Robust adaptive array beamforming with random

error in cycle frequency

Y.-T.Lee and J.-H.Lee

Abstract: By exploiting the cyclostationary properties, the SCORE algorithms presented by Agee
et al. (1990) have been shown to be effective in performing adaptive beamforming without
requiring the direction vector of the desired signal. However, these algorithms suffer from severe
performance degradation in the presence of a random error in cycle frequency. The authors first
establish a statistical model of the cyclic correlation matrix when the random error exists.
According to this statistical model, two robust methods based on the SCORE algorithms are
developed to achieve robust adaptive beamforming against random error. Analytical formulas are
then derived for evaluating the performance of the proposed methods. Several simulation
examples are also presented for confirming the theoretical analysis and showing the effectiveness

of the proposed methods.

1 Introduction

Cyclostationarity [1], which is a statistical property ex-
hibited by most man-made communication signals, corre-
sponds to the underlying periodicity arising from carrier
frequencies or baud rates. Recently, a class of spectral self-
coherence restoral (SCORE) algorithms has been presented
in [2] to deal with blind adaptive beamforming for cyclo-
stationary signals. However, these algorithms suffer from
server performance degradation in the presence of cycle
frequency error (CFE). Some previous work on the
problem has been reported in [4-8]. A statistical analysis
presented in [4, 5] shows the cycle leakage through a sinc
function due to finite data. On the other hand, two
approaches, namely multi-cyclic MUSIC and adaptive-«
cyclic MUSIC, have been presented in [6] to deal with
performance degradation due to CFE. However, they
cannot tackle the problem efficiently. Variations of the
adaptive-o cyclic MUSIC are explored in [7]. Based on
the concept of subintervals, only the cyclic correlation
matrices of subintervals are required to reduce the
memory requirements and the sensitivity of cyclic
MUSIC to CFE. Recently, an efficient technique for
coping with the problem of nonrandom CFE in cyclo-
stationarity-exploiting adaptive array beamforming was
developed [8]. Robust adaptive beamforming is achieved
by appropriately estimating the actual cycle frequency.

In this paper, two of the SCORE algorithms presented in
[2], namely the least-square SCORE (L.S-SCORE) and
cross-SCORE algorithms, are considered in the presence
of random CFE. Based on the central limit theorem, the
cyclic correlation matrix with random CFE is equivalent to
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the cyclic correlation matrix computed by using the actual
cycle frequency plus a Gaussian random error matrix when
the random CFE is an independent sequence. By making
use of the ideas originally developed in [9], where two
approaches for curing the performance degradation of
conventional adaptive beamforming with random steering
vector error were presented, two methods based on the
LS-SCORE and cross-SCORE algorithms are developed to
alleviate the performance degradation due to random CFE.
Then, analytic formulas are derived for evaluating the
performance of the proposed methods.

2 Adaptive beamforming using cyclostationarity

2.1 Signal cyclostationarity

For a signal s(¢), the cyclic correlation function and
conjugate cyclic correlation function are defined as the
following infinite-time averages:

re(fo0) = (st + T/2)s*(t — 1/2)e 2, (1)

and

P (F T) = (s( 4 1/2)s(t — 7/2)e ¥y )

respectively, where the superscript ‘*’ denotes the complex
conjugate. s(z) is then said to be cyclostationary if #.,( £, 7)
or ry«(f, 7) does not equal zero at some time delay t and
cycle frequency (CF) f#0. Let x(¢) denote the data vector
received by an array. The cyclic correlation matrix and

conjugate cyclic correlation matrix are defined by

R (/1) = (et 4+ 1/20" (t — 1/ Py, (3)
and

Roolf D) = (x(t + /2% (1 — o/2)e ), (&)

respectively, where the superscript ‘H’ denotes the conju-
gate transpose and ‘7 the transpose.

193



2.2 SCORE algorithms

Consider an M-clement array excited by a SOI (signal of
interest), J interferers, and spatially white noise. The
received array data vector x(¢) is then given by

J
x(?) = s(Hay + Z s{B)e; + n(t) = s(Ha, +i(7)  (5)
Jj=l1

where s(¢) and 5,(¢) denote the waveforms of SOI and the
Jth interferer, a, and a; are the direction vectors of the SOI
and the jth interferer, respectively, and n(f) is the noise
vector. The array output is then given by y(r) =w'x(1),
where w denotes the weight vector.

