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Abstract

An efficient two-step methodology for the inverse dynamics of geared robotic mechanisms (GRMs) is
developed. In the first step, with the effective external forces, input transmitted forces are computed
from the moment balance equation along axes of rotation starting from the end primary link backward
along the heavy-edged path in a mechanical transmission line (MTL). The computation begins from the
highest level MTL towards the lowest level MTL, one or two level at a time depending on the
topological structure of the GRM. It is shown that the dynamic equations can be efficiently established
from the computed input transmitted forces. In the second step, the remaining unsolved reaction forces
are evaluated link-by-link backward along the heavy-edged paths from the highest level MTL to the
lower level ones. Thus, the inverse dynamic problem can be solved efficiently and systematically without
solving the entire system of equations simultaneously. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Many robot manipulators take the form of partially closed-loop configuration to reduce the
mass and inertia loads of actuators. For geared robotic mechanisms (GRMs), gear trains are
introduced so that actuators can be located as close to the base as possible. Many general-
purpose computer programs, such as ADAMS [1] and DADS [2] are capable of modeling the
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kinematics and dynamics of many mechanical systems. However, they often require user-
supplied subroutines to model complicated mechanical systems, such as planetary gear trains
with floating carrier. The efficient methodologies, such as the iterative Lagrange—Euler
approach [3], recursive Lagrange approach [4], recursive Newton—Euler approach [5-8], and
the generalized d’Alembert approach [9] are tailored for the dynamic analysis of open-loop
manipulators. However, these studies did not address the coupling effects of the gears and
rotors although most robot manipulators are driven by motors through gear trains. Strictly
speaking, these formulations are only applicable to direct-drive type manipulators. Tsai et al.
[10] developed a systematic ‘“‘level-by-level” method for the dynamic analysis of GRMs. In
their method, links are classified into levels according to the length of thin-edged paths from
the base, and reaction forces are evaluated link-by-link from the highest level towards the base.
Dynamic loads on bearings and gear teeth are evaluated by the balance equations of each link
and dynamic equations are formed accordingly. However, there are five or six unknowns in the
link’s balance equations to be determined at a time, and dynamic equations can be formed
only when all the dynamic loads are evaluated.

In this paper, an efficient and systematic two-step procedure for the formulation of dynamic
equations and for the evaluation of dynamic loads of GRMs will be presented. The approach
modifies the Newton—Euler recursive inverse dynamics algorithm for the open-loop chains and
tree structures to include gear joints. It will be shown that input transmitted forces of links can
be evaluated efficiently and systematically from the highest level mechanical transmission line
(MTL) towards the lowest level MTL, one or two level at a time depending on the topological
structure of the mechanism. It will also be shown that only the input transmitted forces and
effective external forces of each link are necessary to be evaluated to form the system’s
dynamic equations. With the evaluated input transmitted forces and computed -effective
external forces, remaining unknown reaction forces can be determined from the balance
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Fig. 1. A 3-dof GRM.
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equation of links. This procedure is especially useful when the evaluation of dynamic loads of
bearings and gear teeth is desired for the design of such mechanisms. The 3 degree-of-freedom
(dof) GRM shown in Fig. 1 will be used as an illustrative example.

