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In a previous paper [Chin. J. Phys. 29, 49 (1991)], we found that in front of a classical
surface, the dimensiondity has some ambiguity. Because we treat the surface or interface as
a classical surface for semiconductors, ec., we find some dimensionality discriminations in
our theory. We study the one-dimensional energy to incorporate subbands, reduced from the
three-dimensiond space. Because the surface condition (z), as a one-dimensional-boundary
condition is not mathematically compatible with the one-dimensional Schrodinger equation in
3D, the plane subband theory thus obtained is not the 2D Bloch theory of electrons. There are
different structural formulation influences when reduced from 3D. They imply that we can
have, for any one crystd energy, three different appearances and nature: a three-dimensional
Esp and two one-dimensional EZ, and ESV. Thelatter two provide envel ope functions, with
reductions in dimensiondity. This suggests a new picture having various dimensionalities for
energy quanta packets. This implies that in the statistical method we have three different
Fermi energies: from Esp, E,(:BD); from EJ, E,(:llD); and from ESV, E,(:13D), for running
waves. This also implies that the physical contents of the crystal momentum include (a) a
complex nature to indicate the mean free path, and (b) an extension to cther (extra or deviate)
dimensionalities. The origins of the mobilities are mentioned and related to the dectron
scatterings with 2D structure from the k(ZZD), the k(ZZD)pZ—perturbations. They are related to
some energy eigen-equation with energy value EJ,, which has the peculiarities: (a) it is not
exactly one-dimensional for the envelope function; and (b) the k(ZZD)pZ-perturbation for this

E., for al kinds of perfect crystals with a plane-surface, has a peculiar k(ZZD) coming from
the other dimensions (2D). Thisrevealsa new dimension and is a dimensi onality-breakthrough
from 2D into 3D. One obvious reason for this dimensionality-breakthrough is the existence
of latice lateral-vibration dynamics on the static surface u(z). This resolves the problem
that subband theories are 2D, e.g., in the xy-plane while the surface equation is expressed in
one-variable with one degree of freedom in variable-variations, such as ju(z). Consequently a
two-dimensional plane, u(z), is physically measurable in three-dimensional space, by a certain
periodic potential condition in terms of the primitive vectors in an (xy)-plane. Contrary to
mathematics, the area integral is immeasurable in the formulation of volume integrals in
Riemann integral theory due to the lattice dynamics vibrating into new dimensions.

PACS. 05.30.—d — Quantum statistical mechanics.
PACS. 73.20.At — Surface state, band structure, electron density of states.
PACS. 71.18.+y — Fermi surface calculations and measurements; eff ective mass, g factor.
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I. Introduction

Investigations of the growth and the adsorption mechanisms of surfaces lead us [1] to
understand that we must have a surface or interface of two-dimensions (geometrica) or two-
degrees of freedom (lattice dynamicd) (2D) (2D-xy-plane) to formulate an energy e gen-equation,
whichiseventudly in 1D in computationa physics & least, nowadays within computor capabilities
Based on the underlying concepts in Sec. 1l, egn. (24a), which is an equation equating a congtant
to another congant, we have the following argument: First the adsorption process is manly a
2D-surface penerated into the third dimens on by growth. To this 2D-surface, the subband energy
is corrdated to the growing third dimenson in a redistic process although the energy equation
is finally only 1D. How to understand the physics on account of the dimensondity? We find
that we incorporate the 1D in the energy equation as our third dimension (with adsorbate growth).
However from (29), we find tha there are quarntities, as physicd constants, i.e. Lz precisy,
belonging to the (xy)-plane. Hence we discover the subband energy includes dynamicd terms
obtained from the 2D-xy-plane. Moreover this (xy)-plane is not precisdy the xy-plane in 3D
TXyzg- or r-space. It penetrates from the (Xy)-directions into z-dependency. This z-dependency
forms a new dimension in (29). This point will be clearer in (29). The separability of the above
2D-x; y-plane and the 3D r-gpaceis a kind of dimenson theory discussed an p. 30 in Ref. [2]
and verificaion was tried by metd gate-charges in MOSFET in the discusson below (29b). That
means, we find, in the theoretical prediction framework of this paper, that this new dimension
(z-dependency) is, in fact, not exactly the conventional third z-direction. Wha we mean by the
theoretica framwork is the periodic gructure kinemetics such as the crysta periodic sructures in
the Bloch electron theory for energy band caculations. Intuitively the statement above is clear
when we have a semi-infinite medium with periodic structure (occupying z , 0) vs vacuum
gpace (with z < 0). Physcdly the hdf-space z > 0 is entirdy different from the other hdf-space
z < 0. Mathematically there are no differences for the whole z-axis, Snceiit isonly dong a 1D
axis. In this paper, the above physical distinguishability, for z < 0 and z > 0, makes us to deduce
and to induce some dimensond ‘consequences’ such that for z = 0 and z < 0 there are some
physical ways to provide two different measures along this one single axis. These measures make
it possble for us to reveal some new dimension (like surface charges), mathematically along the
z-axis (similar to volume charges). However this new dimenson is only for some *thickness-in-
z-direction’ decided by the geometry of the xy-plane (e.g. a quantum size effect of the metal gate
in MOSFET, €c.) (egns. (29), (29a) b ow).

The subband energy, or the subband ladder energy, or subband bottom energy, is usudly
in the free paticle form, Ezp j EZ, = ~?(k? + k3)=2m"° as in (24a) beow. We find in this
paper tha the remaining 1D the in the 3D-gpace with an energy Esp | Ej, in (249), is actudly
determined, in part, by some quantities from other dimens ons. Thisis the main theoretical subject
of study in Sec. 1l, after egn. (24a).

Inrecent discoveries and the current treatment of the surface growth process[1], wefind that
the surface plays the dominate role, physcaly and mathematicdly. This is because, by physicd
methods, the detectable thickness from the surface top into the bulk is limited anyhow, say from
afew to less than 100 layers due to multiple scattering losses. More than 100 layers be ow the
aurface or interface, we redly do not know its chemicad composition, and its lattice Sructure in
form and in magnitude, the electron-form-factors, even the matter densities, etc. This point is
judged by the coverage incressed to 1 » 100, and/or moderate high pressure measurements. Up
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to the present, thispoint is determined by the structures near the surface and those ‘atoms’ |ocated
well inside the bulk, cf. eg. [3] by asynchrotron light source, eic. These recent sudies are in
addition to the traditiond LEED, x-ray measurements, eic. and are prepared for the verification
of future near-fidd optic-measurements and femtosecond laser physics results.

We bdieve tha the whole bulk or 3D properties are essentidly determined by the ‘ near-
aurface-few-hundred-layers . Structural distinctions, from sngle-layer ddtadoped quantum wells
(as characterized by the layer-localized or surface- or interface-localized phonons [4]) to asurface
or interface of a semi-infinite medium (as characterized by the bulk-surface phonons, as given
in nearly all current textbooks such asin the electron-energy-loss-spectroscopy (EELS) [5]), c.
are subjects of minor importance. Infact, the rdevant common property is only that they have the
subband energy Sructure on or near the surface or interface reative to the 2D incorporation. The
difference is the results from one-layer or from a hundred layers. The realistic dominating factor
derived from these considerations is that ‘ geometric-flainess’, determinated by the crystalographi-
cal Miller indices, impurities, foreign contaminations, defects, missng row, cracks and vacancies,
etc., does redly lead us to decide to choose some kind of physics ruling the way to prescribe our
theories, and leave the drain-dress problems gpart. A viewpoint of this kind is explained by an
example below:

Current existing debate about the high Miller indices For stepped surfaces of high Miller's
indices, eg. W(750), we have a more than usual Laue diffraction pattern, viz., there are extra
diffraction gpots due to the latera steps of W(750) [6] apart from those spots existing due to the
ordinary regular net of the upmog layer of terrace platform. Directly from p. 166, Fig. 2.9 in
[6], we have two extra spots for W(750) than is common in W(110). Usudly we consider that
a (110)-surface is a 2D plane. For W(750) described in [6], it is determined by measurements
aterrace width 12.6 § 0.1A, and a step height 2.19A. W(750) is typicdly a 2D surface plus a
third penetrated direction. From Fig. 2.9(b), the two extra spots for W(750) are on the same 2D
plane which shows the LEED pattern of (11) and (20), etc. for W(110). Therefore we have 2D-
reci procal-momentum-gpace patterns to exhibit diffraction patterns from both a 2D-crystd surface
and a (2D-terrace+athird penetrated direction)-stepped-surface, typicaly 3D appearence (stepped)
aurface. We can not trust that “seeing is believing”. Here we think that both the 3D ‘stepped-
aurface’ and the 2D-plane-surface make diffraction patterns on the same 2D k-plang(s). There is
a dimensionality-transformation or a breakthough in dimensionality from the 2D k-plane into the
3D stepped-surface in reality! Experiments of this kind made us believe that the mathematica
aurface formed by the outmost steps (750) isour andard “surface’ existing in nature for minerals
or for growth after depodtion processes ec. We illustrae in Fig. 1(a): a mathematical surface
of such a kind, not for (750) but for (110). By ‘mathematical surface , we mean surfaces existing
by Miller indices predictions They are akind of “naural” surfaces existing themselves in nature
without any artificid processes. They do not include the polished surfaces, capped surfaces and
ecial cut-surfaces [7], €c.

When we formulate our caculaion framework, we think the surface of this kind is not
only a standard but the only correct one to use everywhere. Furthermore it is the only one in the
pattern of this kind by which we can have the Bloch theory of periodic structures presented in the
lid state. Based on this conception, from the Bloch theory for 1D, the surface of this kind is the
only one adle to formulate and to become a 3D-Bloch theory. Actudly there are other surfaces
such as some classcd surfeces, etc. which are gpplicable or als satisfied by the Bloch theory.
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FIG. 1. Side views of tungsten with the stepped surface W(210) shown. (a) W(210) in a mathematical
model. (b) W(210) in a defect model.

We include the classcd surfaces of this kind as “cut-surfaces” beow.

