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Abstract

The electrophoretic behavior of a concentrated dispersion of soft spherical particles is investigated theoretically, taking the
double-layer overlapping and double-layer polarization into account. Here, a particle comprises a rigid core and an ion-penetr
containing fixed charge, which mimics biocolloids and particles covered by artificial membrane layers. A cell model is adopted to
the system under consideration, and a pseudo-spectral method based on Chebyshev polynomials is chosen for the resolution of the gover
electrokinetic equations. The influence of the key parameters, including the thickness of the double layer, the concentration of pa
surface potential of the rigid core of a particle, and the thickness, the amount of fixed charge, and the friction coefficient of the m
layer of a particle on the electrophoretic behavior of the system under consideration is discussed. We show that while the result f
of a dispersion containing rigid particles can be recovered as the limiting case of a dispersion containing soft particles, qualitative
that are not present in the former are observed in the latter.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Electrophoresis has found wide applications in numer
areas. For the case of an isolated rigid entity in an infi
fluid under conditions of low surface potential and we
applied electric field, an analytical expression for the elec
trophoretic mobility of the entity can be derived if the do
ble layer surrounding it is either infinitely thin or infinite
thick [1]. Many attempts have been made to consider m
general and/or realistic cases. These include, for exam
the electrophoresis in which the effect of double-layer po
ization/relaxation, the level of surface potential, the leve
applied electric field, the effect of double-layer overlappi
the presence of a boundary, and the concentration of p
cles may be significant[2–7]. In particular, the developmen
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of computing tools and software makes the analysis
complicated electrophoresis problem feasible. While cla
electrophoresis analysis focused mainly on rigid partic
particles of a nonrigid nature such as drops and entities
ered by a porous layer are also not uncommon in prac
The latter is of particular importance in biological scien
where electrophoresis may be conducted on microor
isms and cells. Apparently, representing these entities
rigid particle is inadequate, and adopting a more real
representation is necessary. To this end, an ion-penet
layer model or the so-called soft-particle model[8–11] is
often used, where a particle comprises a rigid core an
porous or ion-penetrable membrane layer. The peripher
zone of the human blood cell, for instance, has a gly
protein layer about 15 nm thick, which contains ionoge
functional groups. The influence of this layer on the el
trophoresis of the associated entity is twofold. First, becaus
the dissociation of functional groups yields a fixed cha
[12], the mobility of the entity may either increase or d
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crease, depending on the sign of the fixed charge. Sec
the hydrodynamic drag arising from the flow of liquid in t
porous layer leads to smaller mobility. Wunderlich[9] and
Levine et al.[10] concluded that if the effect of double-lay
polarization is negligible, the mobility of a particle cover
by an ion-penetrable layer is larger than that of the c
responding rigid particle. Under conditions of low surfac
potential and negligible double-layer polarization, Ohshi
[13,14] was able to derive an analytical expression for
electrophoretic mobility of an ion-penetrable sphere, wh
was justified by experimental observations. In a study of
electrophoresis of an isolated, ion-penetrable sphere in a
finite fluid, Saville[15] and Hill et al.[16] concluded that the
effect of double-layer polarization is important. Applying
network method, Lopez-Garcia et al. solved numerically
electrophoresis of a soft particle in a static electric field[17]
and that in a dynamic electric field[18].

In this study, we extend previous analyses of the e
trophoresis of particles covered by ion-penetrable layers
general case, which takes account of the effects of par
concentration, double-layer polarization, and the over
ping of neighboring double layers. The unit cell model
Kuwabara[19] is adopted for the description of a conce
trated dispersion, and the pseudo-spectral method bas
Chebyshev polynomials is used to solve the governing e
trokinetic equations subject to the associated boundary
ditions. A brief introduction to the pseudo-spectral meth
can be found in Lee et al.[20]. The influence of the key
parameters, including the thickness of the double layer
concentration of particles, the surface potential of the r
core of a particle, and the thickness, the amount of fi
charge, and the friction coefficient of the membrane la
of a particle, on the electrophoretic behavior of the sys
under consideration is discussed.

