Proceedings of the 32nd Conference
on Declslon and Control
San Antonlo, Texas * December 1993

FM5 - 1:50

Controllability of Spacecraft Systems

in a Central Gravitational Field !

Kuang-Yow Lian!, Li-Sheng Wang!, and Li-Chen Fu!

Department of Electrical Engineering'

Institute of Applied Mechanics?

National Taiwan University, Taipei, Taiwan, R.0.C.

Abstract

The natural configuration space for spacecraft systems in a central
gravitational field can be modeled by SO(3) x IR®, where the Special
Orthogonal Group SO(3) represents the attitude dynamics and R’ is
for the orbital dynamics. While the attitude dynamics of the space-
craft system is affected by the orbital elements through the well-known
gravity-gradient torque, it has not been noted before, to our knowledge,
that the effects of attitnde-orbit coupling can be used to change orbital
motions by controlling the attitude. This controllability property is the
main issue of this work. We shall prove that the control systems for
spacecraft with reaction wheels or gas jets as attitude controllers are
controllable.

1 Introduction

For a spacecraft system moving in a central gravitational field, the gas jets,
or thrusters, acting directly on the orbital elements, are commonly used in
orbital maneuvers. Typically, the satellite is modeled as a point mass and the
orbits are simply Keplerian orbits. However, if a rigid body with finite extent
is chosen to model the spacecraft, the orbital motion will be then coupled
with the attitude dynamics. The Hamiltonian structure of such system and
the effects of this coupling have been discussed in [28, 29, 31, 30}. With
this coupling, it was then suspected that controlling the attitude motion
may eventually affect the orbital motion. This then %eads to the notion of
controllability of the spacecraft system by using gas jets or reaction wheels
which control only the attitude. This idea motivated our work in this paper.

The natural configuration manifold for spacecraft systems in a central
gravitational field can be modeled as SO(3) x IR?, or abbreviated as SE(3).
The Special Orthogonal Group SO(3) refers to the configuration space of
attitude dynamics, while IR® is for the configuration space of orbital (or
translational) dynamics. How to control the attitude motion and orbital
motion (efficiently) during maneuver keeps being an important issue in s-
pacecraft controller design. More specifically, various control strategies have
been used in controlling the attitude. These include thrusters (gas jets), mag-
netic torquer, dual-spin technique, gravity-gradient torque, control-moment
gyros, momentum wheels, and reaction wheels, see, e.g. [32, 33]. Concerning
the efficiency, power, and accuracy of the control systems, an effective 3-axis
stabilization scheme may use reaction wheels for attitude control with the
momentum dumping through the thrusters. On the other hand, as described
in the precious paragraph, orbital controls are mainly performed through gas
jets. In previous design of such controllers, the gravity-gradient torque is
sometimes included as disturbance torque or is used to assist the controller
design. This gravity-gradient torque technique exhibits one of the coupling
effects on the attitude from the orbital motion. However, as will be demon-
strated later, this coupling also appears in orbital dynamical equations. Ac-
cordingly, how to assess this effect on orbital dynamics and how to properly
use them to assist orbital control becoime an interesting question.

The controllability problem has attracted many investigators for its impor-
tant role in control theory and applications. For a general nonlinear system,
the sufficient and necessary conditions, i.e. the Lie algebra rank condition,
for local accessibility (or weak controllability) for analytical systems was ad-
dressed in many places, such as [25, 14, 10]. In order to guarantee that a point
p is in the interior of the reachable set from p for arbitrary small time, the
notion of small time local controllability was introduced in [16]. Many suffi-
cient conditions for the small time local controllability have been obtained in
[6, 11, 9]. In [23], Sussman proved a general theorem accommodating these
conditions by applying the idea of action of Lie groups on the state-space of
the dynamical system. For general nonlinear systems the concept of (global)
controllability is very sophisticated, cf. [5, 24]. Although there are no com-
pletely satisfactory criteria has been developed, there are fruitful results for
some special classes of nonlinear systems. In {19], it has been proved that
the controllability can be established for Poisson stable systems satisfying
the Lie algebra rank condition. Some extension of this result, which only
requires the drift vector field (i.e. the vector field with no controls) having
the Poisson stability property, can be founded in [13}, and [4]. These result-

!This work was partially supported by National Science Council, Republic of China,
under grant NSC 82-0208-M-002-028, NSC 82-0422-E-002-045 and NSC 82.F-SP-002-03

0191-2216/93/$3.00 © 1993 IEEE

e E
Figure 1: Spacecrraft with Reaction Wheels in a Central Force Field

s have been applied in [8] to established the controllability property of the
spacecraft system in which only attitude dynamics were considered. In this
paper, a slight generalization of the controllability theory mentioned above
will be constructed. The requirement of Poisson stability will be replaced by
a weaker condition, i.e. weakly posilively Poisson stability. This theorem will
be then directly used to prove the controllability of the spacecraft systems,
which include attitude-orbit coupling, controlled by using reaction wheels or
gas jets in only attitude controllers. This is one of the main contributions of
this work.