A contrary viewpoint, started by Mulling we call Mullins defect modd [8]: a ‘high
Miller indices surfec€ is an irregular step surface, as shown in Fig. 1(b) with many additiond
adsorbates, as surface impurities. It can be a “dassca surface’ without regular or ‘flat’ Miller
indices predictions. There can exist many missing rows or line defects with a degp crack possibly.
If the surface, as shown in Fig. 1(b), is the one predicted by Mullins modd as the outmost
surface next to the vacuum space as a naturd surface, we really do not know how to explain it by
the periodic structure, as used in Bloch theory. Mathematicdly one of reasons tha the subband
ladder energy appeared here, ingead of the ample parabolic band energy of free electrons for
a (semi-infinite) crystal structure, is the dominate role of the above ‘classical surface involved.
This classical surface will change our mathematics reated to dimensionality in both prediction
and calculation. Similar properties were reported in our firs pgper [9] with apod tronium in front
of a dassical surface and some charge density problems for image potentials

As atheorist, for the subband manipulation for ameta cgp gructure, we would think the
dructure like the one shown in Fig. 1(@) was a proper one After we introduce the classcal
aurface for the cap or substrate, we find that the one shown in Fig. 1(b) is dso a possible one,
moreover it is more proper to have used Fig. 1(b) than the one given in Fig. 2. The reason,
goart from experimental preparation ones, is given as follows: A 2D-surface in the form of a
cassical plane such as z = 0 (46) bdow, is sometimes not a pat of the description in the
framework of a 3D perfect periodic solid crystal. This description (a) is not unique; and (b) does
not include the whole content inside which z = 0 say, does exid. It forms a breakthrough to
bresk the above ‘incomplete description’, in fact the 3D perfect periodic Sructures, as defined by
the kinetic energy in (45); meanwhil e the potentid energy being (45a), splits the total-periodicity
in (49b). The mahemetica reason, for the non-existence of a z = 0 plane ingde the perfect
periodic gructure, istha a 2D-plane has “zero measure” inside a 3D volume and asde from the
messures of a periodic potentid, etc. We might think that a 3D perfect crygal is some ‘volume
mathematicdly 3D with the coexistence of many 2D-planes. This intuitive viewpoint has been
changed for a crydal ether with a periodic structure or with a plane surface below. Putting both
the periodic structure and the plane surface together in a congstent theory is the subject of this
paper. A surface or interface is 2D, thus of zero measure, Smilar to a surface integrd equal to a
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FIG. 2. A two-dimensional illustration of surfaces for V (z) and V (x}; x%) in (47c). (1) A “mathematical
surface” to express the perfect 3D arystal for V (x; x3) in (49) for some C. AL, C; A, and proper
d; in x}-directions. (2) A physical “cut-surface’ for V (z) for different d in the z-direction.

volume integral of zero thickness, and has various uncertain influences on the 3D energy cd-
culations. Between the whole-2D-plane and whole-3D-volume, sepped surfeces, as an interface
between the materid and the vacuum, are subjects for tesing influences of this kind. From the
viewpoints above, our decompositions into fa,b,Cg primitive trand aions in (21) below, fit the
experimental set-ups in order to fit our “classca surfece’.

Primitive and non-primitive cdlsin crygal structures: The above discusson is conventional.
For a pictorial interpretation, refer to the figures in Kittd’s ISSP [7], Figs. 14, 15 in Ch. 1,
conventiona non-primitive cels or Bravas or gace lattices are given in Fig. 11. All simple
cubic, body-centered cubic (bcc), and face-center-cubic (fcc) are given for a lattice congant a.
Their corresponding primitive cdls are dl simple cubic in form and are given in Figs. 12, and
13. Recdl that these simple cubics have entirdy different oriented faces or surfaces with regpect
to conventiciga_l cdl surfaces! Th%gre not oriented in the way of “cut-surfaces’. The periodicity
lengths are © 3a=2 for bcc and a=" 2 for fcc. When we talk about a (classical cut) surface which
has a metal cgp (which are mostly a surface after it has been polished or laser-evaporaed), it is
a surface faced on the conventiond cell faces, not on the primitive cdl faces. While the later
is mogly the Miller indices surface, because we agpply to this primitive cdl surface the crystd
periodic boundary condition in Bloch theory. It must be a‘mathematicd surface€ defined as the
right one for Bloch theory. The discussion here shows tha Fig. 1(a) is a primitive or Miller
indices ‘mahematicd surface while Fig. 1(b) and Fig. 2 are capped surfaces

The crystal gructure for some currently used surface: Contrary to the above discussion, in
many semiconductor heterostructures, we cut a surface which makes a few degrees (say, 2*) with
the conventional surface[10, 11]. The technique substantidly extends the scope of our discussion
above. For the present author, we should consider that they are classcad surfaces Furthermore
they fdl into the category of Mullins' defect mode (for surfaces) from an argument of readticaly
experimental prepardions. In experiments, say in [11], we may use Alp.7Gag.3As. It seems that
it issimilar to a Smple-metallic surface of Mullins' modd. On the theoreticd side, we can have
quantum trangport due to lower gap-energiesfor X and L points thereby having indirect transitions
involving phonon processes. Further there may be uncertainties of energy entering the quantum
transport regime, cf. p. 175 in[12]. It is naturd to include umklapp processes according to the
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reciprocd lattice vector space formulation. However it makes the PL peak intensity increase, say
by 10 times as in [11].

Current Fermi-Dirac statigicsapplied in physics We introduce the relevant current theoretica
guotations on various topics we need to use in the following for the totd vaue of a dynamicd
variable A(E), as afunction of E. Then the totd vaue of this A over the occupied energy levels
labelled by A of Eg is

X
<A(E) >=  A(Ea)P(En) D
f

for a (normalized) population (or probability) P (Ea). For many dectron systems, we use Fermi-
Dirac statitics with the distribution function f(FD)(E) for some energy value E. Hence, with
the dendty of states (DOS) D(E), we have

" REMEABIFOE)
<AB)>= "5 E)ErEDE) @

Current Fermi levesof 3D and 1D in statistics from a periodic structure: () For exact 3D
systems, we replace (1) by changing A in the summation to (nx; Ny;nz) = N which appeared in
the crystd momentum k = n2%=L. We then have (1) becoming

> L3 Z " L3 Z EGD) 1 dgp_,
for 3D E5p = k?=2, without counting the pins. Here E,(:3D) istheusud “3D Fermi energy in 3D
gystems’. The necesdty of (3) isalso required for the band energy calculations for crystds when
they are of three dimensions, not the one in the Bloch theory of 1D as say in the Kronig-Penney
modd, for which we have many debates about the changing from 1D to 3D.

(I For the 1D case of ganding waves, in the zero temperature formaliam for a convention,
we change the labd A in (1) to a 1D cystd vector (in the standing wave) Ex ) E(K) with
k =km = m¥%=L, m = 1; 2;¢¢¢ for a length L of the 1D periodic structure. (2) becomes

R
D (E(km)IE(Km)ACE (k)T E P (E (km)) . @
D(EKm)AE(Km)FFP(E(km))

<A(E) >=

Here the DOS D(E(km)) is cdculated by the counting of m instead of A& as (in aomic units:
~= M = jej = agonhr = 1 and, in the zero temperature formalism)
> z Zgap) 3 g

L L
00> = dkmeted = d T2 km) o (5)

m

where “¢¢¢” means other functions included in the sum or in the integrand, asin (1) and (2), €c.
For D(E), we need to multiply by another factor 2 for counting the spin-occupations. The upper
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limit E(lD)
theory [13]

As deveoped below in this paper for the first time, Esp becomes E;,, in (26) or (24a)
whichisalD energy in a3D system; (3) iscaculated asfor agiven subband energy (K3 +k3)=2,

in (5), the“1D Fermi energy in 1D systems’ has many gpplications in solid surface

-

> Z L Z ECD) 3

L P——
ey — o dkn ¢CCYy — o (2E;)d ~ 2EZ, ¢c¢; (6)

for a 1D periodic running wave in a 3D sygem with crystal momentum k, = n2%=L for E}, =
ES, (kn) = k2=2. The upper limit EXD) of the integral in (6) is not the same EZD? given in (5).
However thls Ejn-gaistics is dlfferent from the Kroni g-Penney modd meti oned above
(111) As aremark, E(lD) in (5) isadifferent 1D Fermi energy (in alow-dimensiond system)
in comparison with the * 1D Fermi energy (in lower-dimensond systems) in 3D systems’ [14],
as we shall suggest for the first time in this paper. The difference comes from (30) below for

2
Eon = B + 5 kD @)

Here both E,, and E(s') ae 1D energies The eigenvdue of E;,, indicates 3D energy quatuam
packet while that of ES" 1D energy packet. When we use either EZ,, or ES?, each of them can
formulate akind of statigicd mechanics of its own. They can have their own Fermi energy. For

instance, the Fermi energy of the E;-formalism is E,(:llD ), which is al ower-dimensional gystem

including a term 5 k(ZD)Z, which is in the z-direction mathemaicaly but comes from other

dimendons, viz, W|th ki, ko from the x; y-dimensions phydcaly. Therefore for E,(f')—statisti CS,
we can have, similar to (6),

)

Z yA ECD) Hqg
QREMMd  2ESD ¢ae: )

dk,, 66¢) 2'1‘/
0

>
00y — 21/

Here we have E( D) for a 1D Fermi energy, which is a (pure 1D) low-dimensiond system, not a
I0\Ner-d|men3|onaJ gystem in 3D.