2. Theory

Referring toFig. 1, we consider a concentrated disp
sion of spherical particles each of which comprises a r
core of radiusa and a uniform ion-penetrable membra
layer of thicknessd . The surface of the former is positive
charged and the latter carries a fixed charge, which may
from, for example, the dissociation of the functional grou
The unit cell model of Kuwabara[19] is adopted, where
dispersion is simulated by a representative cell of radiuc

composed of a particle of radiusb (= a + d) and a liquid
shell of thicknessc − b. The spherical coordinates(r, θ,ϕ)

are adopted with their origin located at the center of the p
cle. An electric fieldE is applied, which is parallel toθ = 0,
and U is the electrophoretic velocity of the particle. T
liquid phase contains az1 : z2 electrolyte,z1 andz2 being
respectively the valence of cations and that of anions.
z2 = −αz1 andH = (b/c)3; the latter is a measure for th
volume fraction of particles.
,

-

n

Fig. 1. An electric fieldE is applied to a concentrated spherical disp
sion of particles, each of them comprises a rigid core of radiusa and an
ion-penetrable membrane layer of thicknessd . The surface of the rigid core
of a particle is positively charged and the membrane layer carries
charge. The system is simulated by a represented cell of radiusc, which
is composed of a particle of radiusb (= a + d) and a liquid shell of thick-
nessc − b. U is the electrophoretic velocity of the particle, andr andθ are
the radial and the azimuthal angle of the spherical coordinates chosen

The equations governing the present phenomenon c
prise those for the electric, concentration, and flow fie
The so-called electrokinetic equations are coupled nonli
differential equations. On the basis of Gauss’s law, it can
shown that the electric potentialφ is described by the Pois
son equation,

(1)∇2φ = −ρ + ρfix

ε
, a < r < b,

(2)∇2φ = −ρ

ε
, b < r < c,

whereρ = ∑
j nj zj e is the density of mobile ions,∇ is the

gradient operator,e is the elementary charge,nj andzj are
respectively the number concentration and the valence o
ionic speciesj , andε andρfix are respectively the permittiv
ity of the liquid phase and the fixed charge density in
membrane layer. We assume that bothε and ρfix are con-
stant. The conservation of ionic species yields[20]

(3)∇2nj + zj e

kT
(∇nj · ∇φ + nj∇2φ) − 1

Dj

v · ∇nj = 0,

whereDj is the diffusivity of the ionic speciesj , k andT are
respectively the Boltzmann constant and the absolute
perature, andv is the liquid velocity.

Suppose that the liquid phase is an incompressible N
tonian fluid with constant physical properties. For t
present problem, the flow of liquid is in the creeping-flo
regime, and, therefore, the flow field can be described by
continuity equation and the Navier–Stokes equations,

(4)∇ · v = 0,

(5)−∇p + η∇2v − ρ∇φ − γ v = 0, a < r < b,

(6)−∇p + η∇2v − ρ∇φ = 0, b < r < c,
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wherep is the pressure,η is the viscosity of the liquid, an
γ is the frictional coefficient of the membrane layer.

Following the treatment of O’Brien and White[4], the
electrical potentialφ is expressed as the sum of the elec
cal potential in the absence of the applied electric field (o
the equilibrium electrical potential),φ1, and that outside
particle arising from the applied electric field,φ2; that is,
φ = φ1 + φ2. Also, the effect of double-layer polarization
taken into account by expressingnj as

(7)nj = nj0 exp

(
−zj e(φ1 + φ2 + gj )

kT

)
,

wheregj is a perturbed potential andnj0 is the bulk numbe
concentration of ionic speciesj . It should be pointed out tha
the decomposition ofφ into φ1 andφ2 is for convenience
only; it may not have actual physical meaning. Substitutin
Eq. (7) into Eqs.(1) and (2)and applying the relationφ =
φ1 + φ2, we obtain

∇2φ1 = −
2∑

j=1

zj enj0

ε
exp

(
−zj eφ1

kT

)
− ρfix

ε
,

(8)a < r < b,

(9)∇2φ1 = −
2∑

j=1

zj enj0

ε
exp

(
−zj eφ1

kT

)
, b < r < c,

(10)

∇2φ2 = ∇2φ − ∇2φ1

= −
2∑

j=1

zj enj0

ε

(
exp

(
−zj e(φ1 + φ2 + gj )

kT

)

− exp

(
−zj eφ1

kT

))
.

Also, substituting Eq.(7) into Eq.(3) yields

∇2gj − zj e

kT
∇φ1 · ∇gj = 1

Dj

v · ∇φ + 1

Dj

v · ∇gj

(11)+ zj e

kT
∇φ2 · ∇gj + zj e

kT
∇gj · ∇gj .

