PROCEEDINGS Proc. R. Soc. A (2005) 461, 509-539

— Ol
THE ROYAL doi:10.1098 /rspa.2004.1382
SOCIETY Published online 2 December 2004

Exact transient full-field analysis of
a finite crack subjected to dynamic
anti-plane concentrated loadings
in anisotropic materials

By Yi-SHYONG ING! AND CHIEN-CHING M A2

! Department of Aerospace Engineering, Tamkang University,
Tamsui, Taipei, Taiwan 251, Republic of China
2 Department of Mechanical Engineering, National Taiwan University,
Taipei, Taiwan 106, Republic of China (ccma@ntu.edu.tw)

In this study, the elastodynamic full-field response of a finite crack in an anisotropic
material subjected to a dynamic anti-plane concentrated loading with Heaviside-
function time dependence is investigated. A linear coordinate transformation is intro-
duced to simplify the problem. The linear coordinate transformation reduces the
anisotropic finite-crack problem to an equivalent isotropic problem. An alternative
methodology, different from the conventional superposition method, is developed to
construct the reflected and diffracted wave fields. The transient solutions are deter-
mined by superposition of two proposed fundamental solutions in the Laplace trans-
form domain. The fundamental solutions to be used are the problems for applying
exponentially distributed traction and displacement on the crack faces and along the
crack-tip line in the Laplace transform domain, respectively. Exact analytical tran-
sient solutions for dynamic shear stresses, displacement and stress-intensity factor
are obtained by using the Cagniard-de Hoop method of Laplace inversion and are
expressed in explicitly compact formulations. The solutions have accounted for the
contributions of all diffracted waves generated from two crack tips. Numerical results
for the time history of shear stresses and stress-intensity factors during the transient
process are calculated based on analytical solutions and are discussed in detail. The
transient solutions of stresses have been shown to approach the corresponding static
values after the first eight waves have passed the field point. The dynamic stress-
intensity factor will reach a maximum value when the incident wave arrives at the
crack tip, and remain constant before the first diffracted wave generated from the
other crack tip arrives, and then will oscillate near the static value. A simple explicit
expression of the dynamic overshoot for stress-intensity factors is derived as a func-
tion of the location for applied loadings, the crack length and material constants.

Keywords: finite cracks; anisotropic materials; dynamic fracture;
dynamic stress-intensity factors; transient waves; dynamic overshoot

1. Introduction

Since the late nineteenth century, the study of stress concentration of an elastic body
with cracks, cavities, inclusions or other types of discontinuities has been the major
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subject of elastostatics. The question of whether the static stress-intensity factors are
applicable to dynamic response was not answered until the phenomenon of scattering
of elastic waves was investigated in the late 1950s. In general, the dynamic stress-
intensity factors are greater than the corresponding static values so that the inertia
effects of structures cannot be neglected in many dynamic designs, such as aircrafts,
vessels and nuclear plants, etc. Hence, the investigation of dynamic fracture problems
has become more important and has received much attention by many researchers.
The major reference on the dynamic fracture mechanics is the extensive monograph
by Freund (1990). Most of the analysis typically provided the time history of the
dynamic stress-intensity factor.