Conclusivdy for 1D Fermi energies we have E(lD) for E;, -statigics E(lD) for standing
wave E(km)-datistics, and E(lD) for E(s') statigics The category-dassificaion here has been
goplied to the freeelectron—model for dengty-functional theories from Pauli paramagnetism [1,
15]. The man influence in sgtups is on the evauation of the workfunctions Aj. Here we have
three different workfunctions for 1D-surface-systems, or the familiar lower-dimengond system of
a solid surface of a crystd. From the above three kinds of stdistics explicitly

A = vacuum leved energy j E(lD), 9

where E(lD) is the three vadues of the Fermi energies above. From the experimentd dde or
mstrument sde, the Fermi levd determination is a mgor subject in heterostructures [14]. The
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Fermi levds are determined by the charge neutralization of donor Np or/and acceptor densities
Na, i.e, for the dectron dendty n and hole density p, we determine the Fermi levels by

n+Na=p+Np

for p-GaAsand N-AlxGay; xAs heterostructures As to the built-in potentid Vp, it determinesthe
difference between the Fermi levds of the two sdes of an interface of the heterostructure. Clearly
this calculaion is based on Fermi-Dirac stati gics, with the proper chemica potentid as the Fermi
energy cdculated from the total number of particles in the system. As a comment from the above
results, we redly do not know that the Fermi levels determined here are E,(:3D) or E,(:liD), since
the dimensondities of the partide numbers above are redly rdevant. The experimental setups or
deposition ded gns of the eectron density [ 14] are actually based on the formula of dectron density
n. The Fermi energy Eg, as afunction of the conduction band bottom E. for a setup-parameter

N¢ which is usudly referred to 300 K, is

Er =E.+kgT In — +35353£ 10i1 — | 495009f 10i38 —
No Ne 3
(VRN o T4,
. n . n
+148386£ 1004 — j 442563f£ 10i6 —
NC NC

in which the Fermi energy we are referring to is redly important! But we are not sure about
which one of the above Fermi energies we are referring to, 3D or 1D?

To be explict, our viewpoint or comments on the currently exiging framework on semi-
conductor, such as (Al,Ga)As heterostructures, is as follows: The flat-band energy band diagrams
show only incomplete 1D energy levels for interface physics with interface-barriers, such as the
Schottky barriers, etc. in Ref. [14]. For 3D, energy vaue levels must be those in Ref. [16]. For
GaAs with a surface or interface aside, we have energy diagrams with the Fermi-level (here the
3D Fermi energy in the 1D diagram) aligned, such as p. 209 in [14]. This way of treatment is
perfectly alright. However current texts argue differently. They have dated some deviaed appli-
cdtions followed by some deviated plots, such as a3D Fermi enegy for 1D plots in [14], which
seem to lead us to arrive at conclusons in non-equilibrium viewpointd For heterogructures, near
the surface or the interface, we consider that it isat a j -point for a surface-plane [100] or [111] for
GaAs. The sysem occupies z > 0, the semi-i nfinite medium. T he energy-band diagram along the
whole z-axis is plotted according to the j -point energy leves in the band structure. Far enough
from the heterojunction plane of heterostructures, we have various flat-bands in various regions
adong the z-axis. The plot in thisway is (& different from the usual band-energy diagram for
bulk solid gate materialsin whichit is plotted from X to j to L-points with high symmetries, but
reducing its dimensiondity, in k-gpace; and (b) not theoreticaly acceptable or explainable based
on interface physics. However in the so-cdled flat-band regions, we can caculate the dectron
digributions in a datistical mechanics way, as on p. 203 in [14]. In this caculation, we daim
usudly tha it is an energy-band application on the ‘solid with surface’ from current solid Sate
physics, which treats solids without surfaces In the author's opinion, it is not right sincein prac-
tice, the semiconductor with surface or interface is only one-dimensional Fermi-Dirac stdistics
with E,(:liD), asin (8) pure 1D. Not the Fermi energy used in [14] in which E,(:3D) is supposed,
such asin (3).
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Furthermore in the discussion of the band-tail gates from the DOS condderation [ 16], the
present author trys to believe that thisisa case of one-dimensional statistica mechanics ingead of
an interpretation in the energy-band picture. On many occasions, this is not relaed to the energy-
band theoriesat dl. In Kane s theory or the theory of Haperin and Lax say, we have energy-bands
(tall) extensions in energy band diagrams, such as the exciton levels say, cf. p. 81 in Ref. [16].
The troublesome thing is the energy distribution extended from O (at E; of the conduction band)
to some negative energy values in the Fermi{Birac distribution with a DOS E’2. Inthis DOS, we
are not able to writeareal expression from = | JEj. Here we have put zero energy a E. whereas
negative E means a level slighter lower than E., actudly in donor states region. This DOS is
expressible as a one-dimensional digribution in numerical continuation, with a deviation from the
parabolic energy bands, cf. [16]. Asgiven on p. 95 in [16] for nonradigtive recombinations, say
for CCCH Auger process, €c., the energy-band plot is different from the ones for the ‘ solid with
aurface’, given above in the lag paragraph and the ‘flat-band plot’ given throughout the plots in
Ref. [14]. In Auger processes of this kind in [16], the energy-band is plotted from the j -point
to the L-point, such as the one extended from the energy a j¢ (as the zerovdue of E a E.) to
negative (exciton leves) values They are for 3D bulk sructures as occurs in current solid Sate

physics not in surface or interface physcs. For the Fermi energy, the use of E,(:?’D) mug be a

misuse. We need to use E,(zliD) in (9). The subject which needs to have deeper investigations is

the same as above, viz., which one of E(Fri'D) n=1,or 3or 2 1= 172?37 isproper in practice?
The theory that needs to be studied is in wha maximum compatible cgpabilities are we able
to interpret and predict the physical properties of semiconductor systems when the energy-band
theory and the one-dimengond-statistical theory are put together? Do not mix up the 1D sysems
and 3D sysems!

Furthermore on the physics side, we need to pay much atention to our theory of semi-
conductors There are investigations to fulfill the interpretations of theory, such as the fla-band
concept. Recent attacks of the same author are: (i) From discussion in Refs [1, 14, 26], it
is more naturd to interpret the space charge layers near the interfaces by the charge-transfer of
semiconductor materids, such as l11-V compounds. By an interpretation of this kind, we can have
the “flat-band” charge distributions in the flat band regions This leads us to have Fermi-Dirac
datistics for the carrier, hole and dectron distributions in place of a pure energy band theory as
concduded below. Many of them are discussed in this paper. For a Thomas-Fermi study of this
flat-band problem, we have results in x[3.4] and p. 32 in Ref. [2]. (ii) For adsorption theory in
front of a surface for charge transfer to an adatom, we have resultsin [26]. But for the bulk-charge
transfer for a semiconductor, which implies experimentd results displaying the bulk-space charge
near interfaces, we are intensively studying their peculiarities.

Because we have various energies in various dimensions as discussed above, we have some
correction to their derived quantities such as the effective mass definition. In egn. (4.1) on p. 289
in Ref. [2], we have derived the effective mass for an isotropic material. 1=m° = (1=3) rzE(K)
instead of the usual vaue 1=m° = @2E (k)=@k2. Thisis dear from the definition of the reciproca
effective mass tensor in (16) below. Generally the correct effective mass for isotropical materials
should be derived from the radid part of the Lapladian 12, viz, 1=m" = (1=3)rZE(K), not
from the wrong expression: borrowed from @2=@r? which corresponding to the current value
1=m® = @2E(K)=0k?.
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The surface state from the complex k of Kohn: From an analytical function theory for Bloch
dectrons of periodic potentials for 3D perfect crystals, in Ref. [17], Kohn introduced the complex
crystal momentum and concluded that, for pure imaginary crysal momentum k, the band energy
Enk isinside the energy gagps between the bands or the dlowed ranges of Ep.x. The Wannier
function is the subject to be studied, particularly for surface states In Refs [18, 19], the authors
formulated a basis from the “generalized Wannier functions” an(x). In turn, an is expanded in
terms of gp(x § NY), the Gaussian digtribution functions a various latice points, x = n’. In
these references, this group obtained some surface gae above or below the lowes band, just like
the acceptor or donor states indde the band energy gap, which is dong one particular direction
in crystd momentum space and is essatially 1D in a datidical sense, the same as ESP).
Therefore it is naturd to have some imaginary part for the crystd momentum. This quotation
is from a background of Gausd an-distribution-bases which had been applied to magnetic field
gystems extengvey in thee years. They are dways referred to as the locdized-states For
dynamica Wannier functions, see egns. (4.2.6) and (4.3.14) in Ref. [12] for quantum transport in
semiconductors.

Resolution of new-dimenson hidden coincidently along the z-axis by complex k: From the

conclusion (29b) below, 2D behaviours such as subbands, etc. are considered as a k&) in the
z-direction, to have its new dimensionality because it is derived from the X; y-plane quantities, i.e.
the constants kx; ky from the X;y-dimensons The dimensiondity is thus conceptudly extended
to some abdract or implicit dimengons In the other version, it may be considered as a way
to indude the complex momenta. For a complex extension of a red physical quantity, such as
k above, we can have the red axis together with an imaginary axis. It is thus a possibility to
make a breakthrough to bresk into physical configuraions such as from the bulk crystal (wave
function) to be extended to include a surface (envelope function), for bulk material (a3D volume)
and asurface (a 2D envelope). We have adetailed dimension theory in [2]. They are separated in
measure theory, such as in the Riemann integral theory in which the 2D-plane is immeesurable in
the 3D volume integra for a amplified version of the mathematical origin. For this we can have
an x;y; z-axes for the 3D materid (such as volume-charges) while there are X; y-coordinates for a
2D surface (such as surface-charges, with zero thickness in the z-direction). Another example is
that the complex k may provide a complex E (k) whose imaginary part is reated to the lifetime,
ec. cf. p. 247 in [2]. All of them exhibit a new extension to various new directions, or degrees
of freedom or dimensionality, such as surface charge distributions wrapping a volume charge.
Further it incorporates surface behaviour (in surface localized-state conceptions in a delta doped
layer) together with 2D peculiarities, one of them for the surface of semi-infinite structures. It is
directly rdated to the mean free path _, cf. p. 247 in Ref. [2], by

ki = 21 in k=kg+ ik (10)