Taking the curl on both sides of Eqs.(5) and (6), apply-
ing Eq.(4), and introducing the stream functionψ , it can be
shown that Eqs.(5) and (6)become, respectively,

E4ψ − γE2ψ = −sinθ

η
∇ × [

ρ∇(φ1 + φ2)
]
,

(12)a < r < b,

and

(13)E4ψ = −sinθ

η
∇ × [

ρ∇(φ1 + φ2)
]
, b < r < c,

whereE4 = E2E2, with

(14)E2 = ∂

∂r2
+ sinθ

r2

∂

∂θ

(
1

sinθ

∂

∂θ

)
.

Note that in terms ofψ , the r-component of the liquid ve
locity, vr , and theθ -component of the liquid velocity,vθ ,
can be expressed respectively asvr = −(1/r2 sinθ)(∂ψ/∂θ)

andvθ = (1/r sinθ)(∂ψ/∂r).
3. Boundary conditions

Suppose that the surface of the rigid core of a pa
cle (r = a) is kept at a constant potential, both the el
trical potential and the electric field are continuous on
membrane–liquid interface(r = b), and there is no net cu
rent across the surface of a cell(r = c). Therefore, the
boundary conditions for theequilibrium potentialφ1 are

(15)φ1 = ζa, r = a,

(16)φ1|r=b− = φ1|r=b+, r = b,

(17)
∂φ1

∂r

∣∣∣∣
r=b−

= ∂φ1

∂r

∣∣∣∣
r=b+

, r = b,

(18)
∂φ1

∂r
= 0, r = c.

The boundary conditions for the potentialφ2 are assumed t
be

(19)
∂φ2

∂r
= 0, r = a,

(20)φ2|r=b− = φ2|r=b+, r = b,

(21)
∂φ2

∂r

∣∣∣∣
r=b−

= ∂φ2

∂r

∣∣∣∣
r=b+

, r = b,

(22)
∂φ2

∂r
= −Ez cosθ, r = c.

The first condition arises from the rigid core of a parti
being nonconductive and impermeable to ionic species.
last condition implies that a Neumann-type condition is
sumed forφ2 [21].

We assume that the surface of the rigid core of a p
cle is impermeable to ions, both the concentration of io
species and its flux are continuous on the membrane–l
interface, and the concentration of ionic species reaches th
bulk value on the cell surface. Therefore, the boundary c
ditions for the concentration field are

(23)f j · n = f j · δr = 0, r = a,

(24)nj |r=b− = nj |r=b+, r = b,

(25)f j |r=b− = f j |r=b+, r = b,

(26)nj = nj0, r = c,

wheref j is the concentration flux of ionic speciesj , n is
the unit normal vector, andδr is the unit vector in the
r-direction.

We assume that the surface of the rigid core of a par
is no-slip. Also, the velocity of the liquid and its normal a
tangential stresses are continuous on the membrane–
interface. On the outer boundary of a cell (the virtual s
face), the vorticity of the fluid velocity vanishes, and th
is no net fluid flow across it. Therefore, the boundary con
tions for the flow field are

(27)vr = U cosθ, vθ = −U sinθ, r = a,

(28)vr |r=b− = vr |r=b+, vθ |r=b− = vθ |r=b+, r = b,
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σH
rθ

∣∣
r=b− = σH

rθ

∣∣
r=b+, σT

rr

∣∣
r=b− = σT

rr

∣∣
r=b+,

(29)σE
rr

∣∣
r=b− = σE

rr

∣∣
r=b+, r = b,

(30)∇ × v = 0, vr = 0, r = c.

In these expressions,σH
rθ is therθ -component of the hydro

dynamic stressσH, σE
rr is therr-component of the Maxwel

stressσE, andσT
rr is the rr-component of the total stres

σT = σH + σ E.
For a simpler treatment, subsequent discussions are b

on scaled symbols. To this end, the governing equat
and the associated boundary conditions are rewritten in
mensionless form. The following symbols are chosen
the characteristic variables: the radius of the rigid core
a particle, a, the surface potential on the core,ζa , the
bulk number concentration of the ionic speciesj , nj0, and
the electrophoretic velocity based on Smoluchowski’s t
ory when an electric fieldζa/a is applied,UE = εζ 2

a /ηa.
Also, we define the following symbols: the scaled radi
r∗ = r/a, the scaled number concentration of ionic spec
j , n∗

j = nj /nj0, the scaled electric field,E∗
Z = EZ/(ζa/a),

the scaled velocity,v∗ = v/UE, the scaled terminal veloc
ity, U∗ = U/UE, the scaled equilibrium potential,φ∗