Assume that s() is cyclostationary and has a CF equal to
o, but i(¢) includes all signals not of interest (SNOIs) and
noise and is temporally uncorrelated with s(¢). Based on
the LS-SCORE algorithm of [2], a cost function is defined
as follows:

Fiw; ) = (10(0) = r®) )¢ (6)

where the refercnce signal #(f) is given by
) =cx(t — )¢/ and (-); denotes the average over
the time interval {0, T1]. ¢ is a control vector and is fixed for
the LS-SCORE algorithm. The optimal weight vector w;
minimising eqn. 6 is given by

Wy = Ry P (00) @)

where R, = (x()x(#)); and #,(o) = (x(t)* (1)), are the
sample autocorrelation matrix of x(f) and the cross-
correlation vector of x(#) and #(f) computed over [0, T,
respectively.

To improve the convergence speed of the LS-SCORE
algorithm, the cross-SCORE algorithm is proposed by [2],
based on maximising the correlation coefficient, which is
given by
WP

(o R (e R0)
between ¥(7) and r(f), where u(f)=x(t — 1)e/™ is the
control signal. It is easy to show that the optimal weight

and control vectors maximising eqn. 8 are the dominant
eigenvectors of

Fow; 0) (8)

">

9

respectively.

3 Proposed methods

3.1 Statistical model
Assume that /= o+ Aa,,, where fand o are the presumed
CF and the actual CF, respectively, Ax, represents the
random cycle frequency error (CFE) at the time instant
nT,, and T is the sampling interval. Substituting t=nT7,
into eqn. 3, we have the discrete-time version of the cyclic
correlation matrix as

RS 2n(a+Ax,)nT,
R = I . — —/2n(a+Ax, )nl

W) = lim = g xX(np(n = )e

=R (0. 7) +R.(/.7) (10)
where R,(f, 7) represents the corresponding error matrix
equal to limy_, ., (L/N) 3"V | (e7#*2%Ts — 1)D (n, 1) and
D, (n, ©)=x(n)x"(n — 1)e > 7: is independent of Au,,.
Let {Ax,, n=1, 2,...} be an independent random
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sequence; the random sequence {(e /2% e _ 1), n=1,
2,...} is thus independent. Then, R (f, ) equals the sum
of infinite independent random matrices and becomes a
Gaussian random matrix according to the central limit
theorem shown by ([10], p. 15). As a result, we conclude
that when CFE is an independent random sequence, the
resulting cyclic correlation matrix is equal to the cyclic
correlation matrix computed by using the actual CF plus a
Gaussian random error matrix.

3.2 Robust methods based on LS-SCORE
algorithm

From eqn. 10, the weight vector shown by eqn. 7 can be
expressed as

w, = R3'R.(f, Ve = Ry (R (o, e+ R(f, D)} (11)

when T approaches infinity. Let R,(f, t) have zero mean.
Then, the vector a, =R, (f, )¢ is a zero-mean Gaussian
random vector since ¢ is a fixed vector. Hence, the log-
likelihood function corresponding to a, is given by

L= —ag'Cflae = R (x,7)
— R (/. NCT R (0. 1) — R, (f, ) (12)

where € denotes the covariance matrix of «,.

Accordingly, the role of @, in oqn. 11 can be viewed as
the resulting steering crror vector due to the random CFE.
Using the first method of [9], we define a cost function
related to a, as

J(@) = a"Rla+k(a =R (f. 1)) €' (@~ Ry(f. 1)e)
(13)
where the first term is the inverse of array output power
corresponding to the constraint vector a, R,, is the ensemble
autocorrelation matrix of x(#), and k is a positive parameter. We

obtain the optimal a, and w;; for minimising eqn. 13 as
L p
a, = I+ 7{— CRX,{

1
R.(f.7) (14)
and

\ -1
Wi = (Rxx +%C> Rxx(f’ T)C‘ (15)

Next, performing the cigendecomposition of R

M s, H
R, .=>", see!, where 4, > -

> WE have
A Z A= =
Ay = o2 are the cigenvalues of R, in descending order, o2
is the variance of the noise, and ¢;, i=1,...,M are the
corresponding cigenvectors. The subspaces spanned by
E ={e,....e;, } and E, ={e;5....,ey} are called
the signal subspace and noise subspace, respectively.
Hence, R, can be rewritten as

R, =EAEY +E A EY (16)

where A, =diag{i,,..., 4,4} and A,=02I Since
R..(2, De=ryla, 1)(a]c)a, lies in the signal subspace,
we use the second method of [9] and define a cost function
as

J(a)=d"E EMa+kia — R (f, e} C (a - R (f.7)c)
(17)