2. Graphical representation

In the graphical representation, links are denoted by vertices, turning pairs by thin edges,
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Fig. 2. (a) Graph representation. (b) Canonical graph. (c) Revolute-joint-only spanning tree.
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gear pairs by heavy edges and thin edges are labeled according to their axes locations. Fig. 2(a)
shows the graphical representation of the example GRM. A unique canonical graph [11] can be
obtained through edge re-configuration of the graphical representation so that all edges lying
on a thin-edged path traced from the base to any other vertex have different edge labels. Fig.
2(b) shows the canonical graph of the example 3-dof GRM. From the canonical graph, a thin-
edged-only spanning tree, shown in Fig. 2(c), can be obtained by removing all the heavy edges.
In the spanning tree, each thin-edged path originating from the base and ending at a leaf [12]
represents an open-loop chain. Among these open-loop chains, the one that starts from the
base and ends at the output link is defined as the equivalent open-loop chain (EOLC) [11].
Each link in the EOLC is referred to as a primary link, while all other links are called
secondary links [13]. Note that the last link of EOLC is a primary link, while the last links of
other open-loop chains are secondary links. A secondary link is called an input link if it is
attached to an actuator. A secondary link j is said to be carried by a primary link i if it is
connected to primary link 7 with a thin-edge in the canonical graph. The revolute joint that
connects two primary links is called a primary joint, while the revolute joint that connects a
primary link and a secondary link is a secondary joint. Primary joint angle 0; ,_; is the angular
displacement of primary link i with respect to primary link (i — 1) and secondary joint angle
g;, i 1s the angular displacement of secondary link j with respect to primary link 7 that carries it.
From Fig. 2(b), it can be seen that thin-edged path 0-1-2-3 is the EOLC. Links 0, 1, 2, and 3
are primary links, while links 4, 5, 6, and 7 are secondary links. Primary link 3 is the end
effector. Secondary links 4 and 5 are carried by primary link 0, secondary link 6 is carried by
primary link 1, and secondary link 7 is carried by primary link 2.

3. Kinematics of links

3.1. Primary links

Beginning from the base link, primary links are numbered sequentially from 0 to n. For
primary link i, a coordinate system (x;, y;, z;) is attached to the distal end of link 7 in

accordance with the D—H convention [14], where d; ,_; is the translational distance along z;_;-
axis, a@; ;-1 and o; ;—; are the offset distance and twist angle between z;_j-axis and z;-axis,
respectively. Note that the angle measured from x;_;-axis to x;-axis about z;_;-axis, 0; ;_i, is the

primary joint angle. The spatial relationship between the ith and (i — 1)th coordinate systems
can be described by a rotation matrix as:

_ CO; i1 —Coy i-180; -1 So ;-150; i1
PR = | SO i1 Coy i1CO; iy =Sy i1 CO; (1)
0 Sot;, i1 Caj i

where C0O;, i — 1=cos(0;, i — 1), S0;, i — 1=sin(0;, i — 1), Co;, i — 1 =cos(e;, i — 1), and So;, i — 1
=sin(a;, i — 1).

The kinematic properties of primary links can be computed from the first moving link
towards the end-effector by the forward recursive equations [8]:
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i i i=1 ; i—1

w; = Ri—l( i1 +0; i Zi—l)
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w; = K w1 +U; i1 Zio+ wio XU i Zia

e Qe i i i1 i i i
Vi='®; X 'p; i1+ 'Ri1"” Vi1 +'w; X (wi x'pi, H)
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e i i i i i i
Vie= @; X T+ Vi + @; X ((Di X "ic)
where p; ;_;, the position vector defined from o;| to o0;, can be written as
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Fig. 3 shows the coordinate systems of the primary links and o; is the origin of (x;, y;, z;)
coordinate system. From Fig. 3, we have a;, 0=a3, 2=dh, 1 =d5, 2=, 1=0, a1, 0=03, 2=

n/2, ar,1 = ay and d; o = djp. Thus, from Eq. (6), we have
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Fig. 3. Coordinate systems of primary links.
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'p1o=10,dio, 01", 'py | =[ax,0,0]", and 'ps,=10,0,0]" (7)

3.2. Secondary links

For a secondary link j carried by primary link 7, a coordinate system (x;, y;, z;) can also be
established in accordance with the D—H convention. Note that the angle measured from x; to
x; along z;-axis, 0; ;, is constant since the (x;, y;, z;) coordinate system is fixed in the (x;, y;, z:)-
coordinate system. The transformation relationship from the (x;, y;, z;) to the (x;, y;, z)
coordinate systems can be established by the rotation matrix as:

CQj’ i —COCj’ [ng’ i SOCj, ,’ng, i
iRj = S@j’ i CO(]" l‘C@j’ i —SOCJ‘, icej, i (8)
0 Sot;, Co, i

The angular displacement of secondary link j with respect to primary link i that carries it, ¢, ;,
can be expressed in terms of primary joint angles by using the fundamental circuit theory and
coaxial conditions [11]. The vector of secondary joint angles of input links, @, can be derived
as a function of the vector of primary joint angles,®, as:

[0]=A"[0] )

where A is the structure matrix [15].