It is usud that the plane wave wave function will be changed to
A » eikx = gikrxgi kix (11)

with decreasing length » 1=k;. Ther applicaions to mohilities through either Kohn’s way
discussed above, or through (10), as given in Ref. [2], will be given with a physica implication
in (29a), or (29b).
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Mobility for intrinsic semiconductors: Currently subband theory is extensvely applied, eg.
reated to mobility problems, such as micrascopic mobility, Hall mohility etc., incorporating two-
dimengond behaviour [20, 21] and/or high magnetic fields. Historically, from Seitz's rexult of
the mobility for intrinsic semiconductors [7], it is related to the collision with phonons and is
rdaed to kinetic energy in its fomalism in the initial equations It is reated to the so-called
k ¢p-perturbation for the intraband calculation. Originally the k ¢p-perturbation was for the uk(r)
of the Bloch function b, = u, exp ik ¢r in the Schrodinger equetion. It is a kind of scattering
interaction with phonons inside the particular kind of structure. This can be seen from the band
eectron (i.e, with its motiond momentum p) interacting with the phonon (i.e. with the crysta

momentum k evaluated from a given structurd framework). Or we can see it from

~2 Z . -2 ~2 Z . .2 ~2k2 2 Z o

o drjrugj = > drjrbnj +H +—Re drbp, (N (k ¢p)bn(r) -
= K®) + K (Class) + % £ Real pat of k ¢p-expectation

in the formula in Ref. [7]. The classical nature of kinetic energy K (€129 is given on p. 347
in Ref. [2]. In view of (12) for the periodic uk(r), the kinetic energy appeared twice, once in
the quantum form of the Bloch function and another as a dassicd form. From the concepts of
deriving the dimeng ondity of dassicd generalized coordinates in classical mechanics, the kinetic
energy appears twice (and in different forms) so this must have the degrees of freedom = 6, twice
as many as the one particle freedom = 3 in the kinetic part. This is to be undergood in the
following:

Resolution of a new-dimenson by direct addition of the new dimension: Thisis familiar in
molecular physcs|15] for adiatomic molecular system. Beow 1000 K, the heat cgpacity shows 3
translationd motional degrees of freedom. Near 2000 K and bdow 3000 K, the rotational motions
enter, 0 that the totd degrees of freedom becomes 5. Higher than 3000 K, the vibrationd motions
enter so that the total degrees of freedom become 6, 7, or more. When we write the Schrodinger
equation for this diatomic molecule, the dimensionality changesfrom 3 to 5to 6, 7, or morein the
above order for various temperatures. We see tha, when the temperature increases in molecular
physics and thermodynami cs, we have to incresse the dimensondity for the same molecule. This
illustrates that we can add directly the new-dimensions to our sysem quite naturdly and with
nearly no limitations.

For the extenson of atomic or molecular vibrations on a surface, we see that the vibration
frequencies on asurface do not depart from the free stetus very much. For instance, a CO-molecule
on Cu(111) shows a C-O vibration with frequency 2074 cmi ! (coverage < 0.33) [22]. This can
happen in awadl-collison of CO on a Cu-wall, stuck or adsorbed, and detached. From a standard
teble, the vibrationa frequency of gaseous-phase C-O is 2169.8233 cmi 1, not very different from
that of the surface vdue. Because, as a picture, C is between O and the Cu surface, there are two
harmonic potential energies acting on C, viz., oneisthe C-O bond Vpong and ancther isthewhole
CO inside a harmonic potential Vco due to the surface. When written inside the sysem totd
Hamiltonian, the C is affected by two harmonic potentials, added together as Vpong + Veo-=cu-
However in a status of motion, we obtained the frequency of the C-O vibration which occurs for
the so-called locdized vibrations, cf. p. 346 in [22], not the localized phonon band of surface
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[4], in amode which is nearly not influenced by Vco=cy. Now we write the coordinates as that
between C-O,

1
Vbond = Ekrgond; (123)
and between CO and the Cu-surface we write
Veocu = FKR?; (120)

where R is the center of mass coordinates of CO with respect to the surface. For brevity, we write
it only in 1D along the z-axis without cond dering the bond-bending etc. with C a z from the
Cu-surface, 0 that R is perpendicular to the Cu-surface and

Mc(Rj z)+mo(zoj R
R=z+Zcr; Zcr= ( Im)c+mo( ' ); (120

where z is the coordinate of C and zcr the digance between C and the center of mass of CO;
Zp isthe coordinate of O. Therefore

1
Veo=cu = 5Kz + Zcr)?: (12d)

One of the vibration frequencies of C is nearly IOk(mc + mp)=mcmo » 2074 cmil »
2169 (standard) dthough the totd potential affects on C is

1£ o .
Vbond + Veo=cu = k(zo i )+ K(@z+zcr)? ; same mahemaicd z (12¢)

as inthe 1D expression. Tha means, in this (norma) mode of motion, C-O vibrates with Vg
independently from Veo-c, N0 matter that it is the same z in the two potentials in (12e). If the
potentid energy in (12€) is summable for dl z as a 1D-variable, we must have

K )
Vbond +Veco=cu = 71(2 i 21)2 + C; with
1

Ki=k+ K—(l T 1)2; 17 mec=mo;
, = 20K +1)?j [(* i DR+20]K,
' (+ Dk +K / (120
oC = ; [Zok(* +1) i f(* i DR +zpgK=(* + 1)J?
o (*+1)%k+K
K
+kzd + @+ elti DR +20)%

with an entirdy different but complicated combined vibraiond frequency from Kj, etc. This
forces us to consider that rpong is in a separaed dimenson from the CO—Cu-surface, viz., the
z +zcRr coordinate. While for the other potentid Vco=cy in (12€), because of the complications
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of zcr which itself depends on z in (12¢), by simplification, we may consder this degree of
freedom or the new dimensionality by way of a mean-free-path or mobility, eic. such as the one
given in (29b). In the author’s treatment, it provides a new dimension. For the kinetic energy
term, similar to (12), we have a kinetic energy for the relaive coordinates of C-O and another
kinetic energy for the center of mass of CO/Cu.

The separation is particularly cdear when the C-O makes a detachment from the surface
to become a gas-phase particle. Since the mathematica surface is infinite in any direction, so to
ek and measure, the ratio zcr=surface dimension is dways zero. It is a scale-free-measure,
used in many different ways and academic branches. We mug separate rpong from zcr as a
new dimendgon since these quantities are not scae-free, particularly when a surface dimenson,
included as scale-free dimension, or surface quantities are involved. Furthermore, for zcr A
10A, C-Ois a gas-phase or free particle, and it must be determined by new dimensions or a new
gystem of coordinaes for this isolated system. Cf. Ref. [26].

Mathematics of linear independency: Dimensionality is determined mathematically by the judg-
ment of the existence of the so-cdled “linear independency’. It is the mathemati cs of linear vector
gece theory: the linear independency of vectors in mathematics is redricted by the so-called
“Gram determinant condition”. Rigorously in mathematics it must be an if-and-only-if or suffi-
cient and neccessary condition for linear independency. However the Gram determinant condition
isonly a condition, not a definition or a theorem. Linear dependency is determined by two ‘only
if” conditions, cf. Ch. 4in Ref. [15]. We can say tha linear independency is ill an open problem
in mathematics. For n-linearly-independent vectors, the non-vanishing of the Gram determinant is
definitely not equivaent to the exigence of n-mutualy-perpendicular vectors, which constitute an
orthogond basis in the linear vector pace. The mathematical linear independency is quesioned
by physical periodicity-split rule, (rule 2) below, cf. bdow (47a).

Many points referred in this paper can be compared with the review article of Ando, Fowler
and Stern [23] for 2D dectron sysems. We quote some derivations from the text of the same
author [15] which give a consistent results in deductions. The usual geometry of systems here is
as follows in pardld to the interface, we have the primitive trandational vectors a and b. For
the third direction, it is usual to have a C-axis as shown in Fig. 3 instead of c which is an edge of
the unit-cdl for the standard fcc structure in Fig. 15 in Ch. 1 of Kittel’sISSP [7]. It is generdly
the case that

atc&0 (13
and
b ¢c & 0; (14

0 that ¢ is not used as the third direction to indicate the layer separations. However the origind
condition from the periodic system is to have the periodic potentia

Vperiodic () = Vperiodic(F + N1a + nzb + n3c); for sts of integers n;: (15)

From the usud theory, essentidly applied to the subband theory in semiconductor physcs, we
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have the kinetic energy expressed in a generd form as

22X 2
KO=; = -2
2 i OXi@x;j

(16)

for the system reciprocal effective-mass tensor [u;;] for condderation near the particular conduction-
band minimum or valley. In (16), we proposeto consder, in a generd case, that the latti ce system
hasa ? b ? c intheunit cdl. However the physca configuration becomes nearly impossible to
treat mathematicaly from (45)—(46) below, when thereis a plane-surface introduced for a crystd,
such as a metal cap or gate on a semiconductor ‘crystd’. Further it is wel-known that many
times we cut the crystals a some smdl angles inclined to the routine (111)-plane, see eg., [10,
11]. It is noted that this kind of set-up of crystas in papers of this kind is in fact a generd-
ization of the high Miller’s indices discussed above, say for W(750), but sometimes mixed with
the impurities such as was mentioned in Mullins' defect model, cf. Fig. 1. On many occasons
we discuss strains of the surface and mismatch of the interface. We must try to understand solid
physics applicaions to these systems: ther rdaionship between a ‘cut-surface and the routine
periodic configuration for periodic potentials This is done in Sec. |1l below. We shall abandon
the usual crystd clasdfications above, and in some fabrication processes of deposition, say from
chemical solutions, etc. This argument, we shall illustrate, by a kind of reduced-fcc |atice as
in our consideration in Sec. 1l beow, is for the generd cases. Further we change the unit cdl
to be a redistic one to fit the surface or interface plane, so as to treat Fig. 1(b) as being some
dructure as in Fig. 3 with a metd cap or gate on the top. Incidentally for high-Miller-indices
or stepped-aurfaces without any contaminations or irregular depositions, we have other kinds of
pecial treaments, such as in the stepped surface aoms movements, ec.