In fact, we shall show that for a dynamical system with weakly positively
Poisson stable drift vector field , the Lie algebra rank condition will imply
controllability. For the spacecraft system under consideration, its intrinsic
Hamiltonian structure can be utilized to prove the weakly positively Poisson
stability by applying Poincaré recurrence theorem. On the other hand, the
work of checking the Lie algebra rank condition can be carried out with the
aid of the general formula for the Lie bracket computation in T*T(SO(3)™ x
R)" developed in [17](18]. With these tools, the controllability can be then
concluded.

The rest of this paper is organized as follows. A quick review of equations
of motion for the spacecraft systems is given in Section 2. Formal defini-
tions of controllability and weakly positive Poisson stability will be given in
Section 3. The techniques developed in this section and the Lie bracket com-
putation on jet bundles of SO(3) are then used to prove the controliability
of spacecraft systems in Section 4. In order to verify the Lie algebra rank
condition, proper approximations for the gravity term are adopted. We shal-
1 prove that for some spacecraft without any azis-symmetry and satisfying
some conditions, the controllability of the coupled system by using gas jets
or reaction wheels in attitude controiler can be concluded. Consequently,
the coupling effects of attitude and orbit may be useful in controlling orbital
motion for a spacecraft.

The result obtained in this work may be not intuitive at the first look.
However, it has been noted, cf. [22], that the center of gravity of the assembly
is different from the center of mass and the former may change its location
with respect to different attitudes. This is one place where the coupling effects
appear. From this observation, it is then natural that controlling the attitude
may lead to some change of orbital motion. Accordingly, the controllability
results are also physicaﬁy appealing.

2 System Description

Consider a system consisting of a rigid body, or platform, with some sym-
metric rotors, moving in a central gravitational field, as depicted in Figure 1.
Let E denote the center of a gravitational field (e.g. generated by the Earth)
with gravitational constant g. The system of the platform of mass mg and {
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rotors of masses mti, i = 1,---, !, moves around the center E. The total mass
of the assembly B will be denoted by m. Let O denote the center of mass of
the assembly. We attach an inertial reference frame {e;,e3,e3} to E and a
body reference frame {b;, bz, b3} to O, respectively. The radius vector from
E to O is represented by r € R? in inertial frame.

The attitude of the assembly can be modeled by an element B € SO(3),
which represents the rotation of the body frame relative to the inertial frame.
The special orthogonal group or rotation group SO(3), is defined to be the

set

S50(3) = {B € R*?|BTB = 1,det(B) = 1},
which is a subset of 3 x 3 nonsingular matrices. Here, and in what follows, 1
denotes the identity matrix of the appropriate dimension.

Let so(3) denote the space of 3 x 3 skew-symmetric matrices. A natu-

ral isomorphism between R® and so(3) can be constructed as, with the ~
operator,

ay 0 —az az
as = as 0 —ay
as -ty 0 0

The kinematic equation for a rotation matrix can be written as B = B,
where Q is the instantaneous body angular velocity of the assembly.

For the i-th rotor, the location of its center of mass and orientation of its
axis of symmetry will be denoted by d; and a unit vector n;, respectively,
both in body frame. The location of the center of mass of the platform will
be denoted by d, in body frame. The motion of i-th rotor relative to the
platform can be described by an angle 6;, or equivalently, by an element
in the circle group S'. As a consequence, the configuration space of the
assembly can be modeled as SO(3) x T" x R3.

Let I, and I; denote, respectively, the moments of inertial tensor of the
platform and of the i-th rotor about their centers of masse. The equations
of motion for the spacecraft system with [ reaction wheels in a central grav-
itational field can be derived by using the Euler-Lagrange method [17] or
Newton-Euler method [30] and are expressed as follows,

B = BQ,
L #(BTr x §) -
I a7 rx9) 1
IQ+7 Qx (m+n)+/u vt BiP dm(q), )
I,'ﬁTn,‘+[.'§,' = T Yi=1,...,1
—— e+ Bg) ,
mi = _/B B ),

T - .
where I = Zﬁ’:u(li + myd; d;), I; stands for the eigenvalue of I; along the
eigenvector n;, 7; is the torque generated by the acturator acting on the i-th
rotor, and 7 denotes the total angular momentum of rotors relative to the
body,

!
n= E: 8, Ln;, 2)

f=1

3 Poisson Stability and Controllability

Before answering the controllability problem for the spacecraft systemn, we
need to give formal definitions and obtain some criteria to suit our needs.

Consider a smooth vector field X on a smooth connected manifold M. Let
¢* denote its flow:

¢*:RxM—M; (t,p)— ¢5(p).
Assume that X is complete or ¢X(p) is defined for all ¢

in M is called positively Poisson stable for X if for all T
neighborhood U, of p, there exists a time t > T, such that

#¢(p) € Up.

The vector field X is called positively Poisson stable if the set of positively
Poisson stable points for X is dense in M.

A point p € M is called a nonwandering poini of X if for all T > 0, and
for any neighborhood U, of p, there exists a time ¢ > T such that

S (Up) DU # 8,

point p

>0 A
> 0 and for any

where ¢¥(Up) = {¢J(q) : g € Uy}. A positively Poisson stable point is
necessarily a nonwandering point. Let T'y denote the nonwandering sei, which
is defined to be the set of all nonwandering points of X. We have the following
lemma.

