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Abstract
In directiona solidification of binary alloys, a dendritic mush is formed between the
bulk melt above and the eutectic solid below. We investigate the convective
instabilities in such a three-layer system during solidification process, which differs
from previous two-layer model by the solid layer. Due to the existence of the solid
layer, the mush/solid interface is allowed to deform so that the mushy layer becomes
less stable while the stability of the melt is virtually unchanged. The mushy layer also
becomes less stable when the latent heat of fusion generated in the mush is larger,
while the stability of the melt above is not affected because the heat is transferred
through the solid layer towards the cooling boundary below. Present results may help
reflect the reality that the heat transferring to the cooling boundary decreases with
time so that the stability of the mush will be enhanced during solidification process,
and explain the discrepancy between former theoretical predictions and experimental

measurements.



1. Introduction

The directional solidification is a processing technique with which metallurgists
employed to develop advanced metals of exceptionally high mechanical strength as
well as high resistance to heat and fatigue [1-3]. During the solidification process,
several double-diffusive convections of various stability characteristics occur either in
sequence or simultaneously [4-7]. They are the double-diffusive salt-finger
convection formed above the dendritic mush, the isolated plumes of depleted buoyant
fluid generated directly from the interior of the dendritic mush, the large-scae
circulation of the bulk fluid induced by the degeneration of the salt-finger convection,
and the horizontal double-diffusive layers resulted from the breakdown of the plumes
at the upper surface of the melt [7]. Each convective flow can seriously affect the
crystalline of the resultant castings, and under some circumstances may in turn
deteriorate the mechanical properties of the products.

Due to the importance of the application and the rich phenomena resulted from
the interaction between thermodynamical and fluid mechanical effects, a great
research effort has been devoted to studying the convective flows arisen during the
solidification process [8-17]. One of the important issues discussed extensively is the
formation of plumes, or more precisely the mechanisms triggering the onset of plume
convection. This is because that the striking analogy between the “chimneys’
(corresponding to the plumes) found in the dendritic mush of agueous ammonium
chloride solutions and the freckles formed in alloy castings. The freckles are of
columnar shapes vertically extending from the bottom to the top of the casting mould.
Both the composition and the metallic structure of the freckle are very different from
the base aloy, causing a deleterious effect on the mechanical strength of casting.
Recently, theoretical analyses have indicated that the formation of plumes is a result

from the convection in the mush [11,12], while all of them neglected the effect due to
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the existence of the solid layer below, which turns out to be influential on the stability
of the mush, aswill be shown in the present paper.

Up to date, in al the theoretical analyses the physical model shown in Fig. 1 has
been considered, while some of them considered the combination of the fluid and the
mushy layers as a whole [8,10,13-16], and some focused on the mush alone [9,11,12].
For both approaches, it is aways assumed that the mush/solid interface is of constant
temperature and concentration and no deformation is allowed. In the present paper,
we consider a three-layer system (see Fig. 1) in which the dendritic mush is
sandwiched between the melt above and the solid layer below. This configuration fits
more the reality, such as the casting mould or the experimental box, that the cooling
boundary with fixed temperature locates at the bottom of the solid layer. The depth of
the solid increases with time, while the temperature at the mush/solid interface
remains at eutectic temperature and the bottom of the solid isfixed at the preset value.
As aresult, the heat transferred across the solid layer decreases as a function of time,
so that the heat taken from the mush to the bottom decreases with time, which would
surely influence the stability of the melt in the mush and in turn the rigor of the
convection of the system, and we will discuss the influence in the present paper.

The paper is organized as follows. In section 2 we describe the physical problem
and the corresponding governing equations and boundary conditions. In section 3 we
derive the basic state solution, based on which the linear stability analysis is
implemented. In section 4 the linearized small perturbation equations and associated
boundary conditions are shown, the normal mode analysis is applied, and a shooting
technique is employed to solve the resultant eigenvalue problem. In section 5 the
stability characteristics of the system is discussed, special attention is paid to the
influence of the deformable mush/solid interface as well as the heat transferred

