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Abstract: A systematic approach is given in this paper for analyzing the robust stability of uncertain time-delay systems controlled by 
output feedback. By checking the eigenvalues of a Hamiltonian matrix, the stability of nominal systems can be examined first. Then, for 
the nominally stable uncertain systems with multiple time delays, a new method using structured singular value technique is proposed 
for finding a set of uncertain parameters within which the systems remain stable. Moreover, an illustrative example is given to show the 
usefulness of the proposed approach. 
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1. Introduction 

For  control systems with both time delays and uncertainties, the stability analysis problem is usually 
complicated. Recently, several robust stability test methods are proposed for such systems with various types 
of uncertainties [2, 9, 12, 13, 16]. However, to consider uncertain time-delay systems controlled by output 
feedback controller, these methods cannot be applied directly because when there are uncertainties in the 
input and output matrices of the open-loop system, multiplicative terms of uncertainties will appear in the 
resulting closed-loop system. For  the case of cone bounded uncertainties, i.e. uncertainties of which norms 
are bounded by that of the state vector, Chou et al. [3] extend the results of [16] to deal with systems 
equipped with dynamical output feedback controller. For  the case of structured uncertainties in the system 
matrix, of which the modulus matrix is bounded by a given constant matrix, a time domain approach is 
proposed by Yu et al. [15] to check the robust stability of systems with static output feedback controller. 
However, when there are linearly dependent parametric uncertainties, the multiplicative terms turn out to be 
quadratic functions of the uncertain parameters, and these methods still lead to conservative results. 

In this paper, the robust stability problem of the case with quadratically coupled parametric uncertainties 
is investigated by means of the Lyapunov functional approach [7]. For uncertain systems with multiple time 
delays, we start by deriving a sufficient condition to check whether the uncertain system is nominally stable. 
If the nominal systems are stable, we proceed to study the derivative of a Lyapunov functional candidate of 
the uncertain systems. We use a transformation method which is equivalent to the completion of square in 
the associated Lyapunov derivative and a method based on the structured singular value (henceforth denoted 
as #) technique [1, 4] to find a set of uncertainties within which the derivative is negative definite. Then, an 
example is given to illustrate the usefulness of the approach. 

The notations adopted are as follows. Let h be a positive constant, xt(tr) = x(t  + a) for - h ~< tr ~< 0. I[ x J[l = 
sup  _ h ~ ~ ~ 0 fl x ( a )  II, where f[. II is the Euclidean norm. Ch is the Banach space of continuous vector functions 
q : [  - h, 0] --, ~n with I1" Ill, ® refers to the Kronecker product, and 16 is the identity matrix of dimension 6. 
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2. Stability analysis of uncertain output feedback systems with multiple time delays 

Consider the uncertain system (Zm) described by the following functional differential equation and 
controlled by output feedback 

x ( t ' = ( A ° ' ~ - ~ k i A i ) x ( t ) - ~ ( D ° ~ - ~ i h i )  i=1  

+ ~, kiFitx( t  - hi(t)) + Bo + kiBi u ( t ) ,  
/=1  i = l  i = l  

Ly(t), 

y ( t )  = 

u ( t )  = 

x ( t )  = gb(t) V tE[ -  - -  hmax,  0"], 

where x s ~", u s ~P and y~ R r are the state, input, and output vectors, respectively, L~ ~P ×r is the output 
feedback gain matrix, h > 0 is the constant delay time, hdt), l = 1 . . . . .  q, are time-varying bounded delay 
times satisfying 0 ~< h,(t) <~ h, < ~ and h~(t) ~< dz < 1, ~b (t)~ Ch . . . .  hma x = max {h. max; h~ }, dmax = max zdt, 
and kis ~, i = 1 . . . . .  m, are the time-varying uncertain parameters satisfying maxilkil < ~. In addition, the 
matrices Ai, B .  Ci, Di, and F ,  of suitable dimensions are the structural influence matrices of kl, and are 
assumed to be known. Thus, the closed-loop system can be written as 

i=1  i,j=l i=1  

+ ~ ~ kiFi, x ( t - h , ( t ) ) ,  (1) 
i=1  i=1  

where fi, o & Ao + BoLCo, Ei & BoLC~ + BiLCo, and Eij& BiLCj. The objectives of the following dis- 
cussions are to derive a stability condition for the nominal system, and to find how large ? can be if the 
stability of the closed-loop uncertain system is to be preserved. 