Scattering of elastic waves by cracks has attracted attention over the years for
its importance towards the non-destructive evaluation of materials and the dynamic
fracture analysis of materials. The interaction of a stress wave with a crack is a
complicated problem and the analysis is mainly restricted to relatively simple prob-
lems. Most of the works for dynamic fracture analysis, however, have been directed
towards the solutions of problems without any characteristic length. The complete
solutions of this kind of problems can be obtained by integral transform methods
in conjunction with direct application of the Wiener—Hopf technique (Noble 1958)
and the Cagniard—de Hoop method (de Hoop 1958) of Laplace inversion. If the
cracked problem has a characteristic length or the loading condition is unsymmetri-
cal, then the same procedure using integral transform methods is difficult to apply.
The problem of an unbounded isotropic elastic solid containing a semi-infinite crack
subjected to a pair of concentrated point loadings on the crack faces has been stud-
ied by Freund (1974). A straightforward application of the Wiener—Hopf method
was not successful and he proposed a fundamental solution arising from an edge
dislocation climbing along the line ahead of the crack tip with a constant speed to
overcome the difficulties of the case with a characteristic length. The solution can
be constructed by taking integration over a climbing edge dislocation of different
moving velocity. Basing the procedure on this method, Brock (1982, 1984), Brock
et al. (1985) and Ma & Hou (1990, 1991) have analysed a series of problems of an
unbounded medium containing a semi-infinite crack subjected to impact loadings.
The limitation of the above-mentioned problems is that the incident field must be
represented as a function of f(t/x), say self-similar. For problems of a non-infinite
domain or with complicated loading conditions, the solutions cannot be obtained by
using this method. A powerful and efficient methodology based on superimposing a
fundamental solution in the Laplace transform domain was proposed by Tsai & Ma
(1992). Exact transient closed-form solutions of stresses and dynamic stress-intensity
factors for a stationary semi-infinite crack subjected to a suddenly applied dynamic
body force in an unbounded medium have been obtained by Tasi & Ma (1992) for
the in-plane case. This fundamental solution and superposition methodology have
also been successfully applied by Ma & Chen (1994) to solve the more complicated
problem of a half-plane containing a stationary semi-infinite inclined crack for anti-
plane deformation. This superposition methodology was generalized and applied to
analyse the propagating crack interacting with boundaries for in-plane deformation
by Tsai & Ma (1997a,b), but only the effects of first few reflected waves from the
boundaries were taken into account.

Many researchers have already studied finite-crack problems for isotropic mate-
rials. The stress-intensity factor of a finite crack subjected to time-harmonic, hori-
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zontally polarized plane wave has been obtained by Loeber & Sih (1968) and Sih &
Loeber (1969). Thau & Lu (1971), following the work of Kostrov (1964) and Flit-
man (1963), treated the analogous transient problem of diffraction of an arbitrary
plane dilatational wave by a finite crack in an infinite elastic solid. Their results
are exact only for the time-interval during which the dilatational wave travelled the
length of the crack twice. Sih & Embley (1972) have studied the near-field solution
for the problem of a finite crack under transient in-plane loading. They reduced the
mixed boundary-value problem to a standard Fredholm integral equation and sub-
sequently inverted the Laplace transform of the stress components by a combination
of numerical means and an application of the Cagniard inversion technique. Most
of the investigators, however, have either solved problems of a finite crack valid for
a short time, or finally used a numerical technique to obtain the solutions in the
physical domain. Because of the mathematical difficulties, the transient closed-form
analytical solution for the problem of a finite crack was not attempted until Ing &
Ma (1996, 1997) proposed useful fundamental solutions to overcome this difficulty.
Ing & Ma (1996, 1997) solved the problem of a finite crack subjected to a dynamic
anti-plane point loading and a horizontally polarized shear wave in isotropic solids,
but only dynamic stress-intensity factors were obtained in closed forms.

Recently, due to the fast development in material science, anisotropic materi-
als have been widely used for engineering applications. Material anisotropy may
occur in many solids such as composites and piezoelectric ceramics. Recent develop-
ments in anisotropic elasticity were reviewed by Ting (2000). Ting (1996) pointed
out that there have been several new developments in the theory and applica-
tions of anisotropic elasticity. However, few results for dynamic fracture analysis
of anisotropic solids can be found in the literature. Rizza & Nair (1999) have used
a numerical method to solve problems involving non-axisymmetric dynamic impact
loading of a penny-shaped crack in a transversely isotropic medium. The three-
dimensional problem for a transversely isotropic crack subjected to suddenly applied
concentrated point forces has been analysed by Zhao (2001). Sarkar et al. (1995) have
analysed the dynamic response of three co-planar Griffith cracks in an orthotropic
medium. They used the Fourier transform and finite Hilbert transform techniques to
obtain approximate values of the crack-opening displacements and stress-intensity
factors. The time-harmonic problem of two parallel cracks in an infinite orthotropic
plane was studied by Itou & Haliding (1997). They calculated the dynamic stress-
intensity factors numerically for composite materials. Das & Patra (1996, 1998) have
investigated the plane-strain problem of dynamic stress-intensity factors for a mov-
ing Griffith crack situated at the interface of two dissimilar orthotropic fixed layers
and half-planes. The authors solved the reduced singular integral equations by using
Jacobi’s polynomials. Liu & Achenbach (1994, 1995) have extended the strip-element
method to investigate wave scattering by cracks in anisotropic laminated plates. Liu
et al. (1999) and Xi et al. (2000) have studied numerically the wave scattering by
a crack in a composite laminate submerged in a fluid and in a fluid-filled composite
cylindrical shell. Shen & Kuang (1998) investigated the problem of wave scatter-
ing from an interface crack in laminated anisotropic media. In their study, the wave
fields were obtained numerically. Pramanik et al. (1999) analysed the high-frequency
scattering of a finite interface crack subjected to time-harmonic anti-plane loading in
dissimilar anisotropic materials and derived the stress-intensity factor at the crack
tip. Ma & Liao (1999) studied the transient full-field response of a semi-infinite inter-
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face crack lying between dissimilar anisotropic media subjected to a dynamic body
force. Zhang (2000) applied the time-domain traction boundary integral equation
(BIE) to obtain the dynamic stress-intensity factor of a finite crack in anisotropic
solids under anti-plane deformation.