1 =
φ1/ζa , the scaled perturbed potentials,φ∗

2 = φ2/ζa and
g∗

j = gj/ζa , and the scaled stream function,ψ∗ = ψ/UEa.
Applying the method of separation of variables, the tw
dimensional dependent variables,φ∗

2, g∗
1, g∗

2, andψ∗, can
make one-dimensional. For the present problem, the
lowing expressions are applicable[19]: φ∗

2 = Φ2(r)cosθ ,
g∗

1 = G1(r)cosθ , g∗
2 = G2(r)cosθ , ψ∗ = Ψ (r)sin2 θ . On

the basis of these expressions and the assumption tha
applied electric field is weak relative to that induced b
particle, it can be shown that the resultant governing eq
tions forφ∗

2, g∗
1, g∗

2, andψ∗ become

(31)

∇∗2φ∗
1 = − (κa)2

(1+ α)φr

[
exp

(−φrφ
∗
1

) − exp
(
αφrφ

∗
1

)]
− Qfix , a < r < b,

∇∗2φ∗
1 = − (κa)2

(1+ α)φr

[
exp

(−φrφ
∗
1

) − exp
(
αφrφ

∗
1

)]
,

(32)b < r < c,

L2Φ2 − (κa)2

(1+ α)

[
exp

(−φrφ
∗
1

) + α exp
(
αφrφ

∗
1

)]
Φ2

(33)= (κa)2

(1+ α)

[
exp

(−φrφ
∗
1

)
G1 + α exp

(
αφrφ

∗
1

)
G2

]
,

(34)L2G1 − φ2
r

dφ∗
1

dr∗ = Pe1φ
2
r v∗

r

dφ∗
1

dr∗ ,

(35)L2G2 + αφ2
r

dφ∗
1

dr∗ = Pe2φ
2
r v∗

r

dφ∗
1

dr∗ ,

D4Ψ − (λa)2D2Ψ = − (κa)2

1+ α

[(
n∗

1G1 + n∗
2G2

)dφ∗
1

dr∗

]
,

(36)a < r < b,

(37)D4Ψ = − (κa)2[(
n∗

1G1 + n∗
2G2

)dφ∗
1
∗

]
, b < r < c.
1+ α dr
d

e

In these expressions,Qfix = ρfixa2/εζa is the scaled tota
amount of fixed charge,φr = z1eζa/kT is the scaled sur
face potential of particle,κ−1 = [εkT /

∑
nj0(ezj )

2]1/2 is
the Debye length,Pej = UEa/Dj , j = 1,2, is the electric
Peclet number of ionic speciesj , and(λa)2 = (γ a2/η) is
the dimensionless group for the friction coefficient of t
membrane layer. The linear operatorsL2 andD4 are defined
respectively by

(38)L2 ≡ d2

dr∗2 + 2

r∗
d

dr∗ − 2

r∗2

and

(39)D4 = D2D2 =
(

d2

dr∗2
− 2

r∗2

)2

.