But for this reduced-fcc | atice and for the purpose to have a surface pardld to X1 X2-plane,
as shown in Fig. 3, we choose firg a unit cell fa,b,cg to fulfill the requirement of (15)

a=ak;; b=aky; with C=ab:
1 1 (17)

= —-a+ —-C:
c 2a 2C

e/@O @O @O O @6/@
e .**r\ '** ‘**@ '**Q “x o
o “e=foJo % ‘o
% | % e * % *
oL 7 *Q *@ ©
o S o % %

FIG. 3. Reduced-face-centered-cubic structure with substrate-plane on thetop. Solid state primitive trans-
lation vectors fa,b,cg are shown together with surface physics translational vectors fa,b,Cg.
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We consider the variables x; (i = 1,2) in the directions of a and b. But z is in its usud
direction of C not in the c-direction. This is to emphasize the active potential exhibited in the
form of

Vact =V (2) (18)

evaluated according to the variation in the layer-change direction (i.e. z-direction). Thispotential,
according to the subband theory does have the periodicity

V(z) =V (z +d); (29

for layer separation d. Now we have to reformulate the kinetic energy to replace (16) by
22X @2

J
for system reciprocal effective-mass tensor fwi;jg for a coordinate sysem
X1 =X, Xo=Y; Xz3=2z; Iie: fa;b;Cg-sysem; (21

where the x; are perpendicular to each other.

In Sec. 11, we formulate the subband theory from the kinetic energy tensor with a particular
reaion between tensor dements. In Sec. 11, the compatibility of the surface equetion, as the
boundary condition u(z) or by the validity of space-coordinate value z >0, with the potentid
energy V (z), is introduced. We find that for kinetic energy tensor dements ws.; & 0 and
W, & 0, this compatibility does not exist. The one-dimensional potentid energy V (z) is equd
to atwo-dimensional V (ax} +bx}) in (49) dthough z = ax}(t) + bxl(t) for static z and lattice
dynamical x?(t). Further investigation is left for future work.

[1. Theory

We modd a kind of dructure for an eader and clearer formulation. It is not a model,
as required in the theory and in experimentd setups, which is perfectly generd. This structurd
model is defined as a “reduced-fcc”. It is a face-centered-cubic but without the face-lattice-stes
a dl the paralld xy or ab-planes. It is shown in Fig. 3. For the interface or surfece, it is shown
on the top of Fig. 3. Then we have ordinary rectangular coordinates X = X3;y = X2;z, and (20)
then provides the Schrodinger equation in the form

o2 X 2 >
[K+V@F10aix2)= i +V(2) 21(X1;X2;2)

Wi oy e
i,j=12,3 J@X' 0% (22)

= E3p® 1(X1;X2;2),

to fit our modd of areduced-fcc in Fig. 3 with a square net on the ab-surface o that

Wip = Wop = —

a!?

Wij = Wj,i =0; fori&j=1;2and
(23

i 1
otherwise Wi; =Wz 6 0; Woy = W52 6 0; Wy = —
Z
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Sometimes we argue that we have smdl angle cut inclined from the ab-plane, etc. [10, 11]
as described in the Introduction. Thus (22) becomes

[K +V (2)]21(X1; X2;2)
. ~2“@2 @21] 2 X 02 2 g2 s

— . - . a . .
e o Tog T2 e T am e TV Tibaen) @

= E3p? 1(X1;X2;2):
When we use a statigicd modd, we use E3p astheoneto be used in (3). We need to have a 3D
Fermi energy E&P) from E3p. Sometimes the i ntuitive wave function is put as
21(x1;%2;2) = 3(z)elrariex (29)

by the ‘separable of variables method, conventiondly called ‘separable instead of ‘ separation’
for some reasons. A treatment of this kind is particularly suitable for all kinds of two dimensiond
eectron gas systems (2DEG) [ 23]. We obtain an eguation for 3(2),

T2 ] 2 @2 5
2 12y 72 .
om® (k1 +k3) i 1~(Wxy;zK1 + Wx2;zk2)@—z i om, 822 +V(z) 3(2) (259
=E3p3(2)
for the function 3(z), which thus obeys a one-dimensond differential equation in a sanse. The

Fermi energy required in (25a) isstill the 3D EE’D), the same one as in (3). This one-dimensiond

Schrodinger equation must be reconciled with its complete one-dimensona behaviour by the
following processes First

H @2 0 T .
i E@+l~2(wl;zk1+wz;zkz)@ +V (2) 3(2)
" L 1
= Eni 5 E+K) 2@) ()
. Egns(z);

ater quantization to have 1D energy eigenvalues E,,. For a qatistical modd we referred to (6) for
the DOS. We need to define EC from this energy. Sometimes we refer to ~2(k2 + k2)=(2m®)
or even the whole term in the second line of (26) as the subband energy. It is possble to have
the matrix coefficients wi.; = wj:z(X;y) apearing somehow in (26) after reduction from (24).
For (50)—(51) bdow, this posshility does exist. It must be this case for the cut-surface at a few
degrees with respect to the conventional crystal basd plane as given in Refs [10, 11] introduced
in the Introducti on above. If we consder a way to indicae some pseudo-crystal-momentum-in-z-
direction

. 2Y,
kéZD) [wizk1 +waz koJmg » wf(nl + ny)my; for wi; =wp; =W (27)
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from (23), we have used this quantity for the second term in the first line in (26). This shows
that E;,, measures the k1; ko-coupling from other dimensions, viz., the x and y dimensions for

a z-dependent equation (26). Thus it is not smply 1D. The role of k(ZZD) is to breakthrough
from the subbands in 2D into the third dimension. Similar to k ¢p in current solid stete phys cs,
this k(ZzD) denotes some “dructural effect” indicated by crysal momentum k. This makes us
completey confused whether the subband theory is 1D (in the find eigen-equation), or 2D (for its
own energy vaue), or 3D (after the breakthrough in (26) with dl 3D quantities included). This
shows afailure-point in dimensiond ities physically for the ‘ separable of variables methods which
are pure mathematics in x; y; z, while the system is different for physics, say ki; ko in ng) in
(27). A physical conterpart of this point, as given in pp. 234-235 in [2], isfor the Fermi energy
in transports. In semiconductors, the driving-force of movements is derived from Fermi energy.
Dynamicaly, the transport-movement isdirectiond and thus 1D. This inducesthat the used Fermi
energy should be 1D. For (24) to apply to the complete picture of the ‘separable of variables', we
must have for (25)

E3D + +

3(z) 2m; @22 m

T2 @2 i 2 >
5 e TV V@

2
— 1 - (k2 + k2)eik1X1+ik2X2 (243)
- eik1X1+ik2X2 2m[l 1 2

= E3D i E;ni

We have separated the coordinate variable z positiondly in contragt to X;;X, in a certan way:
in the first two lines of (24a), z gppeared only on the first line while x1; X2 gopeared only on
the second line. Further, because of the equdity, we have that they are independent of any X;; z,
variation from point to point, viz., constants Thus we have a constant Ezp i E;,, after the find
equdity which is exactly the subband energy. In physics, the physical properties indicated by
condants, or constant dynamicd variables, such as k(zzD) including kq; ky, are still incdluded on
the firg line of (248). Tha is why we have (26) which is not smply one-dimensona because
we fail in separéion of the dimensions x; i = 1;2, in contrast to z. The connection between
them is through physical reasons. It is obvious here that this way of treatment has generated some
inclusion of interpretation in the new dimenson.
For the quantum momentum in the z-direction p; = j i~0=0z, we have (26) become
" 1
. ~2 @2 . ~k(ZZD)pZ ) +V #3 _ En 3 . 28
| omazl @ 3@ =E;@) (28)

The difference between (26) and (28) for ES,, istha we consider in (28) the ~kZ®)p,=m,-term
to have the form of a k ¢p-perturbation in conventional solid sate physics. This becomes generd
for perfect crystads of dl kinds, when it is formulated from 3D reduced to 1D by (25). For
instance, it is wel-known that a k ¢p-perturbation changes the effective mass at the conduction
band edge incorporated with the valence band states for 3D wave functions, (not the envelope
3(2)), coupling two bands, as much current literature indicates Here, there may be two subbands

[21].
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The peculiarity here is that kéZD) may not be purely one-dimensond or may not be the

routine crystal momentum: k; = 2%n;=L; in the solution of uk(r) in the usua Bloch function
(not the kéZD) above). It may couple properties from the z-direction into the xy-directions. In

addition to this k;pz, we moreover have the Smple ng)pz—interadion in this subband theory. It
is this term that makes the mobility of intrinsic semiconductors in Ref. [7] appear. However the
difference of k™ in (27) from the k, in 1D Bloch electron theory shown in egn. (12), makes
the equation here predict some peculiar mohilities. The effective mass of this case is supposed to
be detectable by the cydotron resonance frequency, and other experimental evidence.

Since our modd is for a ‘reduced-fcc’, in paralld to the current theory [23], the wave
function 3(z) in their consideration, is changed to an envelope function ~ (z) subjected to some
smplified structural conditions by

h i
3@2) ="(2) exp i ikED) ¢z » (el MMM Hre)z, (29)

for n1 + N2~ n; = integers. Here the effective thickness in the z-direction is equal to

L

Lz = gy (299
for L along the x; y-directiond Thisisregardless of whether the structureis a delta-doped or semi-
infinite materia. This reveals rather a new dimension than the sandard third direction. In the
author’ s intuition, the situation here is like an enveloping ‘ surface charge q+(z i zo)’, represented
by the wave function exp j i2%n;z=Lz, rather than a factor in new dimension, wrgpping over
a volume which is characterized by ~, described above in dimension theory ideas. Because the
wave functions here indicate the behaviour of dectrons, therefore the pictorid new idea here
is exactly that described beow (9) in the Introduction for 2D-surface charges in 3D-gpace. The
whole entity is described by 3. Therefore “(z) should be the * enveloped wave function”. Wheress
Lz is something like the value of q+(z j zo) at z = zp. Thiswas emphasized in the Introduction
regarding the dimensionality conception in (12)—(12€). It is not a property dong the z-axis done
physically.