Lemma 1 The nonwandering sel of a positively Poisson stable vector field
is M. o

Proof: Let S denote the set of positively Poisson stable points for X. By
definition, the closure of S, cI(S), is equal to M. That is for any p € M,
given Uy, a neighborhood of p, we have U, NS # @. This implies that there
exists a positively Poisson stable point ¢. Let U, € U,, be a neighborhood
of ¢. We have VT' > 0,3t > T, ¢¥(q) € U,. Hence ¢{(q) € Uy, which implies

$5(Up) NU, # 8. Thus p is a nonwandering point. Since p is arbitrary, we
prove [y = M. a]

From this lemma, the conditions for a vector field with the whole manifold
M Deing its nonwandering set are weaker than the conditions for it being
positively Poisson stable. Accordingly, a vector field will be called weakly
positively Poisson stable if its nonwandering set is M.

Recall that in classical mechanics Liouville theorem tells us that the flow
generated by a time-independent Hamiltonian system is volume-preserving.

On the other hand, Poincaré recurrence theorem proved that for a volume-
preserving, bijective, continuous map g on a bounded domain D C IR”, every
neighborhood U of each point in D contains a point ¢ which returns to U/
after repeated application of the mapping, i.e., g"(q) € U for some for some
positive integer n. By combining the above observations, cf. {3, 27], we have
the following theorem:

Theorem 1 A time-independent Hamillonian vector field on a manifold which
is bounded is weakly posilively Poisson stable. =]

A dynamical polysystem, c.f. [19], is defined to be a collection of complete
vector fields on M, which can be denoted by F = {X,, a € I} where [ is
an index set. An integral curve of F is a mapping @ : [t,,t;] — M such that
there exist vector fields, X1,..., X in Fand t, < ¢, < --- < {g = ty, with
the property that the restriction of @ to [t;_1, ] is an integral curve of X;
foreachi=1,2,...,k

Let U be an open connected subset of M and T > 0. A point ¢ € U
is locally F-reachable from p at time T if associated To F, there exists an
integral curve &(t) € U for all ¢ € [0, T] such that ®(0) = p and &(T) = q.
The set of all locally F-reachable point from p at time 7" will be denoted by
RY(F,T,p). Let RY(F,p) denote UastsTRU(.’F,t,p)‘

Definition 1 A dynamical polysystem F is said to be locally accessible if
restricted to every open connected subset U of M, for all T > 0, RY(F,p)
has a nonempty interior subset for every p € U. It is said to be accessible if
for all T > 0, R¥(F,p) has a nonempty interior subset for everype M. O

The local accessibility, which is sometimes called locally weak controllabil-
ity, means that for every p,q € U, any T > 0, there exists an integral curve
in U steering p to g or (not necessary and) g to p within the interval (0, T).

Definition 2 A dynamical polysystem F is said to be locally controllable
if restricted to every open connected subset U of M and for every p € U,
RE(F,p) = M. It is said to be controllable if RM(F,p) = M for every p€ M
and some T > 0. o

Accordingly, local controllability (accessibility) implies controllability (ac-
cessibility). However, it is noteworthy that, in contrast with [10, 15, 7, 20],
with the above definitions, (locally) controllable does not imply (locally) ac-
cessible. Thisis that for ibility, the nonempty interior property
must be satisfied for all T > 0 while for controllability, we only ask for some
T > 0, R¥(F,p) = M. For the brevity of notations, in the sequel, we shall
adopt the convention that if T is suppressed, RV(F, p) is to be understood as
RT(F, p) for some T > 0, while if U is suppressed, U = M, e.g., R(F, T, p) is
to be understood as RM(F, T, p).

The necessary and sufficient conditions for local accessibility are given by
the following theorem:

Theorem 2 [10] Let L(F) denote the smallest Lie algebra in X(M) that
contains F. The dynamical polysystem F is locally accessible if (and only if
for the analytical case)

span (L(F))(p)) = T M, 3
forallpe M. o

In the following, condition (3) will be called the Lie algebra rank condition.

It has also been stated in {19] that for the analytical case, the polysystem F

which is controllable must satisfy the Lie algebra rank condition. Therefore,

(local) controllability will imply local accessibility for analytic vector fields.
Next we consider a general nonlinear control system:

3
= flz)+) gilz)ui; zeM, (4)

i=1

where f, g1, ..., g; are analytic vector fields on M, and the control u : Rt —
U, a bounded subset of IR, is a measurable function. Let A%(M) denote the

set of all analytical vector fields on M. Let F = {f+3)_, giui | u € U} define
a dynamical polysystem. An integral curve of ¥ essentially corresponds to
a trajectory of (4) with piecewise constant inputs. The smallest Lie algebra
in ¥*(M) that contains F is equivalent to the Lie algebra generated by
{fio,...,9).