Consider the nominal system (Zo), 

Yc(t) = Aox(t) + Dox(t - h), 

which is the system (X.) with kl = 0 for all i. We have the following theorem. 

Theorem 1, I f  Ao is a stable matrix and for some ~ > 0 

Ao D°DT ] 
H =  _ ( a +  1)I. - - d ~ J  (2) 

has no eioenvalues on the jro-axis, then the system Xo is asymptotically stable. 

Proof. From the assumptions and Lemma 4 in [5], it is known that the algebraic Riccati equation (ARE) 

- ~ P  + PAo + PDoD~P + (~ + 1)I. = 0 (3) 

has a positive-definite solution P for some a > 0. Consider the Lyapunov functional candidate 

;/ V(t, x,) = x+(t)Px(t)  + XT(a)X(6)d6. (4) 
-h 
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Then the Lyapunov derivative I;'(t, xt) is 

xr( t ) (A~e + PAo + I.)x(t) + 2x(t)r eOox(t  - h) - xr(t - h)x(t - h) 

=[xT(t)  x T ( t - - h ) ] [  " ~ P + P ' ~ ° + I n  D~P P D ° I F  __ l . J L x ( t  x(t) ] _ h) 

-- [xr(t) xT(t -- h)] 1. 

x 0 - 1. - D~P l .JLx(t- h)J" 

Since P is the solution of ARE (3), we have 

I;'(t, x , )  ~< - ~ II x ( t ) I I  2 

Thus, we conclude this theorem by using the Lyapunov stability theorem [7 ,  p. 105] .  

From Theorem 1, it is known that the stability of the nominal system 27o can be guaranteed if ARE (3) has 
a positive-definite solution. However, in the presence of uncertainties and time-varying delays, it is intuitively 
clear that the stability condition would be more stringent. To proceed, we assume the nominal system 
satisfies the assumptions of Theorem 1 for ~ > 1. Thus the nominal system is asymptotically stable, and ARE 
(3) has a positive-definite solution P for some ~ > 1. This is equivalent to assuming that the ARE 

, 4 ~ P + P . 4 o + P D o D ~ P + ( f l + 2 ) I . = O ,  f l > 0  (5) 

has a positive-definite solution P. In other words, we make a little stronger assumption to cope with the 
additional terms in the system dynamics. We then turn to our objective: the robust stability of the uncertain 
system. 

For the uncertain system (Era), consider the Lyapunov functional candidate 

't,;, V(t,x,) = xr(t)Px(t) + xr  (tr)x(tr)dtr + xr(tr)x(tr)dtr. (6) 
- h  q l  - h i  (t) 

Then, with the satisfaction ARE (5), it is easy to show that the Lyapunov derivative can be written as 

I?(t, x t ) = x X ( t ) [ P A o + A r o P + 2 l .  + ~ k , (PEi+EriP)  + i k, k j ( P E , j + E ~ P ) ] x ( t )  
i = 1  i , j = l  

+2xm(t)P(Do +`=,i kiD,)x(t-h)+2xr(t) P i ~ kiFi, x(t-h,(t)) 
t = l  i=1  (7) 