The associated boundary conditions become

(40)
dΦ2

dr∗ = 0, r∗ = 1,

(41)Φ2|r∗=b−/a = Φ2|r∗=b+/a, r∗ = b

a
,

(42)
dΦ2

dr∗

∣∣∣∣
r∗=b−/a

= dΦ2

dr∗

∣∣∣∣
r∗=b+/a

, r∗ = b

a
,

(43)
dΦ2

dr∗ = −E∗
z , r∗ = c

a
,

(44)
dGj

dr∗ = 0, r∗ = 1, j = 1,2,

(45)Gj |r∗=b−/a = Gj |r∗=b+/a, r∗ = b

a
, j = 1,2,

(46)
dGj

dr∗

∣∣∣∣
r∗=b−/a

= dGj

dr∗

∣∣∣∣
r=b+/a

, r∗ = b

a
, j = 1,2,

(47)G1 = −Φ2 and G2 = −Φ2, r∗ = c

a
,

(48)Ψ ∗ = −1

2
r∗2U∗ and

dΨ ∗

dr∗ = −r∗U∗, r∗ = 1,

Ψ ∗|r∗=b−/a = Ψ ∗|r∗=b+/a and

(49)
dΨ ∗

dr∗

∣∣∣∣
r∗=b−/a

= dΨ ∗

dr∗

∣∣∣∣
r∗=b+/a

, r∗ = b

a
,

(50)
d2Ψ ∗

dr∗2

∣∣∣∣
r∗=b−/a

= d2Ψ ∗

dr∗2 |r∗=b+/a, r∗ = b

a
,

[
d3Ψ ∗

dr∗3 − (λa)2dΨ ∗

dr∗

]
r∗=b−/a

=
[

d3Ψ ∗

dr∗3

]
r∗=b+/a

,

(51)r∗ = b

a
,

(52)Ψ ∗ = 0 and

(
d2

dr∗2 − 2

r∗2

)
Ψ ∗ = 0, r∗ = c

a
.

According to O’Brien and White[4], the present problem
can be divided into two subproblems. In the first proble
the particle moves in the absence ofE, and in the second
problemE is applied, but the particle is kept fixed. In th
first problem the total force acting on a particle,F1, is pro-
portional to its terminal velocity, and in the second proble
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the total force acting on the particle,F2, is proportional to
the applied electric field. Therefore haveF1 = U∗f1 and
F2 = E∗

z f2, wheref1 is independent ofU∗, andf2 is inde-
pendent ofE∗

Z . The scaled electrophoretic mobility can
defined asµ∗

m = U∗/E∗
z = ηU/εςaEz. BecauseF1 +F2 = 0

at steady state,µ∗
m can be expressed as

(53)µ∗
m = U∗

E∗
z

= −f2

f1
.

Sincef1 is independent ofU∗ andf2 is independent ofE∗
Z ,

we choose|U∗| = 1 and|E∗
z | = 1, for simplicity, and, there

fore, f1 = F1 andf2 = F2. The forces acting on a partic
F comprises the electrical forceF e and the hydrodynami
forceF d . Let Fzi be the magnitude ofF in problemi in the
z-direction, andFez andFdz be respectively the componen
of F e andF d in thez-direction. We have

(54)Fzi = (Fez + Fdz)i = fi, i = 1,2.

The electric force acting on a particle can be evaluated b

(55)F e =
∫ ∫
r=b

σE · nds,

whereσE ≡ ε(EE − 1
2E2I ) andE = −∇φ. Fez can be ex-

pressed as

(56)Fez = F e · δz =
∫ ∫
r=b

(σE · n) · δz ds,

whereδz is the unit vector in thez-direction. In terms of
scaled symbols, it can be shown that

Fez = 4

3
πεζ 2

a

[
r∗2

(
dφ∗

1

dr∗

)(
dΦ2

dr∗

)

(57)+ 2r∗
(

dφ∗
1

dr∗

)
Φ2

]
r∗=b/a

.

F d can be evaluated by

(58)F d =
∫ ∫
r=b

σH · nds,

whereσH ≡ −pI + η[∇v + (∇v)T]. Fdz can be expresse
as

(59)Fdz = F d · δz =
∫ ∫
r=b

(σH · n) · δz ds.

In terms of scaled symbols, it can be shown that

Fdz = 4

3
πεζ 2

a

[
r∗2 ∂

∂r∗ (D2Ψ ) − 2r∗(D2Ψ )

]
r∗=b/a

(60)

+ 4

3
πεζ 2

a

(κa)2

(1+ α)φr

{
r∗2Φ2

[
exp

(−φrφ
∗
1

)

− exp
(
αφrφ

∗
1

)]}
r∗=b/a

.

µ∗
m can be evaluated by substituting the results obta

from Eqs.(57) and (60)into Eqs.(53) and (54)with

fi =




[
r∗2

( ∂φ∗
1

∂r∗
)(

∂Φ2
∂r∗

) + 2r∗( ∂φ∗
1

∂r∗
)
Φ2

]
r∗=b/a

+ [
r∗2 ∂

∂r∗ (D2Ψ ) − 2r∗(D2Ψ )
]
r∗=b/a

+ (κa)2

(1+α)φr

{
r∗2Φ2[exp(−φrφ

∗
1)

− exp(αφrφ
∗
1)]}

r∗=b/a




problemi

,

(61)i = 1,2.

