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Abstract:

In this project, we propose a motion planning
algorithm for driftless nonlinear systems. This control
design use piecewise smooth control signals to steer the
state. To improve the system performance, we develop a
closed loop control design for the motion planning. The
proposed closed-loop control design can drive the state of
a driftless nonlinear system to any desired position

asymptotically.

K eyword: motion planning, driftless system, closed-loop

control

1. Introduction

In this project, we consider the closed-loop control
design using piecewise smooth control signals. Consider a

drift-free system, which is nonholonomic, described as:
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where X, g;(X), u; arethe system state, the input vector,
and the control respectively. The objective is to find a
piecewise continuous closed-loop control

u(t) = U(x(kat)), tO[kAt, (k +1)At)
where At is the sampling time, that drives the sgtate of

Eq.(1) to the origin of the coordinates asymptotically.

2. Control Design
The closed-loop control algorithm we use to solve

this motion planning problem can be separated into three

steps:

(1) Design the fictitious
tO[kAt, (k +DAt) , based on x(KAL) .

(2) Use v(t) to calculate Philip Hall coordinates h(t),
t O[kAt, (k +DAL) .

(3) Use h(t) to compute the true control input u(t),
t O[kAt, (k +DAL)

control input v(t)

Sepl. Design the fictitious control - V(t)
In the first step of control design, we choose the

fictitiousinputs, V;’s, in the extended system of Eq.(1)

S
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that can drive the state, X, to the origin exponentialy.
Note that in Eq.(2) the number of the fictitious control
inputs, sS(=n) , is chosen such that the following

assumption holds :



rank [Bl(x), B, (x),A ,Bs(x)] =n ,fordl x.
Choose a Lyapunov function V = || x||2 Thetime

derivative of VV aong the controlled extended system
Eq.(2) isfound to be

VW= 2xT &
AU
= 2x" [B,(x) B,(X) A B,(X)] VZ,SI)
v, (1)

The design for the fictitious control inputsis given by

Vi ()
v, (1) T
v | = VB B9 A BT
v, (t)
©)

Substituting the fictitious inputs into the derivative of V,
we obtain
= -2[B0 B A BEIx)|

(4)
Lemma 1 Lasalle’sPrinciple: Let V(X):R" - R bea
pdfand WX)<0 foral xOR". Definethe set

s = {xOR":¥¥x) =0}
Then

tIim xt)ds
According to the Lasalle's principle, Eq.(4) yields
lim [B.(¥) B,(X) A B(X)]" x(t) =0 Since

[B.(¥) B,(x) A

concludes that

Bs(x)] isfull rank, one
tIim X(t) =0

Sep2. Calculate the desired Philip Hall coordinate nd t)

The relationship between Philip Hall coordinate and

the fictitious input is as follows

=V tO(t t)

Vv, tO(t ts)

- hl V2 tQ (tk+ 'tk_+1)

$h v, +h v +y, L0 1)

hy vi +hihd v, +vg  tO(t, L)
M (4-4)

(5)

with the initial conditions h® (kAt)=0,i=1 2, A , s,
and t, = KAt.

m%) a%’ w%’ m%’ ’-%’
|

Unfortunately, since V(t) depends on X(t)
according to the control law in Eq.(3), at the time instant
t, = kAt, we have no prediction of tr@_gjture value of
X(),t Oty t ) and hence
v(t),tO(ty,t,.,) Therefore, the differential equation,
Eq.(5), can not be solved for
hd (t),tO0 (ty . t,.q) However, h¢ (t) can be approximately
solved under the assumption:
v(t) Owv(t,) , tOft,t.,)

= -BO() B(xt) A B X))

(6)

when At issmall. Substituting Eq.(6) into Eq.(5), we can
now solve the approximate solution hd (t),t Oftg tes)
without the causality problem. The solution obtained is

defined as h® ((k +1)At) =h?.

Sep3. Design the continuous control  U(t)

The last step is to find a continuous control
u(t) =U (x(kAt)), tO[t, ,t,,q) of the system in Eq.(2)
that does the same work as V(t) . Consider the two-input
case (M=2) in Eqg.(1), which is a nilpotent system of
order 3. Thatis, B; = By =A =B, = 0. Therea

Philip Hall coordinate reduces to



Be(t) = u,(t) tO () te)
(1) = u,(t) tO () tey)
K@) = h®u,(t)  tO b, (7)
K@) = hZ(®u,(t) tO )

Given h (kAt) = 0in Eq.(7), and the desired end point
h (k+1)At) = hid, the control inputs U, (t), U, (t) in
Eq.(7) can be calculated as, according to the open-loop

control formulain linear system theory,

R WL AR

n=0.L2A At At
h(ty] [re
LM = -1 KO e Wia) | |ha) |- K
h(<t) | |

where a,, 'sareconstants, tO[t,,t,,;),and

1
w =[ | h@ [ h@ )
h (@)
The above control input steers h, (t) ’s to the desired end

point hid 's, and hence steers the system state to follow
the flow

X(ty) = €7%e ™ (x(1,))

where h®'sare obtained based on X(t, ).

In conclusion, the above proposed  design steps

uses a piecewise smooth control :

u(t) =U ("(te.1)) =U (X(4)),  tO[ tea)
to achieve asymptotic stability, that is,

kIim x(kAt) =0

3. Simulation Example
Now we illustrate the above closed-loop control

with an example. Consider the nilpotent system of order 2

1 0
(4-9)
tan(x,) | wy(t) + 0

0 cos’ (X,)

W, ()

K
)@2 =
%,
x, =x0 =[110]

where Wi(t)DRl. In this simulation we choose a
sampling time At = 0.5sec. The simulation is stopped if
| x(kat) |* <107, Figure 1 shows the desired Philip
Hall coordinate hid (t) with time. Figure 2 shows the
control input w;(t), w,(t) with time. Figure 3 shows
the state trajectory X(t) with time. &ﬁgﬂlpé% shows the

motion of the cart.
(4-10b)
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Figl. Desired Philip Hall coordinates with time
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Fig2. Control input with time



Fig3. Satetrajectory with time
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Figd. Themotion of the unicycle