It was proved in [21] that for f = 0, and F defined above being symmetric,
ie, for any X € F, also —X € F, then the locally accessibility implies
controllability. However, the control systems we are dealing with are not
symmetric. The method of analyzini the controllability of the spacecraft

tem in the subsequent sections is based on the following controllability
theorem:
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Theorem 3 Suppose that f is a weakly positively Poisson vector field. The
system (4) is controllable if and only if it is locally accessible. [u]

Before proving the theorem, we introduce the following lemma.
Lemma 2 [12] Let F be a dynamical polysystem. Then

(R(F,p)) = o (R(conv(F),p)), VPEM, (8)
where conv(F) denote the convex hull of F. o

In fact, the condition (5) says that F and its convex hull conv(F) are equiv-
alent by the definition in [12]. Now we are ready to prove the main theorem.
Proof of Theorem 32 We only need to prove local accessibility im-
plies controllability. Let £ = F U {—f} and L£(£) denotes the Lie algebra
generated by £. Then conv(£) is symmetric and by the accessibility con-
dition span L(€)(p) = T,(M), ¥p € M. Also span L(conv(£))(p) = T, M.
Since conv(€) is symmetric, by previous remark on symmetric systems, we
have R(conv(£),p) = M, Vp € M. From the above lemma, cl(R(£,p)) =
M, ¥p € M, also. Since spanl(£)(p) = spanl(—E)(p) = T,M, R(=£,y)
has a nonempty interior for all y € M. Hence, for any ¢ € M, there
exists » € int(R(—£,q)) N R(E,p). This implies ¢ € R(E,p). As a result,
R(&,p)=M, Vpe M.

Now, we prove that for arbitrary p,q € M, ¢ € R(F,p).

Let z € int R(—F, ¢) and w € int R(F, p). Since R(&,w) = M, there exists
an integral curve of £ joining w to 2, ie.,

by, >0and Xy,..., X €& s.t.
2= ¢fl oo drr(w).

If X;,i=1,...,k belong to F, we have ¢ € R(F, p). If there are some X; such
that X; = —f € &£, we now try to “correct” the integral curve by using the
property of weakly positive Poisson stability of f. Without loss of generality,
assume that X; = —f. We can find a neighborhood of z, say U., in the
interior of R(—F, ¢) such that

(63 00 83) ™ (U:) Cint(R(F p)), )

with w € (dt:‘: ot 0¢:‘:)_1 (U:).
Now the weakly positively Poisson stability of f implies that for U, and
ty, there exists Ty > ¢ such that
LU DU, #0.

Accordingly, there exists € and ¢ such that &, € U, C int(R(—F,¢)) and
= ¢;,] (€). From (6), we can find s € int(R(F,p)), such that

f:qb_‘j o0 grk(s).

As a result,

m
]

¢f od7) oo glk(s)
= #f 00 dik(s).
Since £ € int(R(—F, q)) and s € int(R(F, p)), we proved
g=¢"0¢f _, 00k od”(s),

where ¢” denote a flow of F. Other possible —f in X5, ..., X; can be treated
in an analogous way. As a consequence, g can be reached from p by some
integral curve of F. This completes the proof of the theorem. ]

In [4, 19], it has been proved that the controllability can be established
for Poisson stable systems satisfying the Lie algebra rank condition. The
theorem above extends their results to the weak%y positively Poisson stable
systems. Now, we combine Theorem 1 and 3 to yield the following theorem.

Theorem 4 Consider a control system on M,

J
i=Xn+ Y g (7
i=1
where Xp is an analytical Hamillonian veclor field with time-independent
Hamiltontan H, end g;,i = 1, ..., j are analytical vector fields on M. Assume
M is bounded, then the system (7) is controllable (with piecewise constant
inpuls) iff the Lie algebra rank condition is salisfied, i.e.,
spanl(Xg,g1,...,8;)(p) = T,M, VpeM.
m}
This theorem will be directly used in the following sections to prove the
controllability of the spacecraft system by using gas jets.

2The following proof is mainly based on an unpublished note of W. P, Dayawansa.

4 Controllability of Spacecraft System

With the tools developed in the previous sections, we are now to prove the
controllability result for the spacecraft system.

4.1 Spacecraft System with Reaction Wheels

First, we consider the system of spacecraft with reaction wheels. The equa-
tions of motion were given by (1). To apply Theorem 1, it is natural to
transform the dynamics on 7°Q to the dynamics on T*Q. We accomplish it
through the following process. With conjugate momenta defined by

!
h=n+ Z I‘-n,-u'TQ,

i=1

n=1IQ+7, p = mr,

where 3 is defined in (2), we can transform the dynamical equations (1) to

B = B(J"(rl-h)) ,
i = IIxJ_'(l'l—h)+/Bl~‘l(l_B_:rT;?dm(i),
P = 2 (®)
b= - [ e,
= -

where 7 = Z:zl 7;1,. Here, Il denotes the total angular momentum of the
2
assembly and J = I — ZL, Lun].
For the case of no control inputs, i.e., 7, = 0 (sometimes this is called
the case of free rotors), then h is constant. Hence, the dynamical system

described above is indeed a canonical Hamiltonian system with associated
Hamiltonian H:

H(B,Bll,r,p)= - <T-h J"(n-h)>+1ﬁ- E__im(g). (9
HEEPIEg i Im /,,|;»+Bq|"”" )

Accordingly, the following proposition is obtained:

Proposition 1 The dynamics of the spacecraft system with free rotors can
be ezpressed as a canonical Hamilton’s equation in (B, BI, r, p)-coordinates
with Hamiltonian (9), where h is constant. Moreover, when r is finile and
‘b:?unded away from zero, then the system is weakly positively Poisson stable.