Chang and Tsai [15] showed that the series of non-zero elements in each column of structure
matrix A represent an MTL. The ith column of the structure matrix depicts the constituents of
the ith MTL. Accordingly, associated vertices and edges in the canonical graph representation
can be differentiated so that the sub-graphs representing the MTLs are identified. Therefore, a
GRM can be decomposed into MTLs that represent different paths to transmit the input
torques. An MTL is called MTL of level i if its heavy-edged path ends at primary link i. A
structure matrix is said to be of pseudo-triangular form if each primary link is the end link of
an MTL. The length of an MTL is defined as the number of articulated joints in it. Note that
the input link contains only output-end gear, while other secondary links contain both input-
end and output-end gear and the end primary link contains only input-end gear.

Since secondary link j rotates along z;-axis with respect to primary link 7, the angular
velocity of secondary link j can be computed by modifying Eq. (2) with the secondary joint
angle g, ; as:

‘o; = Rio;+q; ;7 (10)

Assuming all secondary links are symmetric about their rotational axes, mass center of
secondary link j is a fixed point with respect to the primary link, which carries it. Hence, the
mass center velocity of secondary link j can be derived by modifying Eq. (5) as:

e = 'Ri@; x (jp_,-, i+ jrjc) + R + 'Riw; x I:jRiiwi X <‘]Pj, i+ j'fjc>] (11)

where p; ;, the position vector defined from o; to o;, can be written as:
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pi i = . i» dj, i1Sey iy & i Coy ] (12)

Fig. 4 shows the coordinate systems of secondary links of the example GRM. From Fig. 4, we
have as, 0:616, 12617, 2:d5, 0:d7, 22064, 02065, 02066, 1294, 0295, 020, o7, 2:06, 1:07’2:
775/2, a4, 0 = —d4o, d4’ 0= —d40, and d67 1 = —d61. Thus, from Eq (12), we have

4174, 0o— [ — d4, 09 - d40]T9 SPS, 0— [07 09 O]Ta 6p6, 1= [09 07 - d61]T9 and
(13)
7p7, 2 = [07 Oa O]T

From Fig. 2(b), angular displacements 0y, 0, 0>, 1, and 03 , are primary joint angles, while gu,
0, gs, 0, g6, 1 and g7, » are secondary joint angles. Since links 4, 5, and 6 are the input links, we
have [Q] =[gs, 0, ¢s, 0, gs, 117, [O] =[61, 0, 05, 1, 05, 2]", and the structure matrix can be
shown as:

€14 1 0
A=1|0 €25 1 (14)
0 0 e3e

where e, = +n,/n; is the gear ratio, positive or negative depends on a positive rotation of link
j i g p g p p
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Fig. 4. Coordinate systems of secondary links.
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k resulting in a positive or negative rotation of link j, and n; and n; are the teeth numbers of
gear mounted on link &k and link j, respectively.

4. Forces representation

4.1. Inertia force

With the known kinematic properties of links, the inertia force F; and moment N} of a link
i can be evaluated by:

F;k = I’l/ll'l},'c (15)
and
Ni = ‘T,o; + o; x (‘l;0;) (16)

where v,. is the linear acceleration of mass center of link i/ and °I; is the inertia tensor of link i
with respect to its mass center.

4.2. Reaction forces at revolute joints

The reaction force exerted by link (i — 1) to link 7 at revolute joint (i, i —1), f; ;_;, can be
expressed in the (x;, y;, z;) coordinate system as:

fiia= [lf[ D fi ie)ys 't H)Z]T (17)

Since a revolute joint cannot transmit torques about its joint axis for the absence of friction,
the reaction moment exerted by link (i — 1) to link i at revolute joint (i, i — 1), n; ,_;, can be
expressed in the (x;, y;, z;) coordinate system as:

i i i 1"

ni o1 = |'ni i-1)y M i-1)y, 0 (13)

For the case that link i is an input link, Eq. (18) becomes:

) . . AT
Ini, i-1 = lni, i—l)x, lni, i—l)ya ¢ (19)

where & is the input torque.