The probability distribution from (29) is

- h i
P@PR=i @t op ik ez~ (29%)

The second factor with L actually may be controlled from Szes in the (X;y)-directions and
indicates the pseudo-thickness in the z-direction by Bloch theory for finite crystal influencing
the (pseudo-surface) charge dendty contributed from the wave function probability, i.e. the
jexpli ing) ¢z]j?-part in its own (new) dimension. However from the eectric potentia ca-
culation in dectrodynamics, this new dimensional ‘ surface charge’ does still contribute a potentid
dectricadly similar to the exact surface charges. The application is dso gpplicable to semicon-
ductor devices, such as the MOSFET. We replace the semiconductor oxide layer by polari zable
maerials we are able to form a ‘new dimension’ charge layer described above with a certain
prescribed thickness, to produce a (dgnd) “gate-charges’ from some metal gate to replace the
(signal) electric fidd in this fidd-effect tranggor. Theoreticdly, the above interpretation of the
wave function together with the 2D gate-charges, if the experiments show the exigences correctly,
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makes a judgment in favor of having a new dimenson theory. A further development can be to
investigate the * homogeneity-dimensions’ given on pp. 30, 49 in Ref. [2] for quantum physics.

Motivation for introducing a complex k: It is noted tha we have the one-dimensional Bloch-
type wave function form for 3(z) with k(ZZD) in (27) as our crystd momentum. This is the
second peculiar crystd momentum which may breskthrough into other dimensionalities, apart
from the firgd one where the complex nature in (11) indicates the meen free path. Since (28) has
a k ¢p-perturbation form, the mohility is related to
Z - -2
_d B £
dz 9 () :

Here V (2) is a periodic potentid energy in the “z-direction” characterized in (19), with the
separation between layers d, in the z-direction, not the c-direction as is usudly provided by the
Bl och theory.

Here we modify the ordinary energy band theory for the purpose of terms applicable to apply
to sysgems with surfaces or interfaces having a 2D naure, asin a (2+1)-dimensional sysem. The

find Schrodinger equation is gill one-dimensiond in the form of (28) with eigenfunctions "1 (z)

and dgenvaues ES

2 2 B
~ d . . .
i _ZmZ az2 +V(2) (@) Hxzp:)n(2)
1 ) % -
a . - 2D)2 -
= E%j 2mzk(Z )2 @) (30)
" ES 0@):

For a statisticdl model, we introduce EXS in (8) for ES-statigtics. From a study of (30) we
have two points to discuss
(1) for semi-infinite materids, V (z) =V (2)u(z); and for ddta doped materids, V (z) »

V (r)x(z i zo), the conditions of the Bloch electron theory of periodic sygemsin the z-direction
are not satisfied. From (30), if the solution ", islocdized, i.e, in (29), 3(z) » tight-binding or a
linear combination in Gaussan digributions, or LCAO as usual in solid gate physics, we have no
Bl och crysal momentum (BCM). From the appearance of (29), the pseudo-BCM part in 3(2) is
controlled by the x; y-direction behaviour in ng). It isanew kind of behaviour, contrary to the
Bloch theory for periodic gructures in 1D in solid gate physcs. For instance, we have an ~ (z)
to replace the uk(r) in the Bloch function with uk(r) = uk(r + R) for alattice point separation
R. There will be no actual lattice point dong the z-direction with layer-separation d, such as in
Fig. 2, for the same X; y-coordinates, no lattice point a a distance z = d from the lattice point &
z = 0. Thereisno k@p-term for a k totally determined by the z-direction property in (30). Thisis
different from the pure 1D Bloch theory where we have Bloch function results for “ (z) since we
have deta-doped layer or semi-infinite medium, although the periodicity V (z) = V (z + d) still
holds. Here we introduce a complex k. However the physcd picture of ", is the same one as
given in the trandformation of Stern and Howard [24]. Because of the red physical configuration
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given above, we need to reconsider the mobility or there are no mohilities for “n(z) rigoroudy,
with different dimensionalities instead. If we try to put in the mean free path, we need to choose

kz =kzr + ikz) = complex;

like the one described in (11) above. Here we have incorporated a surface or interface or 2D
plane but we do not have to be very clear about the physics behaviour. The physicd pictureis
dill the one given in (11). Thisimplies (29)

3(z) =" (2)el i(kzr+ikz 1)z — “(2)ei 17172, i kzrZ (29b)

for the mean free path , inthe z-direction no matter what the structurd form of the materid and
whether “ is locdized or not. Here we have reconciled the sense of Kohn's Wannier function
for a complex k discussion as mentioned below egn. (9) in the Introduction. The last equation
expresses a kind of effective thickness in the z-direction, with a similar redriction as derived
from (29) digregarding the actual physical thicknessin the z-direction. Here we have the second
interpretation for ,, emphasized in a sttisticad sense.

(1) From (28), (24a) and (30), we can see that

EG) = E2 o |<(2D)2 = subband ladder energy; (308)

which is the realigic 1D energy of 1D energy quantum packet. The coupling of ki; ko in k(ZZD)

in another 1D energy E;, is subtracted Here E,, is of 3D energy quantum packet. This aso
concludes our discussion of E(nD) n=1 2 3in(9) inthelntroduction. Therewe have extended

the fact for Eg‘iD), etc. to beinitiated (a) by a complex k in the Introduction; (b) to some specid
mobilities; or (¢) by introducing new dimension(s) directly.
From (26) and (30), the 3D energy packet

2
Esp(n;ky; ko) = EZ, + —[kf + k3]
2 H T

Gh
=En
2

kE (31)

H T .
K3 :

+2(W1:zW2:zmz) K1 ko +

It is noted that Ej,, is the “z-direction” energy with the mobility calculated from the three-

dimensiona Bloch energy Esp band theory. It indudes k(zD) iteelf. When we apply it to
semiconductors to consider the intrinsic semiconductors at 0 K we have the dectrons filled up

to the top of the energies E(Sl), ie E(lD). This is the way we calcualte the hole density in
a heterogructure [15]. This ECY) is exactly the top energy E, of the valence band from the

definition of intrinsic semi oonductor when the conduction and vaence bands are considered along
one particular direction in k-space, or in the perpendicular direction to asurface compatibly. When

we assign the Fermi leve E(3D) from the three-dimensional theory of solid state physics, from
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E3D, the components of the corresponding Fermi levds in the z-direction must be assigned from

n from (26), (i.e E,(:llD) & E(lD) above). However

22 2k
3D 1D 2D) 2 _ a
E,(: )= E,(:3 )+ 2 4 k2)+ — 5 k( ) = oo ng +EZ, (max);
(32
2 2
(D) | e»2 _ . =" @D)2
zn(max) E 2mz kZ Ev 2m, kZ :

This is why we have Fermi leves with values in the energy gap between the conduction and
valence band top E, = EEP? from (32), not down to ESP of ESV.
Following Stemn et al., since E;,, and E(S') may be negdtive, in order to compare which

one of E;,, and E(s') has alower vdue of energy according to the energy level asignment on a
aurface, we investigate and develop the usual calculated energy band diagrams:

(A) It is most common to assgn the zeroes of the energy levels a the Fermi energy which
is unique. The exceptions of this uniqueness are for the so-called “non-therma equilibrium” in
semiconductors [14] and pp. 73 in [16], such as (Ga,Al)As quantum wells. There we can have
the so-called *quasi-Fermi levels'. We can even have two or more quas-Fermi leves.

(B) The second way is to assign the zero levd @ the free-particle-zeroes to determine the
gace charge layer by the same author [1]. Thisis particularly useful for the Fermi-Dirac stistics
cases Theintroduction of negative vaues of energiesin the datigics of this kind has resolved into
‘for energy domain j A to +1 for finite temperatures, eg. in (Ga,Al)AS. This is evident for
the paramagnetic cases. However we move on to discuss sysgems of “free-partides’ [25]. Many
cases give the bottom of the parabolic band of energy as zero. This indudes the * conduction band
zeroes at some Fermi energy = 1, for Fermi-Dirac staistics for dectrons,

1

@ =rcey

where unavoidably * = (3D)

gatistics in semiconductors

in many current textbooks, or the ‘vaence band zeroes for holes

fn(E)=1i fT1P(E);

cf. Ch. 4, pp. 195207 in [14]. Here the zeroes are all three-dimensiona Fermi energies for
guantum well layerd However these zeroes are in the energy band ggp with no dectrons occu-
pied when the interfaces are concerned, say at the j -point. Further this assgnment is not good
for electron density cdculations in Thomas-Fermi modd. Incidentally, if there are materials or
heterogructures in which the Fermi energy is not in the gap for the sttistics, e.g., we may apply
the E(lD) as our Fermi energy for the Fermi-Dirac statistics then we can have much more carrier
densty for such akind of “1D statigicd heterostructures’, say holes, tha we are looking for. The
eectron, or other carrier densities will be drastically changed.

(C) We assign the zero at the potential-energy-zero. For ingance, in (30), the energy-zero
of ES” coincides with the zero of V (2). Actudly it is the kinetic energy zero in (B) above.
However there are dimengondity problems [15]: eg. in (22), Esp-zerois a V (z)-zero for 3D.
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But EZ, in (26), and ES" in (30), respectively, have zeroes different from that of V (z) for 1D
when any of ki; k2 & 0 in the other two dimensions, as shown in (31) for E3p, E;,,, and ES,
if the kinetic part is not zero. Further, if the kinetic part is not zero, according to Ref. [26]
for energy-levdling-matching, we may have energy-non-conservation problems. This is shown
explicitly in (34) bdow. Ancther trouble is that for the coulombic potential » 1=r with zero a
r = 1. For solid cdculaions there is no such zero-a-infinity points.

(D) Other kinds of rather arbitrary assgnments e.g., in heterogructures we may have the
zeroes at the middle or a some point inside the band-gep between the conduction band and the
vaence band.