4. Results and discussions

The applicability of the numerical scheme adopted in th
study is justified by reproducing the result of Lee et al.[21],
where the electrophoresis of a concentrated rigid sphe
dispersion is analyzed.Fig. 2 illustrates the variation of th
scaled mobilityµ∗

m as a function of(λa)2 for the case when
the membrane layer is uncharged. In this case, if(λa)2 → 0,
the membrane layer is frictionless to the flow of liquid, a
the present case should reduce to that of Lee et al.[21],
which is justified inFig. 2. On the other hand, if(λa)2 → ∞,
the membrane layer is impermeable to the liquid phase,
the present problem is equivalent to that for the case of r
spherical dispersions of radiusb. Note thatµ∗

m approaches
a constant value when(λa)2 → ∞, as it should be. Th
qualitative behavior ofµ∗

m shown inFig. 2 is similar to that
observed by Saville[15].

The influences of the key parameters of the present p
lem, including the thickness of double layerκa, the relative
thickness of membrane layerd/a, the scaled friction coef
ficient of the membrane layer(λa)2, the concentration o
particles estimated byH , and the scaled surface potential

Fig. 2. Variation of scaled mobilityµ∗
m as a function of(λa)2 for the case

whenQfix = 0,κa = 1.0,φr = 4.0,H = 0.421875, andd/a = 0.5. Dashed
line, result of Lee et al.[21]; solid line, present result.
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the rigid core of a particleφr , on the mobility of a particle
are examined through numericalsimulation. For illustration
the following values are chosen:εr = 78.5, η = 8.904×
10−3 poise,ρf = 0.99704 g/cm3, ρp = 1.05 g/cm3, z1 = 1,
z2 = −1, T = 298.15 K, D1 = 1.962297× 10−5 cm2/s,
D2 = 2.037051× 10−5 cm2/s. These values are based
an aqueous KCl solution atT = 298.15 K. The nature and
the amount of the fixed charge carried by a particle depe
largely on the nature of its membrane layer, and we cons
two general cases,Qfix = 0 andQfix �= 0.

4.1. Case 1. Qfix = 0

In this case, the membrane layer is free of fixed cha
Fig. 3shows that ifd/a �= 0, µ∗

m increases withκa, in gen-
eral, and depending on the magnitude ofd/a, µ∗

m may have
a local maximum, a local minimum, and an inflection poi
This can be explained as follows. Ifκa is small, the dou-
ble layer surrounding a particle is thick, and the over
between adjacent double layers is significant. Also, becaus
the spatial distribution of ionic species is relatively unifor
the influence of the applied electric field is weak. These
tors are disadvantageous to the movement of a particle
κa increases, the retardation arising from the presenc
double layer decreases, and the mobility increases accord
ingly. The decrease ofµ∗

m in the range 1� κa � 10 arises
from the effects of double-layer polarization and the fl
field in the membrane layer. In the former, the deforma
tion of double layer yields an induced electric field, whi
is in the reverse direction from that of the applied elec
field. In the latter, because the double layer is thinner t
the membrane layer, the effective flow region in the me
brane layer becomes larger, and the friction resistance
to the presence of the membrane layer is also large. Th
fore,µ∗

m decreases with the increase inκa. However, ifκa

exceeds about 10, the increase in the absolute value o

Fig. 3. Variation of scaled mobilityµ∗
m as a function ofκa at variousd/a

for the case whenQfix = 0, λa = 5, φr = 1.0, andH = 0.421875.
-

gradient of electrical potential near the core of a particle
comes more important than the above two negative effe
andµ∗

m increases with the increase inκa. Note that for a
rigid particle, asκa increases, the double layer surround
it becomes thin, the absolute value of the potential gr
ent near its surface is large, which implies that the elec
force acting on it is large, and its mobility becomes large
the limit asκa → ∞, the mobility approaches that predict
by the classic Smoluchovski result; that is, we must h
µ∗

m → 1 asκa → ∞. For the present case, although si
ations become more complicated, similar reasoning is
applicable; that is, ifκa is sufficient large,µ∗

m should in-
crease withκa and approach a constant value asκa → ∞.
Fig. 3also suggests that ifκa is small, the thicker the mem
brane layer the larger theµ∗

m is, but the reverse is true ifκa

is large. The former is because that although the overlap
of double layers yields a decrease in the mobility, the pres-
ence of a membrane layer alleviates this effect. Therefore,
is possible that the thicker the membrane layer the large
mobility is. The latter is because the thicker the membr
layer the greater is the friction resistance due to its prese
The result corresponding tod/a = 0 is similar to that of Lee
et al. [21] for the case of a dispersion containing rigid p
ticles. This is expected because ifd/a = 0, the membrane
layer is absent.

