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NOTE

The Electrostatic Interaction Between Two Charged Surfaces with Mixed Boundary Conditions

Ì 2C

Ìx 2
/ Ì

2C

Ìy 2
/ Ì

2C

Ìz 2
Å C, [1]The electrostatic interaction between two parallel, planar

charged surfaces with periodic mixed boundary conditions is ana-
lyzed. The Poisson–Boltzmann equation (PBE) governing the po- where C Å ef /kT , x Å k x̃ , y Å kỹ , z Å kz̃ , and k 2 Å (e 2 (i z 2

i ni 0) /
tential distribution of the system under consideration is solved by (ere0kT ) . In these expressions, ( x̃ , ỹ , z̃) denotes the position of a point in
the Fourier transformation method coupled with the convolution space, f is the electrostatic potential, k and e are, respectively, the Boltz-

mann constant and the elementary charge, T is the absolute temperature, zitheory. The present approach provides an efficient way to solve a
and ni 0 are, respectively, the valence and the concentration of the i th ionPBE with a general mixed boundary condition. On the basis of this
species in the bulk liquid phase, and er and e0 are the relative permittivityapproach, an analytical expression for the electrostatic interaction
of solution and the permittivity of the vacuum, respectively. Here,C denotesenergy is derived. In addition to its generality, the method pro-
the dimensionless electrostatic potential, and 1/k is the Debye length. Forposed is very convenient for the description of the shift of the
convenience, one of the two surfaces is placed at z Å 0L and the other at

relative position of two surfaces. q 1996 Academic Press, Inc.
z Å L . We consider the general boundary conditions

Key Words: rigid surfaces, parallel plates; Poisson–Boltzmann
equation, linearized; boundary conditions, general, mixed, peri-
odic; interaction energy, electrostatic; integral transform, Fourier, f1(x , y)C(x , y , z) / g1(x , y)

ÌC(x , y , z)
Ìz

Å h1(x , y) , z Å 0L
convolution.

f2(x , y)C(x , y , z) / g2(x , y)
ÌC(x , y , z)

Ìz
Å h2(x , y) , z Å L . [2]

1. INTRODUCTION
Suppose that all the functions in [2] are periodic with periods 2Lx and 2Ly

in the x and y directions, respectively. The general solution to [1] can be
The magnitude of the electrostatic interaction between two charged sur- expressed as

faces depends on the electrical potential distribution governed by the Pois-
son–Boltzmann equation (PBE). Often, a charged surface is assumed to

C(x , y , z) Å ∑
p

∑
q

[apqexp(0Ipq(z / L))
remain at either constant potential or constant charge density. This assump-
tion can be unrealistic for several classes of surfaces in practice. Typical

/ bpqexp(Ipq(z 0 L))]c(p , x)c(q , y) , [3]example includes biocolloids, in which the surface charges are due to the
dissociation of the functional groups they bear. The distribution of these
functional groups can be position dependent, and their degree of dissociation where Ipq Å

√
1 / (pp /Lx)2 / (pq /Ly)2 , c(p , x) Å exp( jppx /Lx) , c(q ,

depends largely on the condition of the environment. In this case, the y) Å exp( jpqy /Ly) , and j Å
√
01. Unless it is specified, the indices p and

boundary condition associated with the corresponding PBE is nonlinear, q range from 0` to ` . Expressing C and ÌC /Ìz at z Å 0L in Fourier
and the surface charge density is a nonlinear function of potential (1) . A series representation gives
widely adopted approach for this problem is the Newton Raphson method,
in which a nonlinear boundary condition is first approximated by a linear

C(x , y , 0L) Å ∑
p

∑
q

CO 0L,p,qc(p , x)c(q , y) [4]expression, followed by an iterative procedure (2) . Here, the problem under
consideration is equivalent to a mixed boundary problem in which a linear
combination of the potential and its derivative is specified on the boundary.
In the present study a systematic approach based on the Fourier transform, S ÌCÌz DzÅ0L

Å ∑
p

∑
q
S ÌCOÌz D0L,p,q

c(p , x)c(q , y) . [5]coupled with the convolution theory (3) , for the resolution of a PBE subject
to a general mixed boundary condition is suggested. We show that this
technique provides an efficient way of portraying periodic mixed boundary

We defineconditions and is readily applicable to the estimation of the interaction
energy of two charged surfaces.