Here is a criticism for judging the property of these choices In (35) and (36) bd ow, we
have to decide which one of Ezp, E3,,, and ESD has the largest magnitude when they have the
same zero reference leve. These enargies are determined by (26) and (30). On the contrary, from

(31), if we choose the origin of Esp at EEP?, and of ES at EL

2 -2
Eapi ECD =S ; ECD 4 ng)2+ﬁ(kf+ K2)

2m
~2Z 2 (33)
). =(1D 2D)2 , "7 L2 4 L2y
& E(S) I E'(:3 ) + _2mz ké )2 4 ﬁ(kl + kz).
Here
Espi ECD e ES | ESD; (34)

because of the different reference leves on both sides. An energy-non-conservation result is given
in Ref. [26]. An gpplication of the change of energy absolute values of this kind also gppeared
in Ref. [26]. Thisis dso correct for both positive or negative E;,,. However for the cases (a)
E;, < 0 or (b) both of Esp < 0 and EJ,, < 0, we may have the opposte inequality as in
(36) in comparison with (35). These are entirely dependent on the proper zero of the Schrodinger

equations. Similar comparison can be made for ESY. When wetreat the subband problem s milar
to the parabalic band cases i.e. dl energies are positive in (31), we can have

Esp > Ez>ES): (35)

On the other hand, when we cond der (24), (26), and (30) in prectical cdculation cases: i.e. from
the tight-binding or LCAO cases. All the energies are negative in (31), as

jEapj <JEzn <JESVS: (36)
A structural consideration with surface or interfaces is given in next section.
[11. Why subband theory is not the 2D Bloch theory of dectrons

From purely mathematical methods, we wonder if we can diagondize (20) to the so-cdled
“principal vadues’, i.e. for the kinetic energy in our set-up for the surface-cut described between
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(18) and (22), i.e. in addition to (23) and (27) for our reduced-fce in Fig. 3,
Wiz = Wz1 = Wpz =Wz =W,

~2
K™ i 5@ (K@)

Oﬁ_l

@x1

@® B L& @ transpose of (@)

37

2
K™ j ?(@)TSSi L(K)SSi H(0);

@) 1
az 0 O

Sil(K)}s=@ 0 a, 0 A” A=diagond;
0 0 a3

by standard mathematical methods. The similarity transformation matrix S isto be found by the
secular equation of (K), viz.,

J(K)i a¢lj=0; S~ (S1S2 S3): (38

We find the three eigenvadues of a,

1
ap =a+, a2 =3a;; ag:m“;
171 1° 18' 1 =2 (%9
%= m e Y2 mime T
and their egenvectors
) 1 1 @) 1 1 0 1% 1
$;=C+@ 1 A; 5,=C,@ 1 A; Sg=(%ié5§;
A, A, 0
H 1 i1 (40)
Ag = 2W m—zi as ;
C§=€Ili'
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We can have orthonormdlity of the vectors S1, Sy, Sz, Snce (K) is symmetric,
STSi=1i=123; or CZ(2+A3)=1;

- (41)
Si Sjei =0; or 2+ A A; =0; etc

From the mathematics of symmetric matrices, we have that

o ST 1 o C+ Ci+ CiAL 1

Si]':ST @ST A @C Ci CiAi A: (42)
s? % iss 0

In (37), the matrix K includes

1
C+@X1 +C+@X2 + C"'A"'_@@Z

sii(@) = g %r § Be,frc i +CAL g e @
Prix | Pra
If wewant (K) to be diagondized, we mug have the transformetion

© Xy 1 © X1 1 0 CiXy +CiXp + CLALZ 1

@x“A Sil@x, A=@C, x +C; X, +C, A, z A: (44)
X% z ’é=X1| é=X2

This transformation makes the kinetic energy in (37), in ‘principa values', to become

@2

K= i @XOZ

a. (45)

?

i=

It is our conception that the form of the kinetic energy in (35) is the ided one for our ‘3D perfect
crystal’ in which we can have the periodic condition on the potential energy

V (X1 X2 X3) =V (X1 + d1; Xy + 02 + da) (458)

for periodicities d;. But it also makes the equation of the surface or interface plane,

z=0; (46)
to become
00,11
z_@s@szA =C+AX +C; A; x5 =0; (47)
)
X3

z

which is no longer the plane
Xy =0: (49)
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For (46), z = 0 is one equation in 3D-gace together with one compatible periodicity condition
(19); it represents a 2D-surface. Furthermore for mog physics cases we have considered that the
fird equdity z = 0 of (47) is static, without any time-dependence. Wheress the second equdity

C+AX (1) +C; A; X5(1) =0; (47q)

should be “dationary”, i.e it is time-dependent just like the x;p in the Hamiltonian H(X; p).
Either Newton's equation or Schrodinger equation shows that x = X(t) » Xg + Vgt + at?=2 say,
or < X > = time-varying in Heisenberg picture, etc. Therefore the x?(t) here are dynamicd
variables, thisis particularly clear from Fig. 3, X (t) are the coordinate (sites) of lattice pointd It
is a necessary consideration that x!(t) is needed to condder the degrees of freedom in motions,
particularly in kinetics or lattice dynamics.

As usud, one equationin a3D gpace represents a 2-dimensional surface. However from the
physics and the mathematics for dynamicd variables in (473), this 2D surface is not necessarily
2D. For example, (46) z = 0, a congant dways, so that we can have X;y varying arbitrary on
the z = 0 plane We have left two degrees of freedom as free variables. After trandorming to
(47a), for x§, x%, we can have two choices (&) 2D, because there is only one equation, always
like stetic, i.e. (46) in 3D space; or

(b) two variables or degrees of freedom ‘used’ so that we can have only one degree of
freedom “totdly free’. Neverthdess, for the two degrees of freedom used in (b) here, we mugt
judge whether it is:

(b-1) x};x% determined only by one linear independency in total. However there is no
direct relationship to determine the dimengondity from the linear independency. There may be
other non-linear independencies in some other theori es (such as our periodicity-plit rule in (Rule
2) bdow), which may lead to making another decision as to the dimensionalities of the gpaces.

(b-2) xJ;x} used to determine two linearly independent degrees of freedom. From (49)—
(49c), if our judgement is to choose the ‘ peridicity-split’ rule asa decison for linear independency,
0 that xJ; X} are two linearly independent variables in two directions This leads us to have two
degrees of freedom for the determination of one equation (47a). Totaly we have that x§; x5 ae
two independent degrees of freedom plus a two-dimensond plane z=0 in (46). By an intuitive
judgement, we can have four dimensions in total. At the lesst, we can judge the correctness of a
discrete primitive trandational gpace for the four degrees of freedom.

The linear independency is described in the Introduction as being determined by the Gram
determinant and is not a necessary condition; we can have non-linear independencied In fact
in Fig. 3, we have X} and x}, two independent directions provided for a periodicity condition.
This configuration isdifferent from current mathematical thoughts: 3D-gpaceis‘ panned’ by three
perpendicular axes, or a2D-plane plus a z-direction perpendicular to the plane. The investigations
cease usudly at the point that the x} and x} directions are not (both) perpendicular to the 2D
aurface (cut-surface). In a discrete latice primitive translation space, do they form a4D space?
They are related to the homogeneity-dimensions somehow.

As to the dimengondity investigation, in a Bravais ldtice, we can pick the line of the
periodic condition along the coordinate axis explicitly, if there is a condition

VO3 =V (4 +a)); for vaious |

then we can assign X} as an axis From the existence of axes in this way, by the definition above,
we can have one set of basis-vectors corresponding to the above assigned axes. This iswha we
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cdl the “basis-choice’ in periodic crysdals This way of description of crydals, asit usudly is
does not fulfill the above restriction when there is a cut-surface incorporated. That is, because the
cut-surface is not always the coordinate plane by the above definition, x}; i = 1;2 do not have
the condition: “perpendicular to the cut-surface’.

Perfect 3D crygal description: Here we consider that that the framework is a 3D perfect crysd
defined by (45) and (459) as the 3D crydal space. To imagine (46) we have a metal cep or gate
expressed by z=0 in Xy ; X2;zg-coordinates. To have a periodic potentid energy we have

V(z) = V(z +d): (469)

This is equivdent to a plane surface together with an ‘inward normd’ being defined, similar to
the case of surface area of Gauss's divergence theorem. Now transformed to ! g-coordinates,
for (47) we imagine a 2D metd cgp, but we can not have the periodicity for 1D potential energy
asgenera as

V(x4 xh) =V +di;xd + do) (47b)

as a datic potential, over dl directions, induded the X} and X}, directions. On the other hand we
can have this potential as a 2D one as descri bed above by

V@)D VX3xy) " VED(CLAS + Ci A x) (47¢)

which is the same one as V (z) in (46a) with z replaced by the dynamica x} from (47). For both
the static (46) and dynamicd (47¢) simultaneoudy in atheory with properties of all kinds, such as
periodicity, ec., they all satisfy (468). On the other hand, the periodicity conditions indicated in
(47b) for the potentid energy are, after an intensive study, equivalent to ‘two (normal) directions
being defined. Or two specific directions x}- and x}-directions, with the indicated periodicities
given in (47b). As these are ‘two normds’, they are not paralld to each other. It is usudly
impossble to have such ‘two directions’ being dong two periodicity-directions, for one sngle
arface-plane  They are only ‘two peculiar directions’ not-perpendicular-for-normal -definition
and they reveal some new dimendons for a picture of 3D of the xy-plane plus z-direction. For
‘such smultaneously two directions’, the impossibility for a single dimension is seen. Intuitively,
by equati on-demonstration, we have for z on the one hand and C+ A+ (t) + C; A; X4 (t) onthe
other in (47), as follows

z +Nd = C+A (< + nydp) + C; A; (5 +nady) (47d)

for the set of three‘lead’ integers N;n1; Ny discussed below. The appearance of (47d) is required
for the periodicity in (46a) to become (47¢) after the transformation, i.e

V(z) =V (z+Nd)
(@79 @D) 0 trangf:
= V (C+A+(X(:J|_ + nldl) + Ci Ai (X2 + n2d2)) _ (49)

VI x5) v CO(C, AL (4 +nydy) + C; A; (xh + nady))
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for asa of integers fN; n1; npg which have no common-factor and are ‘leas’. These equations
are saisfied as set-up formulas for Laue spots in dectron diffraction theory. This is shown in
the second layer passing through the empty laitice point (a/2, b/2, C/2) in Fig. 3. For an ectron
diffraction interpretation we need to consider the d ectron matter waves reflected (or diffracted)
from this empty lattice point. (49) isto express that the active potential energy Vact = V (z) isto
be an active one in a changeable way: Since the kingtic energy (20) with d ements given in (23)
is transformed to (45), while the above active potentid energy changes its functiona behaviour
together with the dimensiondity to Vact = VP)(x; xb). Here we can have several rulesto be
obeyed:
(1) Sum rule of the increments (47) implies

¢z =CiAL L X{(t) +C, A, ¢ x5(D): (Rule 1)

It is obvious tha there are only two cases: (1-1) Mathematical surfaces, as shown in Fig. 2, are
those which have one of ¢ x}=0 w0 that ¢ z / ¢ x};; and (1-2) we do not have (1-1) so that
¢ z mugt be sum of two ¢ x!. They are coupled. We have a variation along the cut-surface. For
the case (1-2), we have the following: The right hand side is 2D (two variants from ¢ ¢ X} and
¢ x3) while the left hand Sde is 1D (one variant or one degree of freedom ( ¢ z).