4.3. Gear contact forces

Assuming the output-end gear of secondary link j mesh with the input-end gear of secondary
link k, and primary link i be the carrier of the gear pair. Let xj be a unit vector pointing from
the center of the output-end gear, 0, to the contact point of the meshed gear pair, zj-axis is a
unit vector along zj-axis, and yj, is determined by the right-hand rule. Then, a local output-end
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coordinate system, (X, ¥, zj), can be established. Since the contact point of a gear pair is
fixed with respect to its carrier, the (xj, ¥, z) coordinate system is fixed in the (x;, y;, z)
coordinate system and the transformation matrix from the (xj, Yib.s zjp) to the (x;, y;, z;)
coordinate systems can be described as:

' Xi-Xjp  Xi-Ypp  Xi-Zjp
Hjy = |yi-Xp Yi-Yp YiZp (20)
Zi-Xjp  Zi*Yp o ZiZjb

Similarly, a local input-end coordinate system, (Xjs, ¥4, Zja) can also be set up on the input-
end gear of link j. Also, the transformation matrix from the (xjs, y;, , zjs) coordinate system to
the coordinate system of its associated carrier can be defined. Note that only the output-end
coordinate system can be defined for an input link, while only the input-end coordinate system
can be defined for a primary link which has gear mesh with a secondary link.

The gear contact force exerted by the input-end gear of a secondary link k to the output-end
gear of a secondary link j g; ,, can be represented in the (x;, y; , zj5) coordinate system as:

gk == ThdpCplty k. ti ks 5 TSl kl]" (21)

where ¢, and y;, are the pressure angle and pitch cone angle of the output-end gear of link j,
T qu,, = tan(c/)jb), t;, k18 the tangential component of g ks 14kl is the absolute value of #; , and
0, =1 if the cone apex of the output-end gear of link j falls on the negative side of z;,
otherwise d; = —1.

Note that the radial and axial components of the gear contact force serve no useful purpose
as far as the transmission of torque is concerned. Hence, the tangential component of the
contact force, ¢ «, is defined as the input transmitted force of link k. In Eq. (21), it can be seen
that #;  is the only unknown, since ¢>jb, l//jb, and Jj, are geometry characteristics of gears. With
the transformation matrix shown in Eq. (20) and rotation matrices shown in Egs. (1) and (8),
gear contact forces can be expressed in a preferred coordinate system.

For the example mechanism shown in Fig. 4, 'H», and >H7, can be written as:

0 1 0 0 0 1
'Hyy=| -1 0 0| and *H; =0 1 0 (22)
0 0 1 -1 0 0

The gear contact force g5 ; and g, | are:

T
g6 7=~ TherCWeslts, 11, 16, 7. — ThepSWeslte, 71] (23)

and

T
4bg4, 1= [— Thyplta 1], ta, 1, 0] (24)
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5. Dynamic analysis

The force and moment balance equations of an individual link are the Newton and Euler’s
equations. It is possible to establish balance equations for each link and solved for all the
unknowns simultaneously. However, this would be computational intensive and inefficient. If
there is fewer equation(s) involved in solving the input transmitted force of a link, then this set
of equation(s) can be solved independently. Once the input transmitted force of a link is
solved, the input transmitted force of the adjacent links along the heavy-edge path of the MTL
may become solvable from the concept of torque transmission. In what follows, a two-step
methodology for the dynamic analysis of GRMs with pseudo- triangular structure will be
presented and then extended to GRMs with general structure form.

5.1. Moment balance along rotational axis

The input transmitted force of a link can be solved from the moment balance equation with
respect to a point along its rotational axis. Fig. 5 shows the free body diagram of a typical
primary link i. Assume that the primary link 7 carries a secondary link k& and is meshed with a
secondary link j. The moment balance equation of link i with respect to o,_; along z;_; can be
written as:

z

Jia b i = {ni+1, D)+ [(Bir1, i+ im1) X Fivn, 1] } +ni i)+ [(br. i +pi 1)

X fr il FN7)- + [("ic +Ppii1) XFT] (25)

z

b secondary A
bt link k M,

Fig. 5. Free body diagram of a typical primary link.
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where 4, is the radius of input-side gear of link 7, b; ; is the position vector from o; to the
location of joint (i, j), r; is the position vector from o; to mass center of link i and #; ; is the
input transmitted force of primary link / and the vectors enclosed by {} are defined as the
effective external forces of primary link .