Proof The restriction on r implies that the energy manifold is bounded,
and then the system is weakly positively Poisson stable by theorem 1. a

For the controllability of system (8) being of concern, we look at the cor-
responding conservation law of angular momentum. In fact, it can be easily

verified that
Bll+rxp=k (10)

is the total angular momentum with respect to the inertial frame and is
conserved for (8). Accordingly, the relationship among II,r,p is invariant
for any control input 7. We thus conclude that the control system (8) is not
controllable.

However, the phase variables that we are concerned are not (B, BIl,x,p)",
where II is the total angular momentum of the spacecraft and reaction wheels,
but instead (B, BIl,,r,p)T, where 11, = JQ denotes the angular momentum
of the spacecraft with locked reaction wheels. The dynamical equations (1)
can be transformed into a system in termns of the variables (B, Bii,, r,p) as
follows.

B = B3N,

o -1 w(BTr x §) -
I, = (M,+h)yxJ 1, +-/‘; v+ BiP dm(g) -,

; = B

o= (11)
. _ [ u(r+Bj) _

p = /z‘s——ll“* Bip dm(q),

h = =

In contrast with the system (8), the constant of motion for system (11} be-
comes
B, +h)+rxp=k, (12)

where the relationship among B, I1,, r,, p is no longer constrained since h can
be controlled through 7. It is noteworthy that there is no obvious Hamilto-
nian structure for the spacecraft system (11) with zero input. Thus Theorem
1 can not be directly applied to system (11). While the system (8) is not
controllable, its property of weakly positive Poisson stability can be used to
help us in establishing such property for (11). This is achieved through the
notion of topological equivalence.
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Definition 3 /2, 1] Topological flows ¢ and 4 on phase space M, N, re-
spectively, are said to be {opologically equivalent if there is a homeomorphism
& : N — M which carries the trajectories of one flow to the trajectories of
the other while preserving the direction of motion. ]

Proposition 2 Consider vector fields X, Y and associated flow ¢* nad 47,
respectively. If ¢* and ¢¥ are topologically equivalent, then the weakly positive
Poisson stability of X implies the weakly positive Poisson stability of Y, ang
vice versa.

Proof By the topological equivalence, there is a homeomorphism & with
M = ®(N) such that for any y € N and every neighborhood Vy C N, the
set U, = ®(V,) is a neighborhood of z = ®(y). Since X is weakly positively
Poisson stable, for some T < oo, ¢%(Uz) N Uz # 8. From the property that
& carries the trajectories of Y to the trajectories of X while preserves the
direction of motion, we know ¢J(V,) NV, # 0 for some t < T. [a]
Corollary 1 The drift vector field of system (11) is weakly positively Pois-
son stable. [a]

Proof: The corollary follows if we can establish the topological equivalence
between the flows of the drift dynamics for (8) and (11). Let

B B B
®: I, . m_ M,+h
: r r r !
P P p

where h is a constant. The mapping ¢ is obviously homeomorphism. Now
we prove that the transformation ¢ carries the trajectories. Let ¢ and ¢
denote the flows of the drift dynamics (8) and (11), respectively. For arbitrary
y=(B,1,,r,p)7, we need to verify f;(tb o ¢¥)ly = X(®(y)). In particular,

B BI-THI,
-1 BTrx _
%d)o(ﬁ‘y( l:‘, ) = lia: (T +h) x 3 n'E]B%i‘TFﬂpdm(q)
’ a0
B
- I, +h
= X( X ).
P

Accordingly, ¢* and ¢¥ are topologically equivalent, and then the corollary
follows from Proposition 2. ]

As stated before, we are concerned with the controllability property on
the space (B, Bi,,r,p)7. The dynamics of h in (11) can e in fact decou-
pled from the dynamics of (B, Bli,,r,p) by using the law of conservation
of angular momentum (12). Accordingly, for constant k, we reformulate the
system as follows.

B = BJ:T],,
BH, = BITILA, +
oy L [ HBTEXD R

B(BT(k—-rx p)xJ H,+Lwdnl(q) - B7,

o= =, (13)
n

. wr+Bq)

P = Js T+ BaF dm(J),

where the canonical representation on T'T*(SO(3) x R?) (cf. [18]) has been
adopted. The drift dynamics of (13) is also weakly positively Poisson stable.
This follows from the corresponding property of the drift dynamics of (11).
In fact, for arbitrary constant k in (13), we can find h= BT (k—rx p) ~1I,
which is also a constant such that the drift dynamics of (13) is the same as
that of (11).