-- xr(t  -- h)x(t - h) - 1 i [1 - h,(t)]xZ(t -- h,(t))x(t - h,(t)) 
q l = l  

~< xT(t) TQTTx(t) ,  

where x(t) = [xr(t) Xr(t- -  h) xT(t--  hi(t)) "'" x r ( t - -  hq(t))] T, 

I I~ -- P(Do + Z~=lkiDi) - P~,i~=l kiFit . . . .  PZi~=I kiFiq | 
1. 0 "'" 0 

J • "'. 0 

. . .  0 1. 
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and 

Q = 

"S(k)  0 0 . . .  0 

0 - I. 0 
• 1 -- dm~x I~ 

0 0 

q 
" ' .  0 

0 1 - -  dma x I~ 

with 

S(k) = - flI, + ~ k,[PE, + ET p + P(Do DT + D,DT)p] 
i=1  

+ ~ k~kj PEi j+E}P+~P(D~Dj  +DjD~)P+ 
i , j = l  

i=1  i,j=l 

q q 1 2(1 -drnax)t=~l P(FitF ~Tt + Fj, F~)P (8) 

(9) 

1 
if,, ~ - -~[PEi + E~P + P(Oo DT + DiDT)p], 

P 

1 1 T q q 
]E,j & - ~[PEij + ETp + :P(D,Dj + DjDT)p] 2fl(1 - -  dmax) E P(F,,FJ ~t + Fj, FS)P, 

1=1 

and 

k -~ [kl • ' " k . ] .  

Note that  basically the transformation procedure in relation (7) is completing the.square and transferring the 
Lyapunov derivative into a quadratic form. Consequently, it is readily seen that V(t, xt) is negative-definite if 
S(k) is negative-definite for all Ik~l < 7, i = 1 . . . .  , m. This is true if and only if 

d e t ( l . +  ~ kiEi+ ~ kikjf f . id)=det[I.+ (k@In)Tff~e+ (k@In)rff.ee(k@I~)] 
i=1  i,j=l 

= d e t { / ( m + l ) n - - I - I { k @ 0 l n ' T  k; In]  [ __ff~eIn ~eel} ( 1 0 '  

S 0 ,  

where 

/~¢ = [ / ~  / ~  . . .  / ~ ] T  and 

/ • 1 2  " ' " E l m  

9 

since S(k) = - flI, is negative-definite when k = 0, and the eigenvalues of S(k) cannot become positive when 
I ki rs vary from 0 to 7. It is easy to check that inequality (10) holds if and only if 

det{I, .+~).+ ~ k, U i E } ¢ : O , ~ = ~  (11) 
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T where Ui = (el e~" + e~+ 1 e,.+ 1 ) ® I. ,  ej is the j th  column of Ira+ 1, and 

Thus, we can obtain the following theorem. 

Theorem 2. The uncertain delay system ( Z,,) is asymptotically stable if 

y < I t - l ( M ) ,  (12) 

where 

M LV:_l I-Itm+1, . . . .  It.+1,.]. (13) 

and It( ')  denotes the structured singular value I-4] with respect to the set of  real uncertainty matrices of  the form 
,~ = diag [kl I(m+ 1) . . . . . .  km l(m+ 1).]' 

Proof. Using the definition of the structured singular value, we know that inequality (10) holds if and only if 
inequality (12) holds. Thus, S(k) is negative-definite with the satisfaction of inequality (12). Hence, there exist 
an e > 0 such that l?(t, xt) <<. - e [1 x(t) II 2. This concludes the proof. 

Note that if all Fit's are absent, it is possible to use the Lyapunov functional (4) and the assumption of 
Theorem 1 instead of (6) and that of Theorem 2 to show the robust asymptotic stability of (Zm). This reduces 
some conservativeness because sometimes the solution of ARE (3) exists while that of ARE (5) does not. 

The use of #-analysis technique to treat the negative-definiteness preservation problem of a perturbed 
matrix is also adopted in [14] to handle the robust stability analysis problems of nondelayed uncertain 
systems. In fact such approach can be generalized to process the so-called rank preservation problem, and 
applied to many problems in robust control theory. Although the numerical computation of It with respect to 
real uncertainties is a difficult problem [6, 10], the well-developed It-analysis software [1] for complex 
uncertainties can be used to provide an upper bound. As we shall see in the subsequent example, in spite of 
the possible existence of conservativeness which is not caused by the proposed approach, but by the adopted 
computation algorithm, the application results are quite satisfactory. 