F CO 0L,p,q

(ÌCO /Ìz)0L,p,q
G Å PUU 0L,p,qFapq

bpq
G , [6]

2. ANALYSIS

where
Let us consider two parallel, planar charged surfaces immersed in an

electrolyte solution. Under the Debye–Hückel condition, the electrostatic PU U 0L,p,q Å F 1 exp(02IpqL)

0Ipq Ipqexp(02IpqL)
G . [7]

potential is governed by the Poisson–Boltzmann equation (4, 5)
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610 NOTE

Here, a symbol with two overhead bars denotes a matrix. Taking the Fourier £V 0L Å PUU 0L£V ab and £V L Å PUU L£V ab , [15]
transform on [2] for z Å 0L and applying the convolution theorem (3),
we have where

£
V ab Å [£

V ab,0M , £
V ab,0M/1 , . . . , £

V ab,M]T ,
∑
p

∑
q
S fO 1,m0p,n0qCO 0L,p,q / gP 1,m0p,n0qS ÌCOÌz D0L ,p ,q

D Å 4LxLyhO 1,m ,n , [8]
£V ab,k Å [ak ,0N , bk ,0N , ak ,0N/1 , bk ,0N/1 , . . . , ak ,N , bk ,N]T , [16]

where fO 1,p,q and ĝ1,p,q are the Fourier transforms of f1 and g1 , respectively. and PUU L (0L ) is the block-diagonal matrix
Similarly, we have the following expressions at z Å L :

PUU L Å diag[PUU L ,0M ,0N , PUU L ,0M ,0N/1 , . . . , PUU L ,M ,N] . [17]

∑
p

∑
q
S fO 2,m0p,n0qCO L ,p ,q / gP 2,m0p,n0qS ÌCOÌz DL ,p ,q

D Å 4LxLyhO 2,m ,n [9]
Equation [13] can be rewritten as

FMU
U 1PUU 0L

MU
U 2PUU L

G£V ab á FNU 1

NU 2
G . [18]F CO L ,p ,q

(ÌCO /Ìz)L ,p ,q
G Å PUU L ,pqFapq

bpq
G , [10]

We define the optimal solution to this equation, £V *a,b , as the one at which
the expression

PUU L ,pq Å F exp(02IpqL) 1

0Ipqexp(02IpqL) Ipq
G . [11]

C(£V a,b) Å ZZFMU
U 1PUU 0L

MU
U 2PUU L

G£V ab 0 FNU 1

NU 2
GZZ2

[19]
The coefficients apq and bpq can be obtained by solving [8] and [9] simulta-
neously. If the rate of convergence of the right-hand side of [3] is suffi-

is minimized, where \[u1 , u2 , u3 , . . . , un] \ 2 Å ( n
iÅ1 u 2

i . It can be shownciently fast, it can be approximated by
that

C á ∑
M

pÅ0M

∑
N

qÅ0N

[apqexp(0Ipq(z / L))
£V *ab Å (PUU T*0L MU

U

T*1 MU
U 1PUU 0L

/ PUU T*L MU
U

T*2 MU
U 2PUU L)01(PUU T*0L MU

U

T*1 NU 1 / PUU T*L MU
U

T*2 NU 2) , [20]/ bpqexp(Ipq(z 0 L))]c(p , x)c(q , y) . [12]

where the superscript T* denotes the conjugate transpose.In this case [8] and [9] can be written as

2.1. Electrostatic Free Energy

FMU
U 1£V 0L

MU
U 2£V L

G á FNU 1

NU 2
G , [13] We consider the general expression for the electrostatic free energy E