The optimal a, and w;,, minimising eqn. 17 can be easily
obtained as

-1
a, = (I +%CE,,E£’) R (f. De (18)
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and

-1
Wp = (ESASE){I + (I +/_1€C>EnAnE{t[> Rxx(.f’ 'L')L'
(19)

3.3 Robust methods based on cross-SCORE
algorithm
Since R, =R,.(f. ©)e 7" and R, = R_!, we obtain from

eqns. 9 and 10 that the weight vector w, of the original
cross-SCORE algorithm equals the dominant cigenvector
of

Jw, = R R (f, DR RS, Omw,
=R,'R, (e, DR RE (0, )w,
+ RR (o, TR RE(F, T,
+ R;XIRL,(f, ‘C)R;xl R (o, )W,
+ RS RS, ORI RI(f, Dw, (20)

when T approaches infinity. Substituting R, (o, 17)=
rl®, T)aga into eqn. 20 and performing some algebraic
manipulations, we have

R;lexx(m ‘C)R;leZ-(“! W, =

(o ) (@] Ry a )@ w ) R ey (21)

i

RUR (. DR RY(f o, =
{rss(aﬁ T)(a‘;IR;lee(f7 ‘L')WL,)} Rx_xlad (22)
72

RR(f ORI R (0, Tyw, = (e, D)@ w )} R @,y (23)
—— e

i3

RR.(f, ORI RIS, w, = R a,, (24)

where 4,; =R,(f, 1)R;'a, is a Gaussian random vector,
and a,, = R.(f, R, RE(f, )w, is not a Gaussian random
vector due to the nonlinear operation of R,(f, 7). Let the
elements of R (f, t) be independent identically distributed
(i.i.d.) white Gaussian random variables with zero mean
and variance Jf. Then, eqn. 23 becomes a white Gaussian
random vector. Assume that ¢2 is small enough. The term
of eqn. 24 is negligible in comparison with the other terms
of eqns. 21, 22 and 23. Accordingly, we can rewrite eqn. 20
as

" + " " _
W, ~ Rx_\l {le—yzad + y/‘t—}ael } = .U'Rxxl (ad + ae) (25)
where
= Yt and @, = 73
/ 1t

is a zero-mean white Gaussian random vector. We observe
from eqns. 11 and 25 that the weight vectors obtained by
using the LS-SCORE and the cross-SCORE algorithms
have the similar form in the presence of random CFE.
Letting the covariance matrix of a, in eqn. 25 be C=d21,
we note from eqns. 15 and 19 that based on the cross-
SCORE algorithm it is appropriate to set the optimal
weight vector equal to the dominant eigenvector of

g = RE' R ORGRE(S D, (26)
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where

2 -1
(Rxx + %I ) for the first method
3

R} = ; (27)
EA['EF —i—mEnA;lEnH

c
for the second method

4 Theoretical analysis

Here, we evaluate the performance in terms of the array
output signal-to-interference plus noise power ratio (SINR)
for each of the methods proposed above. Consider an M-
element uniform linear array (ULA) excited by a SOI, an
interferer, and additive white Gaussian noise (AWGN).
Substituting R (%, 1)=ry(®, T)azaf and C=¢?I into
eqns. 15 and 19, we obtain that the optimal weight
vector w; equals Ri'R.(f. )e=pRz @, +(1/0R,(f,
7)c) for the proposed methods based on the LS-SCORE
algorithm, where p=r(a, 1)a’/c) and RZ' is given by
eqn. 27. In contrast, we have from eqns. 25 and 26 that
W, ™ UR, g + I3/ +72)la, ) when using the cross-
SCORE algorithm, where = (| +7,)/4. Moreover, 7, 7,
and y; are given by eqns. 21, 22 and 23, respectively,
except that R, is used instead of R.;!. As a result, under
the situation where the resulting steering error vector is
white Gaussian, the optimal weight vector obtained by
using the proposed methods developed based on cither the
LS-SCORE or cross-SCORE algorithms has a general
expression

Wey = ,uR;l(ad +o.4a,) (28)

where |a;)?=M, and o.a, denotes the corresponding
white Gaussian steering etrror vector with mean zero and
covariance matrix o2/, We note that c¢.a, is given by
(I/mR.(f, t)c and [ys/(y;+7,)la.,, for the proposed
methods bascd on the LS-SCORE algorithm and cross-
SCORE algorithm, respectively. Let o7, o7, and oy, repre-
sent the powers of SOIL, interference and noise, respec-
tively. From eqns. 16 and 27, we can rewrite R;;! as