through the solid layer. And finally in section 6 concluding remarks are drawn.
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2. Problem description and mathematical model
Consider the three-layer system shown in Fig. 1. A binary solution of
concentration C, and temperature T_ is solidified from below. The mushy layer is
sandwiched between the melt above and the eutectic solid below, extending from the
mush/solid interface z=h,(x, y,t) to the melt/mush interface z=h_(x,y,t), where
x and y are the horizontal axes of Cartesian coordinate and t is time. Assumptions
made for the present model are as follows: Both the interfaces move upwards with a
constant velocity V, the temperature at h, is fixed at the eutectic temperature T,
C, is greater than the eutectic concentration C., T, is higher than the liquidus
temperature T, (C,), the dendritic mush is in thermodynamic equilibrium so that the
temperature and concentration of the mush satisfy the liquidus relation
T=T,(C)+I(C-C,), Q)
where I is the dope of the liquidus and is assumed to be constant. The density of

the fluid iswritten as
p=pL+BC-Cy). 2
where p, isthereference densityand =4 -Ta’, a and B arethe thermal

and solute expansion coefficients, respectively.

The following scales are used to render the governing equations dimensionless:
Velocity by V, length by H where H =«/V, time by K/VZ, and pressure by
Po9BACK/V . In the above scales, « is the therma diffusivity, AC is the

compositional scale given by C,—-C., and g is the gravitational acceleration. The

non-dimensional temperature and concentration can be written as

Q:LL(CO), Qzﬂ, (3a-b)
AT AC

where AT =TAC =T, (C,)-T:. We employ Galilean transformation to attach the

coordinates on the mush/solid interface h, and obtain the non-dimensional



governing equations and boundary conditions. Note please that the present
mathematical formulations are similar to that considered by Worster [8] and are
essentially the same with that of Chen et a. [10] except that these two papers did not
take the solid layer into account and Worster [8] considered only the cases that the
thermal field does not interact with the solutal field because he assumed the buoyancy
ratio A (see the definition below EqQ. (27)) to be zero. For the convenience of
subsequent discussions and the completeness of the mathematical presentation,
nonetheless, we show in the following the complete set of equations and boundary

conditions. In the fluid layer z>h,_(x,y,t) wehave

OU =0, (4a)
1/0 o0 2

—(———+UDDJU=D U+(R&-R.0)e, -R ¢lp, (4b)
o\ot 0z

(i_i+uu}jj0:|]29, (40)
ot 0z

(E_iwm)@:ﬂ@. (4d)
ot 0z

Equations (4a) to (4d) are the continuity equation and the equations of conservation of
momentum, heat and solute, respectively. In these equations, U is velocity, o =v/k

is Prandtl number, v is kinematic viscosity, p is pressure and £ =D, /k is Lewis

number. The thermal and solute Rayleigh numbers are given by

_ga HAT _gB HAC
== _ - R =X_"_"== 4¢
A KV R KV (4
Inthe mushy layer h(x,y,t) <z<h_,(xY,t) wehave
O =0, (5a)
0 0 0 0
—-—+UM @+¢| —-— |y =0%F, 5b
Garvmpee g S
(i—ij[/v(ﬁ—f)hUDDH:O, (5¢0)
ot o0z
=R (Op+e,). (50)
1(x)



Equations (5a) to (5d) are respectively the continuity equation, the energy
conservation equation, the solute conservation equation, and Darcy equation. Note
that the material properties of the solid and liquid phases are assumed to be identical
in the mush. Besides, the solute diffusion is neglected because the solute diffusivity is
very small, and the Boussinesqg approximation is applied. The Stefan number ¢, the
concentration ratio ¢, and the Rayleigh number R are defined respectively as

where L isthe latent heat per unit volume, ¢ the specific heat per unit volume, and C,

¢:

the solid concentration. The Rayleigh number R, measures the ratio between the
destabilizing compositional buoyancy and the stabilizing thermal diffusion, being a
major parameter accounting for the stability of the system. Moreover, /7(x) isthe
permesbility, which is a function of porosity y [10], @=H?//7" is the inverse

Darcy number and /7  the reference permeability. Finally, in the solid layer

z<h,(x,y,t), we have the conservation of energy given by

d o).