For the primary link i to be the end link of MTL of the highest level, Eq. (25) can be
reduced to the following since the end-effector carries no secondary link.

dia - . i = {next, D)+ [(Bext, i +Pi im1) X fext, i]z} +N7). + [("ic +pi 1) X FT} (20)

z

where ney, ; and f, ; are the external force and moment of the GRM.

Hence, the input transmitted force of the end-effector, ¢ ;, is the only unknown in Eq. (26)
and can be evaluated with the external forces given at a specified motion status.

Fig. 6 shows the free body diagram of a typical secondary link j which meshed with
secondary links and j+ 1 at its input-side and output-side, respectively, and carried by primary
link i — 1. The moment balance equation of link j with respect to o; along z; can be written as:

Aja - tim1,j = N7 )+ Ajp - 1, (27)

where 4 is the radius of output-side gear of link j.
For the secondary link j to be the last secondary link of MTL of the highest level, Eq. (27) can
be reduced to the following since the last secondary link j is meshed with end primary link 7.

dia -1, ;= Ni). + 2ip - 4. i (28)

From Eq. (28), it can be seen that the input transmitted force of secondary link j, 7,1 ;, is the only
unknown and can be evaluated when the input transmitted force of link i, ¢ ;, is determined from
Eq. (26) at a specified motion status. The procedure can continue throughout the secondary links
of the MTL of highest level. Thus, the actuator torque associated with the highest level MTL can
be computed by evaluating the moment balance equation along the rotational axis of links
starting from the end primary link followed by the secondary links backward along the heavy-

secondary link j - Yjjn

. fiie
input-end gear ib

output-end gear

Azi_1 primary link i-1

Fig. 6. Free body diagram of a typical secondary link.
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edged path of the MTL. Note that for secondary link j to be the input link, Eq. (27) reduces to
& =N7).+ 4y 1 js1 (29)

where ¢; is the actuator torque applied at input link ;.

For GRMs with pseudo-triangular structure matrix, the computation process repeats itself
for the primary link and secondary links of the next level MTL, with the determined effective
external forces, until all the required actuator torques to maintain the specified motion status
are solved. Thus, the dynamic equations of motion can be established efficiently and
systematically without solving all the reaction forces.

Referring to the canonical graph representation of example mechanism shown in Fig. 2(b),
there are three MTLs connected to the three primary links, and link 3 is the end effector. The
evaluation procedure of the input transmitted force follows the following sequence
[B3—>7—6), (2—5), and (1 — 4)]. Table 1 shows the effective external forces of each MTL
to be evaluated before the computation. From Table 1, it can be seen that there are only 11
unknowns to be evaluated to establish the dynamic equations of the example GRM.

5.2. Balance equations of links

Referring to Fig. 5, the force and moment balance equations for the primary link i with
respect to 0,_1 can be written as:

fiin—& i =F +fi i +fe (30)
and
nii1+bi i1 Xfi i — (ria +p; i—l) X8 i
=Nj + (ric+pi o) ¥ F{ +nic i+ (b1, i+ P io1) X i i+ ni i+ (b i +pi i)
Xfr, i (1)

where r;,, is the position vector from o; to the meshed point of input-end gear of link i.
Referring to Fig. 6, the force and moment balance equations for the secondary link j with

Table 1
Position vectors of the example GRM

Level of MTL Links Effective external force Input transmitted forces
3 3 fextA 3> Mext, 3 17,3
7 l6, 7
6 &
2 2 (f}ﬂ 2)y’ (f7’ 2)y 52
5 &s
: 1 (2 Dys (32 2Fs Dy a1
4 4
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respect to o; can be written as:
Fiict =81 = F} — 8 j (32)
and
nj i1 —Fjg X gy j+bi ;X[ i1 =N —rpxg g+ xF; (33)

where rj, is the position vector from o; to the meshed point of output-end gear of link i.