The influences of the friction coefficient of the membra
layer of a particle, measured byλa, and the scaled surfac
potential on its rigid core,φr , on the scaled mobility of a
particle,µ∗

m, are presented inFig. 4. Fig. 4a reveals that fo
a fixedκa, µ∗

m decreases with the increase inλa, which is
expected since the larger theλa the greater the frictional re
sistance due to the presence of the membrane layer. Not
if λa has a medium value, the variation ofµ∗

m as a function
of κa has both a local maximum and a local minimum
λa is sufficiently large,µ∗

m has a local maximum only; an
if λa is small,µ∗

m increases monotonically withκa. These
behaviors can be explained by the same reasoning as
employed in the discussion ofFig. 3. Fig. 4a reveals that the
variation ofµ∗

m becomes insensitive toλa when it exceeds
about 100. This is because ifλa exceeds a certain value, th
fluid in the membrane layer is almost stagnant, and a
ther increase inλa has a negligible influence on the flo
field inside. The qualitative behavior ofµ∗

m presented inFig.
4b is similar to that for the case of a rigid spherical disp
sion [21]. Again, the specific behavior ofµ∗

m in the range
1 � κa � 10 arises from the effect of double-layer polariz
tion.

4.2. Case 2. Qfix �= 0

In this case, the membrane layer carries a fixed cha
Fig. 5 illustrates the variation of the scaled mobilityµ∗

m as a
functionκa at various values ofd/a for two levels ofQfix .
This figure indicates that for the case whereQfix is small, if
κa is large, the thicker the membrane layer the smaller th
µ∗

m, as shown inFig. 5a, but the reverse is true ifQfix is
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Fig. 4. Variation of scaled mobilityµ∗
m as a function ofκa at variousλa

(a) and variousφr (b) for the case whenQfix = 0, H = 0.421875, and
d/a = 0.5. φr = 1.0 in (a) andλa = 5 in (b).

large, as illustrated inFig. 5b. As the thickness of the mem
brane layer increases, both the friction of liquid flow ins
and the total amount of fixed charge increase. The form
disadvantageous to the movement of a particle, but the l
is advantageous. The behavior ofµ∗

m shown inFig. 5 re-
flects the net result of these two competing factors. Note
in Fig. 5a, although the influence of membrane friction
more important than that of total amount of fixed charge,µ∗

m

increases withd/a if κa is small. This is because ifκa is suf-
ficiently small, since the double layer extends to the out
of the membrane layer, the flow of liquid inside it becom
relatively insignificant, that is, the influence of friction is re
atively unimportant to that of total amount of fixed charg

The influence of the friction coefficient of the membra
layer of a particle, measured byλa, on its electrophoretic be
r

(a)

(b)

Fig. 5. Variation of scaled mobilityµ∗
m as a function ofκa at variousd/a at

two values ofQfix for the case whenλa = 10,φr = 1.0, andH = 0.421875.
(a) Qfix = 0.5, (b)Qfix = 5.

havior is presented inFig. 6. Here,µ∗
m is negative becaus

the membrane layer is negatively charged.Fig. 6 indicates
that for a fixedκa, |µ∗

m| decreases with the increase inλa,
and for a fixedλa, µ∗

m exhibits a local minimum asκa

varies. The former is expected since the larger theλa, the
more significant the friction of the membrane layer, and
latter can be explained as follows. Ifκa is small, the over-
lapping between neighboring double layers is significant
the spatial distribution of mobile ions is relatively unifor
Since both of these factors are disadvantageous to the m
ment of a particle,|µ∗

m| is small. Asκa increases, those fac
tors become less significant, and|µ∗

m| increases accordingl
The rationale behind the presence of a local minimum inµ∗

m

for κa in the range 1 to 10 is similar to that for the case wh
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Fig. 6. Variation of scaled mobilityµ∗
m as a function ofκa at variousλa for

the case whenQfix = −10,φr = 1.0, H = 0.421875, andd/a = 0.5.

the membrane layer is free of fixed charge. That is, the
larization of the double layer induces an electric field, wh
is in the reverse direction from that of the applied elec
field. Also, when the double layer is thinner than the me
brane layer, the friction of the latter becomes significan
is interesting to note that after passing the local minimum
κa is increased further,|µ∗

m| does not increase again as th
for the case the membrane layer is free of fixed charge.
is because the surface of the rigid core of a particle is pos
itively charged, and, therefore, the thinner the double la
the greater the absolute value of the potential gradient
the surface, which leads to a higher driving force for the p
ticle to move in the direction of the applied electric fie
The negative fixed charge in the membrane layer of the
ticle, however, tends to balance this driving force, and
net result is that|µ∗

m| decreases with the increase inκa.