The boundary conditions at infinite far field are that both the temperature and
concentration are assumed to remain the same as the original solution. Moreover, the
height of the tank is assumed large enough that we can neglect the influence due to
the possible deformation of the free surface on the convective flow occurring mostly
in the vicinity of the melt/mush interface. Accordingly, as z — o we have

-6, ©-0, U-O0. (7a-c)

At the melt/mush interface z=h,, the boundary conditions are

=0, nmf=nmo, [nw|=o0, [6=0, [hm4g =0, (8a-e)
_ —g M| _ 42 - -
x=1 [pl=0, ZE|. A,/ﬂ(l)(uzm uzmj, (8f-h)



where [ ] denotes the jump of the enclosed quantity across the interface, and n is the
normal vector to the interface. Equation (8a) represents the concentration continuity,
(8b) is the marginal equilibrium condition [18], (8c) and (8d) account respectively for
the mass and temperature continuities, (8e) represents the heat flux continuity, (8f)
means that the porosity is fixed to be unity, (8g) denotes the normal stress continuity,
and (8h) is the empirical condition proposed by Beavers & Joseph [19] describing the
relation between the planar velocities u, in the fluid above and that of the mush
below, where A is an empirical constant determined by experiment [19]. The

boundary conditions at mush/solid interface z=h, are

6=-1, nlU=0, nEEDH‘rg —De‘hs_ +X¢(1+ aarlsjez}:o. (9a-c)

Equation (9a) is the eutectic condition fixing a relation between the temperature and
the solute at the interface, so that this condition can also account for the solute
conservation because the solid layer is considered to be a eutectic solid. Equation (9b)
represents the impermeable boundary that the vertical flow ceases at the interface, and
Eg. (9¢) accounts for the jump of heat flux caused by the freezing of the remaining

melt of the mush [17].

3. The basic state solution

The governing equations (4-6) and boundary conditions (7-9) admit a steady
solution in which the fluid remains quiescent, i.e. U =0, and the temperature and the
concentration depend only on the vertical coordinate z. By considering a steady and
motionless situation for Egs. (4c) and (5¢), we end up with a set of second order heat
conduction equations in respectively the melt and mushy layers. These ordinary
equations can then be integrated with respect to z, leading to the solution of

exponential type when the marginal equilibrium condition Eq. (8b) is taken into
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account. In the fluid layer, the solutions are
6,=6,+ (6 -6.)exp[-(z-h,)|, &, =6 exp[-(z-h,)/e], (10a-b)
where the subscript b denotes the basic state, &, is the temperature (or concentration)

at the melt/mush interface given by

8 :(%jew, (10¢)

and h, isthe fixed horizontal level of the melt/mush interface. In the mushy layer,

the temperature distribution 6, is expressed by theimplicit function

zzf_iln[_ﬁ+1j+i_ﬁ_ln[_ﬁ+lj, (11a)
a-p \a-6,) a-p \pB-6,
and the porosity isafunction of 8,

_¢-¢6

SRR (11b)
where
a=A+B, B=A-B, K:%(5+9b+¢), §:(K2—9w5—¢ei)§. (11c-f)

Since the existence of the solid layer below does not influence the motionless
temperature and concentration distribution in the melt and the mush, the above basic
state solutions are the same with those shown in, for example, Worster [8] and Chen et
al. [10]. In the solid layer, the temperature 6, isgiven by

6,=60,+¢-(1+6, +p)exp(-2). (12)
The mush/solid interface isat z=0 so that the height of mushy layer h, can be
obtained by substituting &, =&, into (11a).

A typica result corresponding to the 26wt% ammonium chloride solution is
shown in Fig. 2. For the values of the physical parameters of this solution, the reader
is referred to [10]. All analyses of present paper are made on the basis of this binary
solution. It is seen from Fig. 2 that the temperature gradient in the solid layer is much

larger than that in the mushy layer, so that the latent heat of fusion generated in the
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mush can be transferred efficiently through the solid layer to the cooling boundary at
bottom. Due to thermodynamic equilibrium condition applied in the mush [10], the
dimensionless temperature and the dimensionless concentration are the same. In the
fluid region, the solute changes dramatically within the very shallow solute boundary
layer right above the melt/mush interface, while the temperature changes gradually

from the melt/mush interfaceto T, acrossthe much deeper thermal boundary layer.

