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Abstract

In this research the full-vectorial finite
element method (FEM) based on linear
hybrid edge/nodal elements with triangular
shape and having perfectly matched layer
(PML) absorbing boundaries will be
generalized by employing curvilinear
elements for more accurately anayzing
waveguides with curved boundaries, such as
optical fibers and photonic crystal fibers.
The established numerical model can analyze
vector modes and leaky characteristics of
various photonic crystal holey fibers. We
have studied holey fibers and photonic band
gap fibers of different numbers of air-hole
rings. A two-dimensional beam propagation
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method model based on the finite element
method and with perfectly matched layer
absorbing boundaries has dso been
developed for investigating  various
properties of dlab waveguides including
ARROWsS.

K e y w 0QOptidas waveguides, photonic
crystal fibers, antiresonant
reflecting optical waveguides
(ARROWS), finite element
method, beam propagation
method, optical waveguide
devices

[1]



PML PML

(imaginary-distance BPM, or ID-BPM) [3]

(ARROW)
ARROW
1.
- [4], [9]
[2] PML
1.4462244197
0.0004721871 PML
PML
ARROW
@ ™
PML (b)
3.
(b)
Neff = B/ ko [ 6 ]
[(B/ko)*-no"]?I(n?-n;?)
p
Ko
2. PML
(sowly varying envelope approxi-
mation)
Proc.

SPIE



[ 41M. A. Duguay, Y. Kokubun, T. L. Koch,
and L. Pfeiffer, “Antiresonant reflecting
optical waveguidesin SiO,-Si multilayer
structures,” Appl. Phys. Lett., vol. 49, pp.

13-15, 1986.

[ 11H. J Chen and H. C. Chang, “Modal [ 51T. Baba and Y. Kokubun, *Dispersion
analysis of two-dimensional antiresonant and radiation loss characteristics of
reflecting opticall waveguides” in antiresonant reflecting optical
Proceedings of Optics and Photonics waveguides-Numerical  results  and
Taiwan '03 (OPT '03), Vol. I, pp. 212— analytical  expressions” IEEE  J.
214, Taipei, Taiwan, R.O.C., December Quantum Electron., vol. 28, pp. 1689-
25-26, 2003. 1700, 1992.

[ 21M. Koshiba and Y. Tsuji, “Curvilinear [ 615 M. Hsu, H. J. Chen, and H. C. Chang,
hybrid edge/nodal  elements  with “Finite Element Anaysis of Full-
triangular  shape for  guided-wave Vectorial Modal and Leakage properties
problems,” J. Lightwave Technol., vol. of Mlcrostructur(_ad and Photonic Crystal
18, pp. 737-743, 2000, Fibers,” Proceedings of SPIE, Vol. 5623,

[ 31M. M. Spiihler, D. Wiesmann, P. Freuler, pp. 316-324, 2005.

and M. Diergardt, “Direct computation
of higher-order propagation modes using
the imaginary-distance beam
propagation method,” Opt. Quamtum
Electron., vol. 31, pp. 751761, 1999.

Effective index and normalized propagation constant calculation using FEM solver
for a strongly guiding fiber

unknowns Nete b
2753 1.43683188420144 0.821854012590755
2897 1.43683451082583 0.821859840182287
4509 1.43684174401579 0.821875888240527
9457 1.43684268871320 0.821877984217860
15101 1.43684293321581 0.821878526690121
exact 1.43684306 0.82187881




Numerical convergence of real and imaginary parts of the effective index for the
ARROW of Fig. 3 calculated using the ID-FE-BPM

step Re[Ne] IM[Nett]

1 1.44627486187387 | 0.000665231175849808

1.44613245563229 | 0.000471868364156626

1.4462488724262 | 0.000493907731252267

1.44621716690528 | 0.000486920578214274

1.4462266187241 | 0.000477946578256607

1.44622409797834 | 0.000476342878347758

N | ool b~ ODN

1.44622457847957 | 0.000473912073562678

48 | 1.44622441977636 | 0.00047218711051398

49 | 1.44622441977636 | 0.000472187110513987

50 | 1.44622441977636 | 0.00047218711051399

[2]
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Finite element analysis of full-vectorial modal and leakage properties
of microstructured and photonic crystal fibers

