
行政院國家科學委員會專題研究計畫  成果報告 

 

 

無漂移系統之片段閉迴路控制 

 

 
計畫類別：個別型計畫 

計畫編號：NSC91-2213-E-002-058- 

執行期間：91年08月01日至92年07月31日 

執行單位：國立臺灣大學機械工程學系暨研究所 

 

 

 

 

計畫主持人：陳明新 

 

 

 

 

 

報告類型：精簡報告 

 

處理方式：本計畫可公開查詢 

 

 
 

 

中 華 民 國 92年12月3日

 



行政院國家科學委員會專題研究計劃成果報告 
 

無飄移系統之片段閉迴路控制 
Piecewise Closed-Loop Control of Driftless Systems 

計劃編號:NSC 91-2213-E-002-058 
執行年限:91年 08月 01日至 92年 07月 31日 
主持人:陳明新教授，台灣大學機械系 

 
 

摘要  

 

   在本計劃中，我們提出了一個無飄移系統的運動

規劃演算方法，這個控制器的設計是使用片段平滑的控

制輸入信號的方法。為了改進系統的性能，我們提出閉

迴路控制的設計，這個閉迴路設計的提出可以將一個非

線性無飄移系統的狀態帶到任何我們要求的位置並可

以呈現漸進穩定。 

 

關鍵字：運動規劃、無飄移系統、閉迴路控制  

 
Abstract: 
 

In this project, we propose a motion planning 

algorithm for driftless nonlinear systems. This control 

design use piecewise smooth control signals to steer the 

state. To improve the system performance, we develop a 

closed loop control design for the motion planning. The 

proposed closed-loop control design can drive the state of 

a driftless nonlinear system to any desired position 

asymptotically. 

 

Keyword: motion planning, driftless system, closed-loop 

control 

 

1. Introduction 
 

In this project, we consider the closed-loop control 

design using piecewise smooth control signals. Consider a 

drift-free system, which is nonholonomic, described as: 
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where iu  g  ),(, xx i  are the system state, the input vector, 

and the control respectively. The objective is to find a 

piecewise continuous closed-loop control 

 ))1(  ,[    )),((    )( tktkttkxUtu ∆+∆∈∆= , 
where t∆ is the sampling time, that drives the state of 

Eq.(1) to the origin of the coordinates asymptotically. 

 

2. Control Design 

The closed-loop control algorithm we use to solve 

this motion planning problem can be separated into three 

steps: 

 

(1) Design the fictitious control input )(tv , 

))1(,[ tktkt ∆+∆∈ , based on )( tkx ∆ . 

(2) Use )(tv  to calculate Philip Hall coordinates )(th , 

))1(,[ tktkt ∆+∆∈ . 

(3) Use )(th  to compute the true control input )(tu , 
))1(,[ tktkt ∆+∆∈  

 
Step1. Design the fictitious control )(tv  

In the first step of control design, we choose the 

fictitious inputs, iv ’s, in the extended system of Eq.(1) 
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that can drive the state, x , to the origin exponentially. 

Note that in Eq.(2) the number of the fictitious control 

inputs, )( ns ≥ , is chosen such that the following 

assumption holds : 
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[ ] nxBxBxB s         rank =)(,),(),( 21 Λ  , for all x . 

Choose a Lyapunov function  2      xV = . The time 

derivative of V  along the controlled extended system 

Eq.(2) is found to be 
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 (4-4) 

The design for the fictitious control inputs is given by 
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Substituting the fictitious inputs into the derivative of V, 

we obtain 
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Lemma 1 Lasalle’s Principle : Let RRxV n →:)(  be a  

p.d.f and 0)( ≤xV&  for all nRx ∈ .  Define the set 

{ }      0)(: =∈= xVRxS n &
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According to the Lasalle’s principle, Eq.(4) yields 
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Step2. Calculate the desired Philip Hall coordinate )(thd  

The relationship between Philip Hall coordinate and 

the fictitious input is as follows 
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with the initial conditions sitkhd
i           ,,2,1,0)( Λ==∆ , 

and tktk ∆= . 

Unfortunately, since )(tv  depends on )(tx  

according to the control law in Eq.(3), at the time instant 

tktk ∆= , we have no prediction of the future value of 

),(),( 1+∈ kk ttttx and hence 

),(),( 1+∈ kk ttttv .Therefore, the differential equation, 

Eq.(5), can not be solved for 

),(),( 1+∈ kk
d tttth .However, )(thd can be approximately 

solved under the assumption: 
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when t∆  is small. Substituting Eq.(6) into Eq.(5), we can 

now solve the approximate solution ),[),( 1+∈ kk
d tttth , 

without the causality problem. The solution obtained is 

defined as dd htkh =∆+ ))1(( . 

 

Step3. Design the continuous control )(tu  

The last step is to find a continuous control 

),[)),(()( 1+∈∆= kk ttttkxUtu    of the system in Eq.(1) 

that does the same work as )(tv . Consider the two-input 

case ( 2=m ) in Eq.(1), which is a nilpotent system of 

order 3. That is,           Λ== 65 BB  0      == ∞B . The real 

Philip Hall coordinate reduces to 
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Given 0)(     =∆tkhi in Eq.(7), and the desired end point         
d
ii htkh     =∆+ ))1(( , the control inputs )(),( 21 tutu    in 

Eq.(7) can be calculated as, according to the open-loop 

control formula in linear system theory, 
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where na ’s are constants, ),[ 1+∈ kk ttt , and 
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The above control input steers )(thi ’s to the desired end 

point d
ih ’s, and hence steers the system state to follow 

the flow 
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 where d
ih ’s are obtained based on )( ktx .    

 

In conclusion, the above proposed  design steps 

uses a piecewise smooth control : 
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to achieve asymptotic stability, that is,    
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3. Simulation Example 

Now we illustrate the above closed-loop control 

with an example. Consider the nilpotent system of order 2 
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where 1)( Rtwi ∈ . In this simulation we choose a 

sampling time 5.0=∆t sec. The simulation is stopped if 
32 10)( −≤∆   tkx . Figure 1 shows the desired Philip 

Hall coordinate )(thd
i  with time. Figure 2 shows the 

control input )(1 tw , )(2 tw  with time. Figure 3 shows 

the state trajectory )(tx  with time. Figure 4  shows the 

motion of the cart. 

 

 

 

 

 

 

 

 

Fig1. Desired Philip Hall coordinates with time 

 

 

 

 

 

 

 

 

 

 

Fig2 .  Control input with time 
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Fig3.  State trajectory with time 

 

 

 

 

 

 

 

 

Fig4.  The motion of the unicycle 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 