4. Linear stability analysis

To investigate the linear stability of the basic state shown in the previous section,
we superimpose a small disturbance on the basic solution, substitute the combination
into Egs. (4) to (6), and then neglect the quadratic terms in the usual way. Since the

coefficients in the resultant disturbance equations depend only on z, we can apply the

norma mode expansion proportiona to explat +i(k,x+k,y)] to the

small-disturbance quantities. Then the linearized small disturbance equations take the

form asfollows. In the fluid layer

[D2+(D-w)-a2=aw (13)
D% +(D-w)-ea?|b =W | (14)
(D2 -a* =0 | (15)
D2 +(D-w)o-a?]@=a*RE6-RE) | (16)

where D and the prime represent the differentiation d/dz, « is the frequency of the
1 R
norma mode, a =(k? +kj)2 is the horizontal wavenumber, & the disturbance

temperature, W the disturbance vertical velocity, © the disturbance concentration,

and Q the disturbance vorticity. Inthe mushy layer,



[D2+(D-w) -a2]g+¢(D-w)i = oW | (17)
(D~ + x;]6+[(6, - &)(D-w) + )k = 6@ (18)

p: - 1'06) (£28) o1

N=a?M1(x,)R 6 , 19
) (-8, W=a*771(x,)R, (19)

where ¥ isthe disturbance porosity. In the solid layer,
[D2+(D-w)-a?]f=0. (20)

Equations (13-20) are subject to the linearized boundary conditions as follows.

At 2 - o,
#=0, ©=0, w=0, DW=0. (21a-d)
At z=h
=6 , Dé—Dé:"Tgegﬁl , [W=0, (22a-c)
A _ _ P s - 6 ]
[9]—0,[D4—3_59b01 , 3_5/71 , (22d-f)
° Wy T (/7(1)]( % _Dq j (229
D\fv{ ] =—n—(l){Df)+i(f2—aD\iv+az\iv)—ZazD\fv} , (22h)
h; @ o h

where 7, is the disturbance amplitude of 77,, and 77, is the perturbation to the
position of the melt/mush interface, i.e. h, (x,y,t) =h, +7,(x,y,t). Similarly, we
perturb the mush/solid interface h (X, y,t) =7,(X, y,t), where 77, isthe perturbation

to thisinterface. Then the boundary conditionsat z=0 are

A dé,|, ). = dé|_\. -
v ( . J””ﬂ*zo' (T'j”ﬂo (2329
d’g,|. d*6.  dx,|.).  dd. df_ NN
{ dzz dZZ +¢ dZ ,72 + dZ dZ +¢(a))(b|+,72 +X|+)_ O 1 (23d)
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where 7, is the disturbance amplitude of 77,. Assume that the disturbance of

A

temperatureat z - —co isnegligible (i.e. é:O),the disturbance temperature &€ in

the solid layer can be solved from (20) with the boundary condition (23c) and can be

written as
6=-(1+6, +9)i, exp{—%+ a? exp(i?wﬂz}, (24)
where
az[(]/4+a2+w,)2+w,2]5, (25a)
cosy =[/4+a? +w )/a, sny=a/a, (25b,c)

and w, w are respectively the real and imaginary part of «. The disturbance
amplitude 77, can be determined by (23d). Equations (13-19) with the boundary
conditions (21) to (23) consist of a complex eigenvalue problem

F=F(R, awb,.0.pe0,A). (26)
Notethat R,, R. and R satisfy therelations

R = AR, R =(1+AR,, (27)
where A=Ta’ / [ is the buoyancy ratio. We solve this eigenvalue problem by the
shooting technique [10]. The integration is carried out in a sufficiently large truncated
domain, from z=0 to z=z, =30, so that the integrated results are independent of
thevalueof z,. Theintegration starts from the melt/mush interface (z = h,) and ends
respectively at z, and 0. To avoid the loss of linear independence of integration, an
orthonormalization process is implemented by utilizing the superposition method
developed by Keller [21]. An iteration procedure developed by Powell [22] is

employed to seek the convergency of theeigenvalues R, and «.
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5. System stability characteristics and discussion