Sen-Ming Hsu, Hung-Jen Chen, and Hung-chun Chang
Department of Electrical Engineering, Graduate I nstitute of Electro-Optical Engineering, and
Graduate I nstitute of Communication Engineering
National Taiwan University, Taipel, Taiwan 106-17, Republic of China
E-mail: hcchang@cc.ee.ntu.edu.tw

ABSTRACT

Full-vectorial finite dement method based eigenmode solver and imaginary-distance beam propagation method are
developed for analyzing modal leakage characteristics of microstructured fibers and photonic band gap fibers. In both
schemes the curvilinear hybrid edge/nodal elements based on linear tangentiad and quadratic normal vector basis
functions are adopted to accomplish the computational window divisons and perfectly matched layer (PML) is
incorporated as the boundary condition to absorb waves out of the computational window. The two schemes give
consistent results for the numerical examples considered and the validity and usefulness of this work are demonstrated.
Comparison with published resultsis shown.

Keywords: Finite element method, beam propagation method, perfectly matched layers, imaginary distance propagation
method, photonic crystal fibers, microstructured fibers, holey fibers, photonic band gap fibers, optical waveguides,
€l ectromagnetic theory

1. INTRODUCTION

Microstructured fibers (MFs) and phtonic crystal fibers (PCFs) have been rapidly attracting intensive research interest in
fiber optics.™ The MFs are featured by several air holes running paralld to the fiber axisin their structures such that the
holes serve as low-refractive-index regions (lower than the index of silica or other polymer materials) to make an
equivalent lower-index cladding compared to the central guiding region. The number of air holes and the arrangement of
the holes determine the propagation characteristics of such fibers. The PCFs may have their cladding composed of a two-
dimensional periodic distribution of air holes. If the light guiding in the central “defect” core region is caused by the
photonic band gap (PBG) effect of the cladding, they are named as PBG fibers.® It is now well known that the
propagating modes of these novd fibers possess confinement or leaky losses, or their modal propagation constants are
complex.* Among various proposed analysis methods for such fibers, the finite element method (FEM) based ones have
proved to be very useful and of high numerical accuracy.>® In this paper, we report our development of the FEM codes
for the analysis of the MFs and the PBG fibers.

Propagating modes of optical waveguides can be calculated by either the eigenmode solver or the beam propagation
method (BPM).” The eigenmode solver solves the eigenvalue problems associated with the wave equations, while the
BPM calculates the modes by a propagating scheme. In Ref. 5, a full-vectorial imaginary-distance BPM under the finite
element formulation, called the FE-ID-BPM, was developed for calculating the real and imaginary parts of the
propagation constants. In Ref. 6, an eigenvalue problem was formulated through the FEM and the complex eigenvalues
were solved by a particular technique.® We have established FEM-based eigenmode solver and BPM codes. In the
derivation of the FEM-based eigenmode solver, we restrict the permittivity and permesbility tensors to the diagonal form
to obtain a simple eigenvalue equation and solve it. On the other hand, in the formulation of the FEM-based BPM, we
assume the material tensors to be non-diagonal for more genera cases and utilize the concept of the imaginary-distance
propagation method’ to form the FE-ID-BPM. Using the two developed methods, we analyze MFs and PBG fibers and
calculate their complex modal propagation constants. The results obtained using the two methods are compared. We also
compare our results with those of Refs. 5 and 6, and some dight difference from Ref. 6 for the PBG fibersis observed.
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In both the ID-BPM and the eigenmode solver, the fiber waveguide cross-section is divided into curvilinear hybrid
edge/nodal elements with triangular shape. Such elements are particularly useful for imposing the continuity of the
tangential fields. Linear tangential and quadratic normal (LT/QN) basis functions are employed. The curved boundaries
are modeled by the curvilinear elements for achieving better accuracy and efficiency. The adaptive mesh generation tool
with Delaunay triangulation, named EasyMesh devel oped by B. Niceno,” is employed in this work. For obtaining leaky
losses, perfectly matched layers (PMLs) for anisotropic media™ are incorporated as the absorbing boundary of the
computational domain. In the eigenmode solver, we employ the shift inverse power method (SIPM) for searching for the
eigen solutions. However, for the current problem, since the desired mode is not the fundamental mode with the largest
mode index, the SIPM would converge to a wrong mode index if we used the refractive index of the fiber materia (say,
silica) astheinitial guessing index for iteration. We have made a detailed observation on the convergence characterigtics
of the mode-searching processes based on the SIPM and modified the SIPM so that we can solve the desired eigenmode
of the leaky waveguide problem more efficiently. The desired mode would have mode field distributed around the center
of the fiber. After several modified steps the correct mode index could be reached. The numerical formulations are
described in Section 2 and numerical results are given in Section 3, followed by the conclusion in Section 4.