Now, we prove the controllability of dynamics (13) by applying Theorem
3. The Lie algebra rank condition for (13) can be checked as follows. Since
the Lie algebra rank condition is invariant under control feedback, we can
choose

#(BTr x q)
Ir+ Bgl®

Here, we assume that 7 can control three independent directions of rotation.
With the feedback (14), system (13) can be put into the following form:

r:—BY(k—rxp)xJ_’H,—/ dm(§) — u, (14)
8

B = B3N,
Bl, = BI“Ii,+ Ba,
)
FE W (15)
. #(r + Bq) .
P = s v e O

Furthermore, by writing u = byu; +bouy +bsus, we could express the above
equation in the form of (4) with

BIT'L,

0
s=| BRI s B vizis,
- Jo Wi am(a) 0

where by = (1,0,0)7, by = (0,1,0)7, bs = (0,0,1)T. By applying the
techniques developed in [17, 18], the Lie bracket of f and g; results
—BI b,
a L1
fi=lf, )= ~BJ O'b;l'[, , fori=1,2,3.
0

Similarly, we have the following vector fields generated by the Lie bracket

operation, Vi = 1,2,3,

—BIT, x 37wy
-B@7'm, x37'p;) 1,

I
Fi= [fx f!] = 0 )
1 3(E+BHXTY o= A gt
w5 (]—B—r:l.+ iRl oy ) Bgdm(§) 3 b;
(16)
*
a *
Gi=lf, F] = Fua |
- m
*
where “#” denotes the “don’t care " terms and F; 4 is the fourth component

of the vector field F; given by
”/ ( 1 3(r+Bgr’
s\Ir+Bg®  |r+Bg®
From the above formulae, it is noted that the Lie algebra rank condition
is satisfied if the three vectors Fy 4, F4, F34 can span the 3-dimensional
space. To this end, we rewrite 3o_, ¢; F; 4 with ¢; € R as follows,

) Bidm(§) I'b;.

E 3/\/\T‘q: 34?9'7;\ . 3 -1, A 3 -1
B - 2: . & E: . .
# /u(|f\+‘i|3 prar R m(a), 1“"‘ bi = uBP, IC‘J b
= 1=
pe

an
where A = BTr. Now, it becomes obvious that the non-singularity of matrix
P at every (B, r) implies the Lie algebra rank condition which, in turn, implies
the controllability. However, for an asymmetric molecule, which consists of
six point masses with two on each principal axis (c.f. [31]), matrix P can be
computed to be singular for some configurations. Therefore, a more detailed
analysis is necessary.

- o -
Let J ’b; = b, and 7 denote the coefficient of inertial of the assemnbly,

. a

ie, 7= fB G4 dm(§). We have T = %tr(l)l — I where I is the total moment
of inertia of the bly and is d to be diagonal. Hence T is a
dlaﬁpnal‘ matrix and has three different eigenvalues, say Z;,Z3,73. For most
applications, the body size of the spacecraft is very small comparing to the
size of the orbital radius. We could thus approximate our vector fields based
on the small parameter ¢ 2 ™24l ypicp represent the ratio of body size to

the radius. Taking Taylor expansion with respect to ¢, the matrix P can be

expressed as
=32% [ -33@"9), . 15§(A7 2)’
P = — dm( dm(q
B fy a0+ [, S +
N —
O(e3) a(e3)
15AATZ3 15757y, —1050ATF(AT§)?
g AT m(q)+]’;*————2],\'9 dm(q) +
o(e?) O(e3)
3IX ~1563TA(ATq) , 4
BB s I dm(q) +0(e%). (18)
had
O(e?) (%)

Ft?rpt!xe second-order approximations, it can be found that the determinant
Ol 18
-9

|'\|5(11 =12)(Z2 — Is)(Is — T1)A do s,

with A = (A."’\z’ AT Accordingly, for nonzero A1, A, A3, and asymmetric
body, the Lie algebra rank condition is satisfied. However, in order to apply
Theorem 3, Lie algebra rank condition needs to be satisfied for all \,, Az, Az,
Complete analysis will be given after the following main theorem is stated.

detP =

3108



Theorem 5 Suppose the spacecraft system (13) with three-azes reaction wheel-
s, i.e., the effecis of reaction wheels are on three independent azes. Suppose
also that r is finite and sufficiently large comparing to the size of the space-
crafi. Then the spacecrafi system is conirollable if the spacecraft has three
distinct principal moments of inertia and ils mass distrifu(ion satisfies the
constrainis

] 7T (-1+5bb])gaTdm(@) K bi, Vi=1,2,3. (19)
B

Moreover, if the total effects of reaction wheels are only on one-azis or
two-independent azis, then the spacecrafi system is neither conirollable nor
accessible.

0
Proof The weakly positive Poisson stability of the drift dynamics of (13)
has been proved. For the Lie algebra rank condition, it is easily checked that
gi, fi, Yi= 1,23, span Tyg gmyT"SO(3). 1t suffices to seck some vector

fields which span Tjr,p)T*R®.
The matrix P in (18) can be expressed as component form of

WAL ) (R T -T) (- N)E-T)
ﬁﬁgh(z. ~I,)

2
B -G - T)

3 3222y

T (G — AL - T2)

a2
(74 -

ML -T)

(u’,\,

- B -T) ( MR - )

a(e?)
€y €2 as
+| @ a2 e
€@ €2 s
(%)
The proof of the theorem is conducted through the following four steps. The
idea is to find three independent vectors on the tangent space corresponding
to r and p, respectively.
Step 1: We show that for every configuration (B, Bil, ,x,p)7 there exists
at least one vector v € R satisfying v jfA and v LA

o Case 1: ||, |Az],1A3] > €, where  is a small number. This condition
in fact says that Ap, Az, A3 are all reasonably large. Under this cir-
cumstance, the matrix P is nonsingular. Hence, by suitably assigning

¢y, ¢g,¢3, we can find v = PZ:?=1 cib; such that v A and v A).