To examine the stability of the present three-layer system, we consider first the
cases of Chen et a. [10] and compare the present results with their Fig. 1. Results are
shown in Fig. 3, in which four cases of different buoyancy ratios A=0, 0.1, 0.5, and
0.75 are considered. The results of ref. 10 are accounted for by dashed curves and the
present results by solid curves. To read this figure and those in Fig. 4, it is recalled
that the instability of the present system is bimodal [8,10], see for example Fig. 3(a).
The local minimum of smaller wavenumber accounts for the onset of the mush-layer
mode, a flow circulates across the depth of mush. The local minimum of larger
wavenumber accounts for the onset of the boundary-layer mode, a flow circulates
within the shallow solute boundary layer above the melt/mush interface. In general,
the boundary-layer mode is less stable than the mush-layer mode, as usually found in
experiments and in Figs. 3(b) to 3(d) as well. The boundary-layer mode will develop
into the nonlinear salt-finger convection as solidification proceeds.

Results of Fig. 3 indicate that as the solid layer is considered, both the
mush-layer and the oscillatory modes of the present three-layer configuration are less
stable than those of previous two-layer system, while the stability of boundary-layer
mode is virtualy unchanged. The similar result happens to al the four cases of
different buoyancy ratio A considered, implying that the above conclusion applies
well to different aloys. The cause that the mushy-layer and oscillatory modes become
less stable is mainly due to the deformation of the mush/solid interface. Since both the
mushy-layer and the oscillatory modes are the flows circulating mostly in the mushy
layer, they accordingly become less stable as the mush/solid interface is allowed to
deform. But the stability of boundary-layer mode is virtually uninfluenced because it
circulates mostly in the melt, which is away from the mush/solid interface.

We note that in the experiments of directional solidification [5], the melt is
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solidified from below due to the cooling from the bottom boundary. In such a system,
both the mush and the solid layers grow unidirectionlly upwards, and the growth rates
of the melt/mush and the mush/solid interfaces change with time [20]. As aresult, the
latent heat of fusion generated in the mush changes with time, which shall be taken
out of the system by the cooling applied at the bottom boundary so that the heat
transfer through the solid layer shall also change with time. More precisely speaking,
since the temperatures at both the mush/solid interface and the bottom boundary are
fixed whereas the thickness of the solid layer increases with time, the heat transfer
rate through the solid layer to the cooling bottom boundary shall decrease with time.
This unsteady effect, however, cannot be considered directly in the present
investigation because we have assumed that both the interfaces move with the same
constant velocity V so that the latent heat generated in the mush and the heat
transfer through the solid layer shall also be constant.

On the other hand, however, this unsteady effect due to the change of heat
transfer through the solid layer can be investigated through the study considering the
change of the Stefan number ¢ . According to the definition shown in (5€), the Stefan
number is defined as the ratio between the latent heat of fusion and the heat capacity
of the mushy layer. Since the height of the mushy layer as well as the temperature
difference across the mushy layer are assumed to be constant in the present paper, the
heat capacity of mush is accordingly constant, so that a larger Stefan number simply
means a larger latent heat of fusion. This latent heat generated in the mush shall be
taken out of the system by the cooling applied at the bottom. Since the temperature is
fixed at the cooling boundary, a larger latent heat of mush (or a larger Stefan number)
shall mean alarger heat transfer across the solid layer.

Figures 4(a) to 4(d) illustrate the neutral curves of four different Stefan numbers:
@ =2, 3, 4 and 5, respectively. The neutral curves of the mush-layer mode and the
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boundary-layer mode are accounted for by the solid curve, the oscillatory mode is
represented by the curve with solid circles, and itsfrequency « isrepresented by the
dashed curve. It is seen that the boundary-layer mode is generally less stable than the
other two modes, tending to occur first and to develop into the nonlinear salt-fingers
observed in experiments. As ¢ increases, both the mushy-layer and the oscillatory
modes become less stable while the boundary-layer mode is virtually uninfluenced.
This is because the heat, either generated or transferred, happens only in the mush so
that only the flow in the mush is influenced by changing ¢ . We note also that the «
does not change significantly with ¢ neither, implying that the speed of the traveling
wave, a dynamic form the oscillatory mode appears, does not vary significantly with
@ .

The above results are supported by the experiments of, for example, Chen and
Chen [5]. A larger ¢ means a larger heat transfer from the solid layer, or
equivaently a smaller height of the solid layer, which shall occur in the beginning of
the experiment. Accordingly, the system shall become more stable in the experiment
as time goes on since the depth of the solid layer increases with time. In other words,
the destabilizing effect resulted from the consideration of the solid layer shall become
less significant as time marches. This is consistent with the observation of Chen and
Chen [5] that, after some time into the experiment, the double-diffusive convection

decays with time and eventually disappears.