2. FORMULATION

2.1. Basics of the finite element eigenmode solver

Referring to Fig. 1 and the related coordinate system, we consider an anisotropic optical waveguide with its transverse
material properties described by the relative permittivity and the permeability tensors

&x 0 0 Hx O 0
[gr] =0 & 0}, ['ur] = 0 4y O] D
0 0 & 0 0 uy

Using PMLs for anisotropic media,™® we have the vectorial wave equation derived from Maxwell’s equations:

o ([pxo K[gh= o 2

where k; is the free-space wavenumber, and

5 3 PML 6 d

1 2 ||w,
7 4 8|4,
z Xf‘ »le »

d w, d

Figure 1: Transverse cross-section of 3-D optical waveguide surrounded by PMLs.
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for ®=E and
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[p] =0 py, O0]|= 0 Ery |Ezsx/sy 0 ®)
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G O O |HxByS /s 0 0

[d]=|0 a Of=[ 0 Fry B35/ Sy 0 (6)
0 0 g 0 0 Hrz |:d‘;xsy/sz

for ®=H, wheres,, 5, and s, are PML parameters aslisted in Table 1 and the complex values of 5 (j=1-4) are taken
as

si =1-ja;. (7)
i i
Thevalue of a; isused to control the attenuation of the electromagnetic field in PML regions and we choose it as
2

where pis the distance from the beginning of the PML, d; (j=1-4) is the thickness of the PML as defined in Fig. 1, and
the subscript “max” refers to the maximum value.

To obtain the modal effective index, ng;, and the mode field distribution, the field is split into a transverse and a
longitudinal component in the form

O(xy.2) =[@(xy) +z@(x ) |-} &) ©)

where 8= kohgs is the propagation constant. Dividing the waveguide cross-section into curvilinear hybrid edge/nodal
dements' as shown in Fig. 2, the field components ¢, ¢, and ¢ in each element are expanded as

Tablel
PML parameters

PML PML region
parameter 1 2 3 4 5 6 7 8
S s £ 1 1 s 8 s 9
S 1 1 85 &1 8 88 9 &
S, 1 1 1 1 1 1 1 1

Figure 2: Curvilinear hybrid edge/nodal element based on linear tangential and quadratic
normal vector basis functions.
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— T
o=1%|=| M{¥. (10)
T
z1 N4,
where { @} and { @} are edge and nodal variables for each element, respectively, {U} and {V} are the shape function
vectors for edge elements, and { N} is the shape function vector for nodal eements.™*

Using (9) and (10) in (2) and applying the finite element technique to the transverse x-y plane, we obtain the
following matrix eigenvalue equation

[K]{g) -KGrés [M]{4 { (12)
with
{4 {{{Z}} } (12
ol ] ]
o oV} ofvt oyt o{u} ou}T  a{v} of} T
R = L S
AéacfUi(§ T +idef } v T oy

[wkZHhNM@HmMWwa )
[Me] = Z” { AP }—} ]dxdy (16)
DmeH@%%M“w%%MﬂMv an

- 8o Sy o

where {0} isanull vector, [0] isanull matrix, and Z, extends over al different elements.
We solve the matrix eigenvalue equation (11) by the modified SIPM to obtain the eigenvalue, ng, and the

corresponding eigenvector, { ¢ .