(2) In the above, (1), we have discussed the equation and the boundary condition of the
aurface where z is a staic variadble In this, (2), we discuss the changes of behaviour of the
potentia energy V,¢: due to the transformation (37). The periodicity-split rule of V @P) mug fit
V (z), i.e dl the periodic points must on the same staic z =constent line, asillstraed in (49a)
bdow. Conseguences of this change are entirdy different in behaviour from the changes of the
aurface equation. One of the reasons is because there is a physical surface or interfacea z =0 in
(46) and we need to have the conditionV (z) =V (z+d). Inside V (z), z isa dynamicd variable.

For ingance, as pictured in Fig. 2, the latice congant of this 2D square-net is assumed to
be a. In this example, (47) dates

1
2= P00 i X)) =0,
L (47¢)
¢z= p§(¢ X ()i ¢x@);
which shows that there are two coupled variaionsin qugl- Then for (49), we have Nd = a:pﬁ,
andnid; = a, npdy = a. Theeforewechoosed =a= 2;dy =d;=a,andN =n; =ny; =1.
The periodicity rul e corresponds to

C =V (z +d)

transg;
V@) =V (z +2d) ec. >

8
= =VED(X;xh+a) =VEDI(| + ;%)) , onz=d=#;;
VERGGG) L =V ERIOG +axg +a) =V P0G +2a);
T =Vve@D(;xb+2a) , onz=2d; etc:
(Rule 2)
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The second equation in (Rule 2) shows dearly that the generd periodicity conditions are split to
digribute over z = constant lines to rdate to V (z), like the one given in the first equation in
(Rule 2). Neverthdess we can not have an integer N with the correspondence which does not
satigy the above periodicity-split rule (2) such as

nsf:

VER (x4 3G) = V ER(d) + 2a;x5) = VR % +a) (493)
V)=V (z+Nd); N =6;

where ® does not exigt, because the lattice points fx} = 2a;x} = 0g and fx§ = 0;x} = ag are
not on the same gtraight-line z=any congant, or x}; X} , 2 vaiblesor 2D whilez , 1 vaidble
or 1D.

A similar but more generd demondration is given below as. For (47¢) or (47b) for dynam-
ica x!(t), we have therule (1)

¢z , CiALCXi(t)+C; A, ¢ X5(D);

a correspondence for 1 degree of freedom z to 2 degrees of freedom x};x%. For rule (2) the
periodicity-split rule given in (Rule 2) also appears as

; = V@I +dp) =VEDIOG +di;x) , onz=d;
VD) . V@) +dp; X%+ dp) = VED (L +2dy; X0); (490)
T =vE) (XX +2dy) , onz=2d; etc:
The demonstration of the periodicity-split due to the surface in (49a) adso gopears as
VDI xd) = VIO +2d1; X)) =V P (x; X + dy); etc: (490)

This series of lattice points is not on a lattice (dynamic) plane of z=any constant. We do not
consider that it confirms (45a) to be a part of a ‘3D perfect crygal’ induding lattice dynamics.
Therefore we should view Vperiodic (F + N1a + m2b + nac) in (15) near any stenia + nab +nzc
to be labdled by the z-value of

(na+nz2b + n3c); = n1a; + nab; +nsc;

Vperiodic() = Vperiodic nya,+n,b,+nsc, (F +N1a +n2b +n3c); for sets of integers n;:
We consider that the periodic potential energy with labd
Vperiadic() = Vperiodic [n1az+nbz+ngc.], (F +N1a + Nzb +nzc)
is identically-equal to
= Vperiodic [niaz+n°2bz+ngcz]2(r + nja+ n)b + nc); provided

by [n1a; + n2b; + nzc; 11 = [nla; + myb, +nic,2;
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on the same lattice dynamic plane z=constant, while

Vperiodic(r) =Vperiodic [n1az+nybz+n3cz]1 (r +nia+nb+ nBC)

generally 0 0 0 Ay
=" Vperiodic [n% a-+nby, +n%Cz]2(r +nja +nyb + n3c); for

[n1a; +nob; + n3c; ] & [nolaz + nozbz + noscz]z

are on different planes of z = [n1a; + mpb; + N3¢, i, | = 1;2. Therefore the equdities in (15)
are split by the above statement in the last two sets of equations: i.e. thefirst oneis “identicd ly-
equa” while the second one is “generally equd”. This is the so-cdled “ periodicity-split”. This
is an assignment to fit the requirement of a 1D potential energy V (z) = V (z +d), ec. from the
3D Vpe riodic-

Here we have shown that the proposed 1D potentid energy, V (z), in (18) or (468 has
changed its dimensionality to 2D in (473), V (x); X%), because of the periodicity in (478) and the
transformation given in (47) or (49). This has changed our dimensionality of the theory from
1D to 2D. Thisis dealy shown in Fig. 2 for a ‘3D perfect crystd’: we need to have a physcd
cut with a surface as a “mathematica surface’ in the figure to fit (49) for V (x;x%) with proper
periodicities. The surface of this kind is a pat of the perfect crystal with (458). Nevertheless
the potential energy is changed to two-variables X}, x} asin 2D, due to the periodic requirement.
For the actual ‘cut-surface we have some surfece as the one of z = 0, as in (47), which is not
mathematically a part of the 3D perfect crystal. But this cut-surface is of one varidble z, i.e. 1D.

This leads (47) to be a surface not belonging as a part of the ‘3D perfect crystd’ defined
by (45) and (45a). Nevertheless (47) is still to provide us a surface in potential energy, not a
linein Fig. 2 physicdly, and a boundary condition for subbands. Here we have a dimensondity
theory in quantum mechanics [15], not included in mathematics Therefore the diagonalization
of (K) makes the surface not a simple plane (48) in the x?-coordi nate sysem. We are not able
to simplify our problems as we did for the complete 3D-whole-volume cases, e.g. in (30) the
potentid energy and the differential equation itsdf are no more one-di mensional that the subband
theory itsdf.

A manifes example is given on p. 60 in Ref. [2] or in Ref. [27]. The Heavidde step
function

V4 1
uz) = (h+z)  dodafa(%+ z)]Jo(0) (50)
0

for Bessel function J; of order i. This expansion is in the cylindrical coordinates %; zg. It
implies that a function of z has expansion coefficients dependent on %. This dso shows tha a
flat plane surface has a mathematical description required to be a least of two variables, such as
the cylindricd coordinates or according to the 3D cylindrical symmetry above. One of important
consequencies of the equdity in (50) is that our intuitive action in the Schrodinger equation (51)
bdow, say in the region z < 0 we just put zero in the potentid energy term. We are not sure
in this region z < 0 what will be happened if we use (50), eg. %> ¥ 1, etc. Another point is
that for z > 0 region, we have simply the term V (z) in (51). However by the right hand side of
(50), we could have another expression which contains two variables or two degrees of freedom
or two dimensons 0 that we have two dimensions for the Schrodinger equation formaly. That
is different.
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When we write rigoroudy in a generalized function form of the Schrodinger equation (30)
for z = 0 inside the medium only, i.e. from (50)

2 d2
oy VU
Z
2 d2 1 > (51)
n

= o gz TV @0+2) it +2)10(H)

—EP"

This integral representation of the potential energy mugt be incorporated with the boundary condi-
tions. Neverthdess we have the implication that the subband ladder energy ESY isnot a smple
one-dimensiond entity.

In the author’ s opinion, this impossibility indicaes the peculi arity of the (2+1)-dimensiond
mathematica space when there is a two-dimensional surface present ingde the three-dimensiond
gace. The dimensondity for the vdidity of physicsis redly important at this point of investiga
tions[2].

Incidentdly, for (37) for smple cubic (sc) lattice, we have

wiz; =w =0; for i=1;2: (sc) (52
This leads to
EC) =E2.: (s0) (53

Condusively we obtain the ‘ Schrodinger equation’ for the envelope function (30), i.e,
2

- Gh- ()
i om dz2 V(Z) n(2) = ER""n(2); (54)
with " having the position of the periodic function uk(z) in the Bloch function, if we consider
the similarity between 3(z) and the usua 1D Bloch function. For tight-binding gpproximations,
or the linear combinations of atomic orbitds (LCAO), we can solve (54) for ",(z) » u,(z), as

an atomic Schrodinger equation with discrete quantized energy eigenvaues E(S') Applications
to computations and extensons to other methods, such as statisticd methods are Ieft for future
investigeti ons.

Asaconsequence of the two papers in this series, we find physically, that atwo-dimensiond
cassical surface, expressed by u(z) in (51) e.g., ismeasurablein the three-dimensond Schrodinger
equation (51) and in (47). The three-dimendond space is of lattice-like gructure with a possble
three-dimensional periodic potentid energy. This should be compared with current mathematica
thought: i.e. atwo-dimendona space is not measurablein athree-dimensiond space, thisis dear
in Riemann integrd theory: a 2D area integral is a quantity of measure zero in the 3D volume
integrals Neverthdess physcd constants included inside the 2D area are 3D.
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