4.3. Effect of surface potential φr

The influence of the surface potential on the rigid c
of a particle on its mobility is illustrated inFig. 7, where
the scaled mobilityµ∗

m is plotted againstκa at variousφr .
A comparison betweenFigs. 7 and 4b reveals that the in
fluence ofφr on µ∗

m for the case when the membrane lay
is negatively charged is relatively less important than
for the case where it is free of fixed charge. This is
cause, in the former, the induced electric field arising from
double-layer polarization is in the same direction as tha
the electric force acting on a particle due to the presenc
the fixed charge in its membrane layer, and, therefore,|µ∗

m|
does not decrease significantly asφr increases.

4.4. Effect of volume fraction H

The influence of the volume fraction of particle, es
mated byH = (b/c)3, on its scaled mobilityµ∗

m is illus-
r

Fig. 7. Variation of scaled mobilityµ∗
m as a function ofκa at variousφr for

the case whenQfix = −10,λa = 5, H = 0.421875, andd/a = 0.5.

Fig. 8. Variation of scaled mobilityµ∗
m as a function ofκa at variousH for

the case whenQfix = −10,λa = 5, φr = 1.0, andd/a = 0.5.

trated inFig. 8. The general behavior ofµ∗
m asH varies is

similar to that of rigid particle[21]; that is, the larger theH
the smaller theµ∗

m. This is because, the higher the conc
tration of particles, the more significant the overlap betw
neighboring double layers and the drag acting on a par
arising from the neighboring particles, which are disadv
tageous to the movement of a particle.Fig. 8also reveals tha
theκa at whichµ∗

m has a local minimum increases withH .
This is because the larger theH the closer the particle su
face to cell surface, and, therefore, a largerκa is necessary
to achieve the condition that the boundary of double laye
within a cell, that is, to avoid double-layer overlap.
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Fig. 9. Variation of scaled mobilityµ∗
m as a function ofQfix for the case

whenλa = 5, κa = 1.0, φr = 4.0, H = 0.125, andd/a = 0.5.

4.5. Effect of Qfix

Fig. 9shows the variation of the scaled mobility of a p
ticle µ∗

m as a function of the scaled total amount of fix
charge in its membrane layerQfix for the case where th
surface of its core is positively charged. This figure indica
that if Qfix exceeds about−5, µ∗

m is positive, that is, the
particle moves in the direction of the applied electric fie
otherwise, it moves in the reverse direction. This is expe
because ifQfix is sufficiently small, the net charge carri
by a particle is negative.

5. Conclusions

The electrophoresis of a concentrated dispersion of
spherical particles is investigated theoretically under
conditions when the effects of double-layer overlap
double-layer polarization can be significant. The result
numerical simulations can be summarized as follow: (a
the double layer surrounding a particle is either very th
or very thin, the thinner the double layer the greater the
bility of the particle. For a medium-thick double layer, the
mobility may exhibit both a local maximum and a local m
imum as the thickness of the double layer varies. (b)
electrophoresis of a rigid spherical dispersion can be re
ered as a special case of the present analysis by lettin
friction coefficient of the membrane layer surrounding a p
ticle approach either a very large or very small value. (c
e

the membrane layer is free of fixed charge, it is thicker
smaller mobility. On the other, if the membrane layer c
ries fixed charge, increasing its thickness can have eith
positive effect or a negative effect on the mobility, depe
ing on the parameters assumed. (d) If the membrane laye
is free of fixed charge, the higher the surface potential of
rigid core of a particle the larger its mobility when the doubl
layer is thick, but the reverse is true if it is thin. This ph
nomenon does not occur when the sign of the fixed ch
in the membrane layer is the same as that on the surfa
the rigid core. (e) If the sign of the fixed charge in the me
brane layer is different from that on the surface of the ri
core, the direction of electrophoresis depends on the rel
amount of the fixed charge on the surface of the rigid c
and that in the membrane layer. (f) The more concentra
dispersion is the smaller the mobility.
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