2.2. Finite element beam propagation method

Again referring to Fig. 1 and the related coordinate system, we now consider an anisotropic optical waveguide with the
relative permittivity and the permeability tensors

Exx &y Exz Hx  Hxy  Hxz
[e]=| e ey ey | (] =| 1 My Hy |- (19)
Ex &y Hx Hy Hz

Using PMLs for anisotropic media,'® the propagation of the field is described by the same vectorial wave equation (10)
but with
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P Py Pz | | Hhox B3yS:/Sx 0 0

[0l =| byx By Py |= 0 Hyy 3,5, /sy 0 (20)
Px Py Pz 0 0 Hz 38y [,
Oxx Oxy Ox 5xxBySz/Sx SzExy Syéxz

[Q]: Qyx Qyy Oyz |= SzEyx Eyy Esz/Sy Sx€yz (21)
Ux Uz Oz Sy€x Sx€zy EzszSy/Sz

for ®=E and
-1

P Pry Pxz| |ExByS/Sx SiEy Syéxz

[p]: Pyx Pyy Pyz |= SzEyx Eyy stx/sy Sx€yz (22)
Px Py Pz Sy€x Sx€zy EzszSy/Sz
B Oxy O | | Ao BySz/Sx 0 0

[q]=|ax ay ag[=| O Hyy 35¢/sy 0 (23)
Ux Oy Oz 0 0 Hz 88y /s,

for ®=H , where s, 5, and s, are the same PML parametersasin Table 1.
Taking an appropriate reference refractive index ny and assuming the slowly varying envelope approximation
(SVEA), we write

E(x, Y. 2) :[@((x, Y, z)§<+¢§,(x,y,z)§/+ gg(x,y,z)AzJexp(—jkonoz). (24)
Dividing the waveguide cross-section into curvilinear hybrid edge/nodal elements as shown in Fig. 2, the field

components ¢, ¢, and ¢ in each element are again expanded asin (10).
Using (24) and (10) in (2), employing the longitudinal-field transformation*?

2 (3. 2) (= koro?) = I+-{ @ (% y.2)exp(-Hono2) (25)
and applying the finite element technique to the transverse x-y plane, we obtain the following matrix equation:
110 -2l ) (] - o T 0 it 4D 29
with
{4 = E;}Z} (27)
_|[%e] [0] _| ] [Le] _| [Me] [M]
g {4 ) =l ) -l o] @
[Kﬁ] :Z”'|:pzz ag;} a{;/)}; -Py agl;} a{:y} +k§qxx{U}{ l} T +k§qx{( M }V T

(29)

Pz ag\x/} a{;/i +pzz"’§} a{:y} +au VY T +kdayf ¥ v T]dxdy
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[MZ]:Z”{_MES} o, olN N, ol oNT_ ol ofn

+
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Equation (26) isthe basic equation for the beam propagation analysis.
Under the Fresnel approximation, (26) becomes

. d .
(1] -2ikone] M) 48 +{[K] - ool 1] 46 M )i 49 -
For waveguides with diagonal permittivity and permeability tensors, &§=0 and £4=0 (k#l), and (37) reducesto

_ d
2o M] 4 4[] -Gré Mt 4P
Applying the Crank-Nicholson algorithm, we obtain

[A]i{#i+1:[B]i{¢}i

[A]; = ~2ikono[ M] +0522( K~ M )

with

and

[8], = —2ikono M] ~0522( K kg M ).

2.3. Imaginary-distance pr opagation method

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)
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Our purpose is to seek the eigenmodes of the optical waveguides from the propagation scheme shown above and an
initial field is needed to start the process. Assuming m eigenmodes including radiation modes propagate in the
waveguides, at the ith propagation step the field { @ can be expressed as a superposition of the eigenmodes

{4, =erm{ f (42)

where {f} isthe field distribution of the rth eigenmode and A; indicates the complex amplitude of the rth eéigenmode.
On the other hand, from the earlier discussion of the basics of the eigenmode solver, we know that the effective
refractive index, ngi,, and the corresponding field, {f;}, of the rth eigenmode must satisfy the following matrix

eigenvalue equation
[K]{ f} -k . [M]{t} { D . (43)