R, =EA;'El +EA'El (29)
where
2 2
o 2 [
£ <\
[AS+ 7 1, (6,,+ k)
~ o~ for the first method
[AS’ All] =

k+ g2
A, CA
[ S k n]
for the second method

For deriving the output SINR for the proposed methods,
we first rewrite a, = c,a, +c;a,+ E, Ef a,. Due to the fact
that @/ E,Efla, = a'E,Ella, =0, we have

" H
aja, = Mc, + (a; a;)c; (30)
ajﬁae = (aj’-"ad)cs + Mc;
and hence
Malla, — (ala)al'a, Maf'a, — (a7 a)ala,
G = s, g ande= 2 iy 2
M?* —|aja,| M —laia,|
(3D
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Moreover, because allR;'a;~0, we have
jHEA 'Efig,~0 and aH{Rn+(0'2/k)I~} la,~0 when

i)

02/k is small enough. Therefore, aE,ATEfa;~0 for

the first and second methods. On the other hand,
aE,EYE A;'Efa;=0 and a?E,A;'Efa;=0 due to
the orthogonahty of E  and E,. Accordmgly, we have

d!EATEMa, ~ 'l E A ENa, (32)
and the output power gain of SOI is

|WH”d|
=l (e, + o.a) {EA]'EY + E,A'EfNa, |
=Py +0.a) EA] Ea,?
~ P11 + o, F (i EAT Ef a,)? (33)

Similarly,  because  a’E,E7E,A;'Efa;=0  and
a'E AT EY a;=0, the output power gain "of interference
can be expressed by

= \wiha? = |ul*(ay + 0.0, E,A; Efa,?

eq

= |po, | EA] Ef g |2
~ |pooc; Pl AT Ef a))! (34)

Moreover, the output power gain of noise is given by

PG, = whw, = |ul*(a, +o.a) R (a; + 0.a,)
= |ul(af R ay + 0.4 R a,
+ 0.4 R a, + a; aHR ae}
= |ual EATE ay + 0,a" E,LATE  a,
+ o dEAT E 4, + o*a R 2a,)
~ | uP @ EATE a)(1 + 0.0, + 0.c))
+6%a’Ra,} (35)

where R;? = EA;2EY + E,A;°EY and a/E,A7Ef ay~
cralE,A*Efa, are obtained from eqns. 29 and 32,
respectively.

Next, we evaluate @ E,A;"Effa, and ! E,A;"Ef a, for
p=1and 2. Consider the case that there only exists a SOI
and background noise; it is easy, to show that
E,=e . xa/NM and A =& =Ma?+ o2 +62/k for
the first method. Hence, we have aZE, A PEHa,~ MESF
for the first method. When there exists an addmonal
interferer, we note that aff E,A;PEfa,~ME? is also
valid if |affa;| < M. Simil arly, we have o E, APEfq a;~
ME",  where f—MG +a2+0a?/k Accordmgly, the
output SINR obtamed by using eqn. 28 for the first
method, based on either the LS-SCORE or the cross-
SCORE algorithms, is given by

PG, x a2 _
PG; x 67 + PG, x a2
M*E7%11 + a,¢, P SNR
a?l¢ lezfj"Z[NR +MEZ + 0.0, + 0,¢) + 62ai R a,
(36)

S[NR[ e
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where SNR=02/02 and INR =
Appendix, the expectation of SII\;
by

E{SINR,}

2 /o2, From eqn. 44 in the
is approximately given

3 M2ETPE(1 + 0,¢,|*}SNR
a2E{| ¢, IPYM*E2INR
+METE((L + 6,.c, + 0,¢9)} + A2E{a? R 2a,}

It

M2ET2SNR / [Mé;z + (M?INR + M)E?

Mo'%
— |afla, > + Ma?
Y 2(M 2)[a +(02/k)] M-

— |afa, > + Ma?2

e/ a, P)J a7

dIEAPEVa;=Mp;?  and
HEA PEfq a;=Mp; P for the second method, where
ps Mo? + o) and o Ma +0%. From eqn. 45, the
output SINR and the expectatlon of the output SINR by

Similarly, we have

output SINR, dB8

log 4(k)
a

12

10F

output SINR, dB

log 1o(0Z)
b

Fig. 1 Ouwput SINR against logarithmic values of k and o for
example 1

- -- - simulation results using first method
** % theoretical results using eqn. 36
theoretical results using eqn. 37

a Against log k

b Against log o2
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using eqn. 28 for the second method, based on either the
LS-SCORE or the cross-SCORE algorithms, are approxi-
mately given by