6. Concluding remarks

We have investigated the effects due to the existence of the solid layer on the
convective instabilities in the directionally solidifying binary solution. It is found that,
because of the deformation of the mush/solid interface, the mushy-layer and the

oscillatory modes, both circulate within the mush, become less stable while the
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stability of the boundary-layer mode circulating above the mush is virtually
uninfluenced. The heat transfer through the solid layer, which can be accounted for by
the Stefan number, also influences on the stabilities of the mushy-layer and the
oscillatory modes while, again, cast virtualy no effect on the stability of the
boundary-layer mode. As aresult, the stabilities of both the mushy-layer mode and the
oscillatory mode are reduced as the heat transfer increases. Due to the fact that in the
solidification process the depth of the solid layer increases with time so that the heat
transfer through the solid layer decreases with time, present results suggest that the
mush shall become more stable as solidification proceeds. This is consistent with the
experimental observation [5] that, as the cooling temperature at the bottom is higher
or as the heat transfer rate through the solid layer to the bottom is lower, the mush
becomes more stable so that the plume convection is harder to form. This aso
explains partly why it usually takes a longer time to solidify the melt of the single
crystal turbine blade in which no single freckle is allowed to form [1] because a
smaller heat transfer rate shall be applied.

The fact that a larger heat transfer through the solid layer makes the mush less
stable may also help explain the discrepancy between the plume threshold conditions
resulted from respectively the experimental measurements [23] and the theoretical
predictions [8,11,12]. In the experiments, Tait et al. [23] conducted a series of
experiments for agueous ammonium chloride solutions of various viscosity so that
they were able to measure the critical condition of the onset of plumes. They also
found that the onset of plumes is accompanied with a mushy-layer mode convection
of a hexagonal planform, with down-flow at the center and up-flow along the
perimeters of the hexagon. In the theoretical investigations [8,11,12], in which the
weakly nonlinear analysis for the onset of plume convection was made for the mush

alone, the critical conditions were generally found to be “much” larger than the
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experimental data. Although some typical reasons causing this discrepancy had been
discussed [12], mostly focused on the theoretical models which are believed to be
different to some extent from the physical reality while partly focused on the
mathematical approaches which under some circumstances may not lead to a
converged solution, the present results may also shed light on another possibility that
the heat transferred through the solid layer to the bottom of the experimental box may
also be one of the reasons can lead to alower critical condition of the plume threshold
so that the discrepancy between experimental measurements and theoretical

predictions can be smaller.
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Figure captions
Figure 1. Configuration of the physical system.
Figure 2. The basic state of 6 (dimensionless temperature) and © (dimensionless
concentration) for the 26wt% ammonium chloride solution.
Figure 3. The neutral curves of different instability modes for four different buoyancy
raioA(@ A=0,(b) A=0.1,(c) A=0.5,(d A=0.75. The solid curves are the
results of present study and the dashed curves are those of previous study without
considering the solid layer [10]. The curve with solid-circle « accounts for the
oscillatory mode of present three-layer system and that with blank-triangle
represents the oscillatory mode of previous two-layer system [10]. In the present case,
p=£=6,=1, 0=10, ¢=10°, £=0.025.
Figure 4. The variations of neutral curves with respect to the Stephan number;
@¢=2,b)¢p=3,(c)p=4,(d) ¢=5,where ¢ isthe Stephan number. The other
parameters are the same as those in Fig. 3 and the buoyancy ratio A is 0.75. The curve
with solid-circles represents the oscillatory mode and the dashed curve represents the
corresponding oscillatory frequency « . The neutral curves of the mushy-layer mode
and the oscillatory mode move downwards slowly with the increase of ¢ and the
corresponding critical wavenumber «a_, moves rightwards. While the neutral curve of

the boundary-layer mode is virtually unaffected by varying ¢ .

18



Fig. 1 (Chang and Chen)
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Fig. 2 (Chang and Chen)
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Fig. 3 (Chang and Chen)
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Fig. 4 (Chang and Chen)
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