Case 2: Without loss of generality, assume A, € (—¢,¢),A2], |As] > &,
or A; small and Az, A3 reasonably large. Let }:?=‘ eib; = [cf,¢5,0]7.
Obviously, ¢}, ¢ can be chosen arbitrarily. We compute

~c5(Z1 — Ia)A2Aa

¢ —c4(Ty - Is)As
; 3 ¢ 5A3As

v=P| ¢ zmg ei(Za — L) (3 — da)

3
Hence we have 0 e (Zs - Zz)(f‘}ﬂ.’,\i - A2)

9 (Te —
vor x llcl(lf;xls 12)1\2’\3‘
¢\ (Zs ~ T2)(A - 23)
VXA = —ch(Zy - 13)A§ .

Accordingly, it is evident that we can choose ¢}, ¢; such that v {A and
v A

L

Case 3: A1, M2 € (~¢,€), Az & |A|. Assume either A; or A; is nonzero,
say Az # 0. By a similar argument as the above case, we can choose
5 b = [},0,0]T such that ¥ = PY 2., cib; satisfies v A and
v LA. When Ay = Az = 0, the above arguments do not work. We need
to look at the third-order approximation, i.e., the terms of O(¢?) in P
need to be used. We have

ATP

=9 5, L / ooty 0QATERTAN o "
= —A'IA4+ — —6 A4+ ———=— ) dm(J) + O(¢*),

E F B( 7' 37 DE (2) + O(e%)

6 [ AT oo s
~ {W/Bq"(—1+mg—)qqrdm(q)} A,

where the fact A || ZA has been used. Now, let vy = PY 2 cib;, we
have

3
6 - . RS _
ATy = {\—'\F./BqT (-1+ 5babj ) qudm(q)} by E ¢;b;.
i=1

Thus, if conditions (19) are satisfied, we can choose ¢;, i = 1,2,3, such
that vy /LA Now, if 11 J|A, we are done and the desired v = vy.
Otherwise, by similar argument as in Case 2 above, we can find v such
that vy ffA. Ifvy AA, welet v = vy If vy L A, then we pick » = v+ 2.
Obviously, v fA and ¥ AX. As a result, v is the desired vector.

In summary, we make the following conclusion: let A; denote the distribu-
tion spanned by vector fields F;, i = 1,2,3 in (16) then there exists a vector

field Vi, Vy # 0, and V), 4(B, BIl,,r,p) = Bv with v A and v A}, such
that
A D span{(*,#,O,Vl)T}

for every point of (B, II,,r, p).

Step 2: With v found in Step 1, here we prove that A x v is in span(L(f, ¢:))-
Taking the Lie bracket of F; and f;, we obtain

3 3
Agéspan([Zc,-F,-, ijj}}z
i=1 i=1

*
*

0 }

-;xB(-l;l; YP(B,x)c;bi + pB d—T'-i—P(Be_”iB’ ,e)eiby

tHime

span{

MG
i

i=1

For the scalars ¢;,i = 1,2,3 corresponding to the vector v obtained in the
previous step, we have

3 3 3 3
[Zc,ﬂ-, lef,] =uBY ljbjy—puB (D,\P . Eljij) v,
i=1 =1 M j

i=1 Jj=1

where D), P denotes the derivative of P with respect to A. In fact, as shown in
(17), P is function of A = BTr only. Now, we pick I; such that E?=1 I;b; =
&1A. Then

3

3
[Z ciFi, Eljf,} = pBri(A x v).
i=1 j

eyt
As a result, if we define a vector field V3 such that Vz,q(B,Bfl,,r,p) =
B(A x v), then we have

A1+ B2 Dspan{{,+,0, V)T, (,%,0,V2)"}.

Step 3: Now we proceed to construct the third independent vector field. By
similar process as in the above step, we compute the Lie bracket

3 3 3
A3 & span{ “Ec;ﬂ, lef,] . Ede),
i=1 i=1 k=1

where ¢;,[;,1,7 = 1,2,3 were given in Step 1 and 2, respectively. By choosing
di, k= 1,2,3 such that Zi:x dibi = K2, the bracket can be found to be

3 3 3
[[E o Fy, E{ifj] , def).-] = k163 B(A x (A x V).
i=1 k=1 B

j=1

Now, let a vector field V3 be such that Va4 = B(A x (A x v)). Since
{v, Axv, Ax (A xv)} forms a basis in IR?, we conclude that the distribution
A1+ Az + Az span the tangent space corresponding to the component p.
Step 4: Now, we need to prove that the distribution span(C(f, g:)) span the
tangent space corresponding to the component r. By a similar argument as
in the previous steps, we can show that the distribution