SINR, =
M?p7% 1 + a.c, |PSNR
o2|¢; "M p;2INR + Mp;2(1 + o, + 0,¢%) + o2al/ R %a,
(3%)

and

E{SINR,}
M2 p2E(|1 + 0.¢,|*)SNR
 GZE{| o, PMp; TINR + Mp, E(1 + 0., + 0,60))
+oEla/R.a,}
— M2p72SNR / [Mp;2 + (M2INR + M)p;2
N Mo?
M2 — |alay|* + Mo?
2 M =D/ (k + 02)lo, Y — |af'ay ")
MG M2 —|alla,; " + Md? }

(39)

output SINR, dB
'S
T

2|
o}
b
4 1 1 1 I i 1 1 ]
6 -5 -4 -3 2 1 0 1 2
log; (k)
a
105 -

output SINR, dB
©
[{<] [e)8

o
3,

75 1 1 ! 1 1 1 1 i

g 7 ® & 4 3 =2 -1 0 A1
0810l
b
Fig. 2 Output SINR against logarithmic values of k and o2 for
example 2

- -~ - simulation results using second method
* ¥k % theoretical results using eqn. 38
theoretical results using eqn. 39

a Against log k

b Against log o2
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5 Computer simulations

For all simulations, we use a ULA with =11 and
interelement spacing = half wavelength of the SOL A
SOI impinging on the array from 5° off broadside has
SNR = 0 dB and CF =2, while an interference with direc-
tion angle 30° off broadside has INR =9 dB and CF =3.
Moreover, both the SOI and interference are BPSK signals
with rectangular pulse shape and baud rate=0.1. The
sampling rate is set to 5. The noise is spatially white
Gaussian with mean zero and variance one. All the simula-
tion results of the first four examples are obtained by
averaging 1000 independent runs and using 2000 data
snapshots for each run. We observe that 2000 data snap-
shots are enough for computing the correlation matrices
required for the first four examples. 50 independent runs
are averaged for showing the simulation results of the last
example.

Example 1: Here, we confirm eqns. 36 and 37 when the
optimal weight vector obtained by using the first method,
based on either the LS-SCORE or the cross-SCORE
algorithm, has the form of eqn. 28. Fig. 1 shows the
array output SINR against the logarithmic value of %
with ¢2=0.16 and against the logarithmic value of o2
with k=0.01. We observe that the theoretical results

output SINR, dB

output SINR, dB
[¢)]
T

45k
.20 L L 1 | L ]
-2.0 -1.5 -1.0 -0.5 0 0.5 1.0
logy4(c3)
b

Fig. 3 Output SINR aguinst logurithmic values of k and o for
example 3

—-—-—otiginal LS-SCORE algorithm

—— first method based on LS-SCORE algorithm

-~~~ second method based on LS-SCORE algorithm

a Against log &

b Against log o2

197



obtained by eqns. 36 and 37 are close to the simulation
results. We also note that the mismatch between the
theoretical and simulation results increases as o2/k
increases. This is mainly due to the fact that decreasing,
a2/k improves the approximation af E,A'EYa,~0 for
deriving eqn. 32.

Example 2: Here, we confirm eqns. 38 and 39 when the
optimal weight vector obtained by using the second
method, based on either the LS-SCORE or the cross-
SCORE algorithm, has the form of eqn. 28. The output
SINR against the logarithmic value of & with ¢ =0.16,
and against the logarithmic value of 62 with k= 0.001, are
plotted in Fig. 2. We observe that the theoretical results
obtained by eqns. 38 and 39 are close to the simulation
results.

Example 3: This example shows the effectiveness of the
proposed methods based on the LS-SCORE algorithm.
Substituting R, (%, T)=r (%, Taza into eqn. 11, we
obtain r,(f) =R, (f, T)c=rlx, t)ac)a,; +a, that has
the form of a; +o.a,, where o, =1/[r (=, r)(a[‘lfc)]. Let
g.a, be a white Gaussian random vector with mean zero
and covariance matrix ¢2I. Fig. 3 depicts the output SINR
against the logarithmic value of %4 with ¢2=0.16 and

15 -

output SINR, dB

output SINR, dB
o1
T

10
A5k
20+
D5 1 1 - P F—— TS ]
2.0 -1.5 -1.0 -05 0 05 1.0
logyq(a3)
b

Fig. 4 Ouwput SINR against logarithmic values of k and o2 for
exumple 4

—-—-—original cross-SCORE algorithm

——— first method based on cross-SCORE algorithm

- - -- second method based on cross-SCORE algorithm

o Against log &

b Against log 62
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output SINR, dB
[6)]