E( l) Å *
V0L

S0L(x , y)C
ÌC
Ìz

dV0L / *
VL

SL(x , y)C
ÌC
Ìz

dVL , [21]where

£V L Å [£V L ,0M , £V L ,0M/1 , . . . , £V L ,M]T ,

where l (Å2L) is the distance between two surfaces, V0L and VL are the
regions defined by one period on z Å 0L and z Å L, respectively, and S0L(x ,
y) and SL(x , y) are the weighting factors which are functions of boundary

£V L ,k Å FCO L ,k ,0N , S ÌCOÌz DL ,k ,0N

,
conditions. For example, if the surface at z Å 0L is at constant potential,
S0L(x, y) Å 1/2, and if it is at constant charge density, S0L(x, y) Å 01/2
(6). If some portion of the surface at z Å 0L is at constant potential and the

CO L ,k ,0N/1 , S ÌCOÌz DL ,k ,0N/1

, . . . , CO L ,k ,N , S ÌCOÌz DL ,k ,N
GT

, rest of the surface at constant charge density, then S0L(x, y) Å 1/2 for the
former and S0L Å 01/2 for the latter. It can be shown that

NU 1 Å 4LxLy[hOU 1,0Mp
, hOU 1,0Mp/1 , . . . , hOU 1,Mp

]T ,
E Å 1

16L 2
x L 2

y

∑
m

∑
n

SO T*0L ,m ,n ∑
i

∑
j

CO 0L,m0i,n0 jS ÌCÌz D0L,i , jhOU 1,k Å [hO 1,k ,0Np
, hO 1,k ,0Np/1 , . . . , hO 1,k ,Np

]T ,

NU 2 Å 4LxLy[hOU 2,0Mp
, hOU 2,0Mp/1 , . . . , hOU 2,Mp

]T ,
/ 1

16L 2
x L 2

y

∑
m

∑
n

SO T*L ,m ,n ∑
i

∑
j

CO L ,m0i,n0 jS ÌCÌz DL ,i , jhOU 2,k Å [hO 2,k ,0Np
, hO 2,k ,0Np/1 , . . . , hO 2,k ,Np

]T ,

Mp § M , Np § N , [14] Å 1
16L 2

x L 2
y

SOU T*0L r[(CUU 1PU U 0L£V *ab),(CUU 2PU U 0L£V *ab)]

where the superscript T denotes the transpose. According to [6] and [10], / 1
16L 2

x L 2
y

SOU T*L r[(CUU 1PUU L£V *ab),(CUU 2PUU L£V *ab)] , [22]
£
V 0L and £

V L and apq and bpq are related by
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where , denotes the convolution operator, r represents the inner product, where Dp ,q Å exp( jppdx /Lx)exp( jqpdy /Ly) . The shift of the surface at z
Å L is characterized by the factor Dp ,q . Equation [13] becomesŜ0L and ŜL are, respectively, the Fourier coefficients of S0L and SL , and

F MU
U 1£0L

DUU pMU
U 2DUU £L

G á F NU 1

DUU pNU 2
GCUU 1 Å

1 0 0 0 0 0 ???

0 0 1 0 0 0 ???

0 0 0 0 1 0 ???

:

,

or

CUU 2 Å

0 1 0 0 0 0 ???

0 0 0 1 0 0 ???

0 0 0 0 0 1 ???

:

. [23] F MU
U 1£0L

MU
U 2DUU £L

G Å F MU
U 1PUU 0L

MU
U 2DUU PUU L

G£V ab á FNU 1

NU 2
G . [29]

The matrices CUU 1 and CUU 2 are used to recover COU 0L and (ÌCOU /Ìz)0L from In these expressions DUU is the block-diagonal matrix with diagonal elements
£V 0L , and COU L and (ÌCOU /Ìz)L from £V L , respectively. On the basis of [20] and DUU s , s Å M , (M 0 1), (M 0 2), . . . , 0(M 0 1), 0M , with
[22], and the relation

DUU s Å diag[Ds ,Np
IUU 212 , Ds ,Np01IUU 212 , Ds ,Np02IUU 212 , . . . , Ds ,0Np

IUU 212] .