3 3 3 3 3
span{)_ i, [Z&G.. Z‘jfj] ) HEC-'G-'» Dok
i=1 i=1 i=j iz j=t k=1

3
c o dfi| )
where ¢;, {;, di are chosen in Step -3, spans the tangent space corresponding

to r. Consequently, we have the following conclusion:

span{g1, 92,93, f1, f2, fa,

3 3 3 3 3 3
> aF [ZCiFilzljfj} ) HZC;F.',EM] vzdkfk} ,
i=1 i=1 ji=1 i=1 i=1 k=1

3 3 3 3 3 3
> aiGs, [Z i 3 ':'f:] ' HZ &G, Z’:‘fi] ,de] )
i=1 i=1 i=1 i=1 i=1 k=1

= Tgen,rpT SEEG),

31089



This complete the proof for the controllability of the system with three-axis
reaction wheels.

On the other hand, for the case of one-axis or two-axis reaction wheels,
there exists some vector ¢ such that

¢"BT(k—rxp)-c'll, = ¢'h = 0.

Therefore, there exists some constant of motion ¢TBT(k — r x p) — ¢'II,
which is invariant under any control input. Accordingly, the system (11)
with one-axis or two-axis reaction wheels cannot be accessible, and hence
not controllable. ]

The conditions stated in the above theorem mainly require that the shape
of the spacecraft should be not symmetric. In fact, for a totally symmetric
spacecraft, the orbital dynamics is decoupled from attitude dynamics and
is thus uncontrollable from the torque affecting the attitude motion. By
choosing suitable masses and sizes of the molecule mentioned before, it has
been checked that the conditions (19) can be satisfied. This shows that there
are indeed some physical cases that the above theorem can be applied. Now
we turn our attention to the controllability problem for the spacecraft system
with gas jets.

4.2 Spacecraft System with Gas Jets

The controllability analysis for spacecraft system with gas jets is similar to
that for the system with reaction wheels. Define conjugate momenta
n=1IQ and

p =mr.

The dynamical equations expressed as a canonical form on T*(SO(3) x R®)
are:

B = BI-I,
L — Brxq)
= BI-1 -1 pBrxq, .
Bl BI-'IIT + B (n x I7MI +/B c T BiF dm(g)} + B?,
. P
- B 2
r = (20)
. n(r + Bq) ~
p = /; T BiP dm(q).

Theorem 4 can be applied to prove the controllability of system (20). To
this end, we first consider the Hawmiltonian structure of the drift vector field
of (20). By setting 7 = 0, system (20) is a Hamiltonian system with the
following Hamiltonian,

- 1 1 p?
H(B,Bll,r,p) = 5 <1, Ml > +§"—l—

—E_dm(q).
[ stgam@. @

Now, we check the Lie algebra rank condition.

By choosing the control
feedback

_ wW(BTr x §) ~
r:-ﬂxIIH~/—*_—dm +u, 22
[ am(a) (22)
system (20) can be transformed into the system (15) with II, replaced by
1, and J replaced by I. Accordingly, the verification of Lie algebra rank
condition is exactly the same as in the previous subsection. Therefore, we
have the following theorem.

Theorem 6 Suppose the spacecraft system (20) with three-azes gas jets, i.e.,
the effects of gas jets are on three independent azes. Suppose also thal r is
finite and suffictently large comparing to the size of the spacecraft. Then the
spacecraft system is controllable if the spacecraft has three distinct principal
moments of inertia and ils mass distribution satisfies the constraints

/ij(—1+5b,-b,T)qudm(q‘) ¥ b, Vi=1,2,3 (23)
B

a

The above two Theorems 5 and 4 essentially tell us that the orbital motion
can be controlled by suitably adjusting the attitude motion. In fact, we may
define the center of gravity of the assembly to be, cf. [22], the vector rg such

that +Bi
rg r [l _

—— = | ———=dm(§).

rep = B
Thus the center of gravity is the place where the total gravitational force acts
on. It can be proved that while the center of mass is fixed in the assembly, the
center of gravity varies with respect to different orientations of the assembly.
From this observation, it is then natural that changing the attitude (relative
to the center of mass) may lead to the change of the orbit.

5 Conclusions

In this paper, the equations of motion for spacecraft system with reaction
wheels or with gas jets in a central gravitational field are concerned. For these
dynamics, we are interested in investigating the possibility of controlling the
orbit by attitude controllers. The formal definitions of the controllability and
weakly positive Poisson stability has been addressed. We showed that if the

drift vector field of the system is weakly positively Poisson stable and the Lie
algebra rank condition is satisfied, controllability can be concluded. For the
above mechanical systems, their intrinsic Hamiltonian structures were then
used to guarantee the weakly positive Poisson stability. On the other hand,
the Lie algebra rank condition was verified with the aid of the techniques in
computing of Lie brackets on second tangent bundle of SO(3) x R3. The
main results of this paper state that it is possible to chanfe the orbit of
the spacecraft by controlling the attitude. The observation of such attitude-
orbit coupling effects not only helps us to understand the dynamics of the
spacecraft system but also may lead to new technologies in spacecraft control.
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