L
o
il
=2

A5k

1 1 1 1 1
800 1200 1600
number of snapshots

output SINR, dB

-5 1 ] 1

1 L 1 1 1]
0 400 800 1200 1600 2000
number of snapshots

b
Fig. 5 Output SINR against number of snapshots for example 5

(i) Original algorithm without CFE

(ii) First method based on algorithm with random CFE
(i) Second method based on algorithm with random CFE
(iv) Original algorithm with random CFE

a LS-SCORL algorithm

b Cross-SCORE algorithm

against the logarithmic value of 62 with k=0.01. The
simulation results of the original LS-SCORE algorithm
are also provided for comparison. We observe that the
proposed methods based on the LS-SCORE algorithm can
effectively alleviate the performance degradation due to the
random CFE by choosing a suitable k. Fig. 34 also shows
that the second method is more effective than the first
method, especially for large o2.

Example 4: Here, we show the effectiveness of the
proposed methods based on the cross-SCORE algorithm.
Substituting R, (&, T)=rq(2, Taza nto eqn. 10, we
obtain R, (f, ©)=ry(a, t)a,e? +R,(f, t) that has the
form of aza +o.R.(f, 1), where a,=1/[r,(/, 7)]. Let
the elements of R.(f, 7) be i.i.d. white Gaussian random
variables with mean zero and variance one. The output
SINR against the logarithmic value of & with 62 =0.16 and
against the logarithmic value of ¢2 with k=0.01 is plotted
in Fig. 4. We observe that the proposed methods provide
satisfactory performance when k& is appropriately chosen.
Fig. 40 also shows that the second method is more robust
than the first method, especially for large o2.

Example 5: We use the same SOI and interference as those
used in the above four examples, except that an additional

1EE Proc.-Radar, Sonar Navig., Vol. 148, No. 4, August 2001



BPSK interferer with rectangular pulse shape, direction
anglc =40° off broadside, INR =6 dB, CF =4, and baud
rate = 0.1 is added. k= 0.01, ¢2 =0.16, and C =1 are used
by the proposed methods. Fig. 5 depict the output SINR
against the number of data snapshots used. In comparison
with the results of using the original SCORE algorithms,
we observe that the proposed methods may provide better
performance than the original SCORE algorithms, even in
the presence of CFE. This is due to the fact that the term
(62/i)I in eqn. 27 for the first method can reduce the finite
sample effect if o2 is small and & is appropriately set. The
second method uses the eigenstructure of the autocorrela-
tion matrix, and hence provides better performance under a
small a2 and suitable &.

6 Conclusions

This paper has shown that when the random CFE is an
independent random sequence, the resulting cyclic correla-
tion matrix equals the cyclic correlation matrix computed
by using the actual cycle frequency plus a Gaussian
random error matrix. Based on the theoretical result, two
robust methods in conjunction with the SCORE algorithms
have been developed to alleviate the performance deterio-
ration duc to random CFE. Moreover, we have cvaluated
the performance for each of the proposed methods. The
validity of the theoretical work and the effectiveness of the
proposcd methods has also been demonstrated by simula-
tion results.
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9 Appendix

Since the clements of @, are white Gaussian random
variables with mean zero and variance one, we have

Ele,)) = Elc) =0 (40)
because £{af/a,} =F{al'a,} =0. Consequently:
1
M* — |alla;)?)
x (M*alfEla,allta, — M(a]'a,)al| Ela,a! |a,
— M(aj a)aj Ea,a\a, + |aj a;*aj E{a,a; Y}
M

E{lc, P} =

S — 41
M? — \aﬁlajlz “1)
where E{a,al’} =1 Similarly, we have
M
E{lg*} = (42)

M2~ laja|?

Next, we substitute a,=ca,+ca;+E, Ea, into
E{al’R;’a,} and obtain

E{a/Ra,) ~ E{|c,}al EAEta,
+E{le,MYal EAEY )
+ E{a"E AP E"a,) (43)

It is easy to show that

-~ « 2\ 2
E{afEﬂA;zE‘:[at,} = trace{A %} = (M — 2)(6% +&>

k
(44)
when using the first method, and
7
E{aE, A 2E"a,} = trace(A]"} = (M —2) —"—20;4
k +a2)
(45)
when using the second mcthod.
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