PUU L ,pq Å F1 0

0 01
GPUU 0L,pqF0 1

1 0
G , [24]

IU U 212 is the 2 1 2 identity matrix and DU U p is the diagonal matrix with diagonal
elements DUU k , k Å 0Mp , 0(Mp 0 1), 0(Mp 0 2), . . . , (Mp 0 1), Mp ,
with

it can be shown that PUU 0L is the only term in [22] which is L-dependent.
For a constant potential /charge density problem, S0L(x , y) and SL(x , y)

DU U k Å diag[Dk ,0Np
, Dk ,0Np/1 , Dk ,0Np/2 , . . . , Dk ,Np

] .are constant, the convolution in [22] can be replaced by an inner product,
and [22] reduces to

The optimal solution to [29] is

E Å S0L

4LxLy

[(CUU 1PUU 0L£V *ab)r(CUU 2PUU 0L£V *ab)] / SL

4LxLy

[(CUU 1PUU L£V *ab)r(CUU 2PUU L£V *ab)] .
£V *ab Å (PUU T*0L MU

U

T*1 MU
U 1PUU 0L / PUU T*L DUU T*MU

U

T*2 MU
U 2DUU PUU L)01

[25]
1 (PUU T*0L MU

U

T*1 NU 1 / PUU T*L DUU T*MU
U

T*2 NU 2) . [30]

2.2. Position Shift
The electrostatic free energy is

Suppose that the plane at z Å L is shifted dx units in the x direction
and dy units in the y direction for a fixed distance between two surfaces.

E Å 1
16L 2

x L 2
y

SOU T*0L r[(CUU 1PUU 0L£V *ab),(CUU 2PUU 0L£V *ab)]In this case the boundary condition expressed by [2] becomes

/ 1
16L 2

x L 2
y

DUU qSOU T*
L r[(CUU 1PUU L£V *ab)*(CUU 2PUU L£V *ab)] . [31]f1(x , y)C(x , y , z) / g1(x , y)

ÌC(x , y , z)
Ìz

V

Å h1(x , y) , z Å 0L

Equations [30] and [31] reveal that DUU and DUU q are the only two terms inf2(x / dx , y / dy)C(x , y , z) / g2(x / dx , y / dy)
ÌC(x , y , z)

Ìz
V [31] which are functions of dx and dy .

Å h2(x / dx , y / dy) , z Å L , [26]

3. RESULTS AND DISCUSSION
we have

In the numerical simulation we consider two identical, planar parallel
surfaces. For illustration, only a two-dimensional problem is discussed.

∑
M

pÅ0M

∑
N

qÅ0N
S fO 1,m0p,n0qCO 0L,p,q / gP 1,m0p,n0qS ÌCOÌz D0L,p,q

D Å 4LxLyhO 1,m ,n , [27] The period of the boundary condition is assumed to be 2; i.e., 2Lx Å
2. Three types of boundary conditions are investigated: constant poten-
tial ( f1 Å f2 Å 1, g1 Å g2 Å 0, S0L Å 1 /2 and SL Å 01 / 2 ) , constant
charge density ( f1 Å f2 Å 0, g1 Å g2 Å 1, S0L Å 01 /2 and SL Å 1 /2 ) ,

and and mixed boundary condition. The electrostatic repulsion energy is
calculated by

∑
M

pÅ0M

∑
N

qÅ0N

Dm0p,n0qS fO 2,m0p,n0qCO L ,p ,q / gP 2,m0p,n0qS ÌCOÌz DL ,p ,q
D

Vr( l) Å E( l) 0 E(`) . [32]

Å Dm ,n4LxLyhO 2,m ,n , [28]
The boundary conditions assumed are: (a) C Å 1, 01 £ x £ 1; (b) 0ÌC /
Ìn

V
Å 01, 01 £ x £ 1 (note that if this charge density is converted tom Å 0Mp , 0Mp / 1, 0Mp / 2, . . . , Mp , Mp § M ,

potential, the result is the same as case (a)) ; (c) C Å 1 for 00.5 £ x £
0.5, and 0ÌC /Ìn

