (20) can be transformed into the system (15) with n, replaced by 
n ,  and J replaced by I. Accordingly, the verification of Lie algebra rank 
condition is exactly the same as in the previous subsection. Therefore, we 
have the following theorem. 

Theoreill 6 Suppose fhe sparerraft syslear (20) with three-ares gas j e t s ,  i . e . ,  
the effects of gas j e t s  are on three independent azes.  Suppose also f h a f  r is 
finite and suf i r ienf ly  large cotnpanng to the size of the spacecraft. Then the 
Spacecraft system i s  confrollable IJ t h t  spacecraft has three distinct principal 
niornents OJ rnerfia and rts inass distribution satisfies the constraints 

J,qT~-1+5b,b:)qqTd.i(lj) b,, V i =  1 ,2 ,3 .  (23) 

0 
The above two Theorems 5 and 4 essentially tell us that  tlie orbital motion 

can be controlled by suitably adjustin,g the attitude motion. In fact, we may 
define the center of gravity of the assembly to be, cf. [22], the vector rG such 
that 

Thus the center of gravity is the place where tlie total gravitational force acts 
on. It can be proved that while the center of mass is fixed i n  tlie assembly, the 
center of gravity varies with respect to different orientations of the assembly. 
From this observation, it is then natural that changing the attitude (relative 
to the center of mass) may lead to the rliange of tlie orbit. 

5 Conclusions 
In this paper, the equations of motion for spacecraft. system with reaction 
wheels or with gas jets i n  a central gravitational field are concerned. For these 
dynamics, we are interested in investigating the possibility of controlling the 
orbit by attitude controllers. The formal definitions of the controllability and 
weakly positive Poisson stability has been addressed. We showed that if tlie 

drift vector field of the system is weakly positively Poisson stable and the Lie 
algebra rank condition is satisfied, controllability can be concluded. For the 
above mechanical systems, their intrinsic Hamiltonian structures were then 
used to guarantee the weakly positive Poisson stability. On the other hand, 
the Lie algebra rank condition was verified with the aid of the techniques in 
computing of Lie brackets on second tangent bundle of SO(3) x d. The 
main results of this paper state that  it is possible to change the orbit of 
the spacecraft by controlling the attitude. The observation of such attitude- 
orbit coupling effects not only helps us to understand the dynamics of the 
spacecraft system but also may lead to new technologies in spacecraft control. 
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