Fa =" Pia; +/ R Hj, M uj, (34)

by, ;= Rio by i — P (35)
and

Triy = pjy j+ 'Rict ""Hjp " uy, if link i — 1 is carrier of gear pair (j,j+ 1) (36a)
or

Trjp = -fpj,,,j + viRi,li_lRiiHjb -ibujb if link 7 is carrier of gear pair (j,j+ 1) (36b)

and where u;, =[4;, 0, 0]" is the position vector from the input-end gear center oj, of link j to
the meshed point and uj =[4p, 0, 0]" is the position vector from the output-end gear center o
of link j to the meshed point.

Hence, the remaining unsolved reaction forces are evaluated link-by-link backward along the
heavy-edged paths from the highest level MTL to the lower level ones. Since there are fewer
linear equations and fewer unknowns to be solved simultaneously, this step procedure can be
computational efficient. Referring to Figs. 3 and 4, the position vectors required for the
evaluation of Eqgs. (25)—(33) are 'r;.=[0, —sl, O]T, 2rye=[—s2, 0, O]T, r7.=10, 0, —S7]T, 2b7, 2=
[—s2, 0, 0], °By, 6=[0, 0, b]" and 3r3. =*rs. = rs. =%re.=3bex, 3 =* by, 4="by, 5=[0, 0, 0]". The
evaluation procedure of remaining unsolved reaction force listed in Table 2, follows the
following sequence [(3 — 7 — 6), (2 —5), and (1 — 4)].

Table 2
The effective external forces and input transmitted forces

Level of MTL Links Unknowns
3 3 (3> Do (F35 2)z, (13, 2), (m3, 2),
7 (f7’ 2).\‘5 (f7’ 2):5 (n7’ z)x’ (n7’ 2)y
6 (fG5 1)y7 0‘6’ 1)2’ (n(): l)ys (né’ 1)¥
2 2 (F2. Dy (2, Dy (m2, 1), (02, 1),
5 (fS’ O)xa (fS’ 0)}'7 (fSa 0)_7’ (l’ls, 0),\‘5 (n5> 0)}
1 1 (flv 0)x> (flv O)yv (flv 0)27 (n1> O)xv (nlv O)y
4 (f47 O)xa (f4= O)y’ (f4= 0)33 (n4, 0))(3 (n4, 0)1
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6. Mechanisms with general structure matrix

Fig. 7(a) shows the Bendix wrist mechanism and Fig. 7(b) is its canonical graph. There are
two MTLs connected to link 3, while no MTL connected to link 2. The moment balance
equation of primary link 3 with respect to 0, along z, can be obtained by modifying Eq. (25)
as:

A3a 18,3+ A3+ 16,3 = Nex, 3): + [(bext, 3 +P3, 2) X fex, 3], FN3)- + ((i‘sc +p3.2) ¥ F;) (37)

The moment balance equation of primary link 2 with respect to o; along z; can be modified
from Eq. (25) as:

0=n32).+[(b3,2+P2 1) X f32] +N3). + <("2c +P2 1) ¥ F;) (38)

The force balance equation about link 2, by Eq. (30), can be written as:

f3.20=F3+fex. 3+ 8531863 (39)

(b)

Fig. 7. (a) Bendix wrist mechanism. (b) Canonical graph of Bendix wrist mechanism.
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From Eq. (39), it can be seen that the effective external force of link 2, f; ,, can be expressed
in terms of the unknown input transmitted forces #5 3 and ¢ 3 which are tangential
components of gg 3 and g¢ 5. Hence, the two unknown input transmitted forces #g 3 and 7, 3
can be solved with Egs. (37) and (38). The input torques of the mechanism can then be
evaluated in the sequence: 3 —>2)—>8 —>7—6—35, and (1 —4). With the solved input
transmitted forces of links, the unknown dynamic loads at revolute joints are evaluated by the
same procedure using balance equations of links as stated above.

7. Summary

In this paper, a two-step method for the inverse dynamic analysis of a general class of
GRMs is developed. The computation begins from the highest level MTL towards the lowest
level MTL. Input transmitted forces are computed from the moment balance equation along
axes of rotation starting from the end primary link backward along the heavy-edged path in an
MTL. Dynamic equations are derived from the computed input transmitted forces. With the
solved input transmitted forces, the remaining unknown reaction forces at revolute joints can
then be evaluated efficiently from the balance equations of links. Thus, the inverse dynamic
problem are solved systematically without the need of solving the entire system of equation
simultaneously.
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