V
is assigned the value of 0ÌC /Ìn

V
in case (b) for 01 £n Å 0Np , 0Np / 1, 0Np / 2, . . . , Np , Np § N ,
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xõ00.5 and 0.5õ x£ 1. Figure 1 shows the boundary condition assumed
for case (c) . The variations in the electrostatic repulsion energy Vr as a
function of half the separation distance between two surfaces L for cases
(a) – (c) are pictured in Fig. 2. This figure reveals that Vr increases with
the decrease in L for three types of boundary condition. For a fixed L , Vr

follows the order (constant charge density) ú (mixed condition) ú (con-
stant potential) . If L is greater than the Debye length, Vr is about the same,
regardless of the types of boundary conditions assumed. Note that for a
fixed L , Vr is minimized at dx Å 1 for the case of mixed condition. In other
words, a shift in one of the two surfaces with a half period leads to a
minimum in Vr for this example. This is consistent with the results of Kuin
(7) and Vreeker et al. (8) , in which only the leading terms of the right-
hand side of [12] are considered. Note that the minimum of Vr does not
necessarily occur at a shift of half the period, in general. It depends largely
on the type of boundary condition specified and the number of terms adopted
in [12]. We show that two approaching surfaces may adjust their conditions
and relative position to minimize the interaction energy. Thus, when two
charge-regulated particles, each having a uniform surface condition, come
close to each other, their surface conditions can be of a complicated nature
(7–9). It is possible that part of a surface remains at constant potential
and the rest at constant charge density. This leads to a mixed boundary
value problem. Another possible case is the interaction of two porous parti- FIG. 2. Variation in the electrostatic repulsion energy as a function of
cles. Here, the solid–liquid interface may remain at constant charge while half the separation distance between two surfaces for three types of bound-
the interparticle liquid–pore–liquid interface is at approximately constant- ary conditions at various shift distances. ( – – – ) constant potential;
potential. ( ) constant charge density; ( – r– ) mixed conditions. The boundary

The criterion for the estimation of the unknown coefficients in [12] is condition for the last case is shown in Fig. 1.
based on the frequency domain expanded by (p , q) . An equivalent criterion
in the (x , y) domain can be found by applying Plancherel’s identity (3) .
The latter, however, is not readily applicable for the estimation of the effect
of position shift on the electrostatic interaction. In this case a nontrivial

dx , dy shifted units in the x and y directions, respectivelynumerical scheme is required, in general.
Dp ,q shift factor defined below [28]

matrices defined below [29]DUU , DUU pAPPENDIX: NOTATIONS
e elementary charge
E dimensionless energy defined in [21]A Hamaker constant
Ipq coefficient defined in [3]matrices defined in [23]CU U 1 , CU U 2
k Boltzmann constant
L half the dimensionless separation distance between

two surfaces
Lx , Ly half periods in the x and y directions, respectively

defined below [14]MU
U 1 , MU

U 1 , £V L , £V L ,k ,
NU 1 , hOU 1,k , NU 2 , hOU 2,k

n0 bulk number concentration of ions
transform matrices defined in [7] and [11], respec-PUU 0L,pq , PUU L ,pq

tively
T temperature
Vr dimensionless electrical repulsion energy defined in

[32]
x , y , z dimensionless position variable
zi the valence of ion species i
x̃ , ỹ , z̃ position variable

Greek Letters

apq , bpq coefficients defined in [3]
e0 permittivity of the vacuumFIG. 1. The boundary condition assumed in the illustrating example.
er relative permittivity of solutionThe potential is fixed in the region 00.5 £ x £ 0.5, and the surface
F electrical potentialcharge density is fixed in the region 01 £ x õ 00.5 and 0.5 õ x £ 1.
k reciprocal Debye lengthThe solid line denotes the distribution of potential described by C Å 1,
c(p , x) , c(p , y) orthogonal functions defined in [3]and the dashed line represents the distribution of charge density, de-

scribed by 0ÌC /Ìn
V
Å 1. C dimensionless potential
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