Substituting (43) in (39)—(41), the fidd digribution of the rth eigenmode after a propagation distance of Az
becomes

2ikoy 05824, ~18)
= AR (44)
~2jkong +0.502 (ngy g
Observing the equation above, the propagation step size along the z-direction, Az, can be suitably chosen as

{ri+1

Az= | 24—”02 (45)
(neff r g ) Ko
so that the rth eigenmode can see a very large gain and after a sufficiently large number of i steps, { @ will convergeto
the rth eigenvector {f.} 2 The effective index of this eigenmode, ng;,, is obtained by

{94,
TG M4,

(46)

at theith propagation step.
3. NUMERICAL RESULTS

We first examine if the ID-BPM and the eigenmode solver give the same results. Fig. 3(a) shows the cross-section of a
microstructured fiber, or aholey fiber, with three rings of 36 air holesin ahexagonal lattice, as studied in Ref. 5, where d
istheair hole diameter and the lattice pitch A is taken to be 2.3 um. Fig. 3(b) shows the confinement loss in dB/m, which
is obtained from the imaginary part of the modal propagation constant, of the x-polarized fundamental mode as a
function of the wavelength for three different d/A values. It is seen that very good agreement exists among our FE-ID-
BPM and modified SIPM (MSIPM) (elgenmode solver) results and the FE-ID-BPM results of Ref. 5. Figure 4(a) and (b)
shows the corresponding results for the cases with two rings of 18 air holes and one ring of 6 air holes, respectively.
Again very good agreement exists among these methods. We then consider the PBG fiber with honeycomb shape
analyzed in Ref. 6, as shown in Fig. 5(a), where we depict one quarter of a fiber of nine hole rings, whereas the fiber of
two hole rings is completely shown. There is an extra hole at the center of the fiber, representing a defect. All the holes
have the same diameter d. We take A = 1.62 um and the wavelength A = 1.55 um as in Ref. 6. The element division
profile of the nine-ring case is shown in Fig. 5(b). For a profile with so many elements used, the MSIPM (elgenmode
solver) needs much time to obtain the results, and we employ our FE-ID-BPM to analyze this structure. Figure 5(c)
shows the comparison of our FE-ID-BPM calculation of the confinement loss versus the wavel ength with that of Ref. 6
for d/A = 0.41 and 0.55 and the number of hole rings going from 1 to 9. Good agreement is observed for the structures
with the number of hole rings less than 4. However, our calculation becomes obvioudy different from that of Ref. 6 for
the number of hole rings larger than 6. It is seen that our results vary more smoothly with the number of rings, while
those of Ref. 6 show a sudden change in the decreasing rate near the location where the number of ringsis six. We thus
believe our results are more reasonable.
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O ID-BPM (this work)
® ID-BPM [5]
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‘Wavelength (um)

(b)

1.5 2.0

Figure 3: (a) Cross-section of a microstructured fiber with three rings of 36 air holes. (b) Wavelength
dependence of the confinement loss of the x-polarized fundamental mode in the fiber of (a).
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Figure 4: (a) Same as Fig. 3(b) but with two rings of 18 air holes. (b) Same as Fig. 3(b) but with one
ring of 6 air holes.
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Figure 5: (a) Cross-section of honeycomb PBG fibers. (b) Element division profile of a quarter of a honeycomb fiber with nine
rings. (c) Confinement loss versus the number of hole rings for the fiber of (a) at A = 1.55 um for d/A = 0.41 and 0.55.

4. CONCLUSION

We have developed a full-vectorial imaginary-distance BPM based on curvilinear hybrid edge/nodal elements with
triangular shape asin Ref. 5 and arelated eigenmode solver for the analysis of microstructured and PBG fibers, including
the determination of the modal confinement losses. A modified shift inverse power method is used for solving the
eigenvalue problem. The two solution schemes are found to give consistent results. Our calculation shows some
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difference in the confinement loss values from those reported in Ref. 6 for the honeycomb PBG fibers. From the
behavior of the loss curve versus the number of hole rings, we believe our results are more reasonable.
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