3. An example 

Consider the uncertain system (Z,,) with the following data: m = 2, q = 1, dmax = 0.5, 

I [ 11 oo=I °' Ao = 1 - ' ' ' 0.75 ' 

'0] o,[°0 °,1 
Az, B2, C1, D2 and F21 are zero matrices of suitable dimensions, and the output feedback gain L = - 4. 
Thus, we have 

A o = 1 - 3  
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which is a stable matrix. By using Theorem 1, it is found that ARE (3) has a positive-definite solution 

~0.3324 0.0195] 

P = l_0.0195 0.2112_] 

at ct = 1. Hence, the nominal system is asymptotically stable. This agrees with the result in [8]. In addition, 
using Theorem 2 and the/~-analysis package [1], we know that ARE (5) has a positive-definite solution 

-0.5020 0.0325 ] 

P = 1-0.0325 0.3237 3 

at fl = 1, and get/~ - i (M) = 0.1600. As a result, we know that the system (2:,,) remains asymptotically stable 
provided max/]k~J < 0.1600, even if k;s are time-varying. Figure 1 shows the region of negative-definite S(k)  

in the parameter plane for fl = 1 (so the stability region guaranteed by the specific Lyapunov functional), 
which is the region to the right of the dotted line, the boundary on which det [S(k)] = 0. The dotted line is 
obtained by letting k 2 - -  p k l  with a constant p, solving the equation det [S(k)] -- 0 for the only variable kz, 
and repeating the procedure for various values of p. The square in the center is the boundary of the derived 
uncertainty range, of which the lower left corner almost touches the boundary. This shows that a nonconser- 
vative result is obtained in this example, although #-analysis algorithm for complex uncertainties is applied. 
Moreover, by using Theorem 2.1 of [ l l ] ,  it is known that if there exists an fl* such that ARE (5) has 
a positive-definite solution, then it has positive-definite solutions for all fl e (0, fl*]. Since p - a (M) depends on 
M, which in turns depends on P and hence fl, better results may be found if a simple one-dimensional search 
over fl is carried out. In this example, it is found that the largest fl* 6 [10.4, 10.5). Thus the plot of/~- 1 [M(fl)]  
is depicted in Figure 2 for 0.1 ~< fl ~ 10.4 with increment 0.5. Indeed, a better bound 0.3367 is found around 
fl = 6.1. 

Stability region in the parameter s race 
I j ....... 

o.8  ........................................ . . . /  ............................................................... 
. , f  

. , . . '  

0.6 .............................. ~.:.-':; .................................................................................... 

0.4 ........................... " ........................................................................................... 

0.2 ....................................................................................................................... 

-o.2~ .................................................. . . ~ !  ........................................................... 

! ~ .  
• ° . . .  

-0.4 ............................................................ :: ................. :.~ ....................................... 

-0.6 ........................................................... ~ ............................................................ 
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-I 
-I -0.5 0 0.5 I 

kl 

Fig. 1. The region of negative definite S(k) for fl = 1. 
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Fig. 2. The plot of # - 11-M(fl)]. 
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4. Conclusion 

In this paper, we propose a new approach to deal with the robust stability problem of the uncertain 
time-delay systems controlled by static output feedback. To check whether the uncertain systems are 
nominally stable, we prove that it suffices to check locations of the eigenvalues of an associated Hamiltonian 
matrix. For the uncertain systems which are nominally stable and possibly have multiple noncommensurate 
time-varying delays, a transform method is given to transfer the Lyapunov derivative of the system into 
a quadratic form. Then it is shown that with the/~-analysis technique we can find a set of uncertainties within 
which the uncertain time-delay systems keep asymptotic stability. A numerical example is provided to 
illustrate the use of the proposed approach, and a one-dimensional search is suggested for improving the final 
results. 
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