Finite cracks in orthotropic materials under dynamic loading have been inves-
tigated by Kassir & Bandyopadhyay (1983), Shindo & Nozaki (1991) and Rubio-
Gonzalez & Mason (1999, 2001) using the integral transform method. This method
leads to a Fredholm integral equation rather than a Wiener—Hopf equation on
the Laplace transform domain. They solved the Fredholm integral equation in the
Laplace transform domain numerically, and the dynamic stress-intensity factor was
obtained by numerical Laplace inversion. Rubio-Gonzalez & Mason (2000) obtained
analytical closed-form solutions for dynamic stress-intensity factors of a semi-infinite
crack under uniform crack face loading in orthotropic materials. Most of the pre-
vious studies on elastodynamic crack analysis of anisotropic solids were limited to
transversely isotropic or orthotropic solids.

Because of the mathematical difficulties, an explicit analytical solution for the
problem of a finite crack subjected to dynamic point loading in anisotropic solids
has not been obtained. It is important to develop a mathematical method to con-
struct exact full-field closed-form solutions for finite cracks in anisotropic materials.
In this study, the theoretical transient analysis is performed for a finite crack in
an unbounded anisotropic medium subjected to an anti-plane concentrated dynamic
loading as shown in figure 1. The total wave field is due to the effect of this concen-
trated loading and the scattering of the incident wave by two crack tips. Investiga-
tions on the problems for anisotropic materials are tedious due to the presence of
many material constants. It is desirable to reduce the dependence on material con-
stants in advance of the analysis of a given problem. A linear coordinate transforma-
tion is introduced in this study to simplify the problem. Based on this transforma-
tion, the original problem of anisotropic materials with a finite crack is converted to
an equivalent isotopic problem with a similar geometrical configuration. In analysing
this problem, the interaction of waves with two crack tips must be taken into account
and it is impossible to solve this complicated problem by using the standard integral
transform method. Two useful fundamental solutions are proposed to overcome these
difficulties. In this study, the exact dynamic full-field solutions of shear stresses and
displacement and stress-intensity factor are derived and expressed in closed forms.
Based on the analytical solutions, the transient responses of shear stresses and stress-
intensity factor are discussed in detail using numerical calculations. In some classes
of dynamic problems, the ability to find a static field may hinge on waiting for the
wavefronts to pass and the transient effect to die away. One of the main objectives in
this study is to investigate the characteristic time after which the transient solution
would approach the correspondent static value. The transient behaviour of shear
stress is analysed, and it is found that the transient effect can be neglected after the
first few waves have passed the field point. The analytical solutions show that the
dynamic stress-intensity factor will reach a maximum value when the incident wave
reaches the crack tip, remains constant before the diffracted wave generated from
the other crack tip arrives, and then decreases and oscillates near the static value.
The explicit formulation of the dynamic overshoot of the stress-intensity factor is
presented in a simple expression which provides important information for dynamic
fracture analysis.
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2. A linear coordinate transformation and fundamental solutions

For the anti-plane shear deformation, the displacement is parallel to the axial co-
ordinate that is normal to the plane and is dependent only on the coordinates in
the plane. Such a deformation field characterized by a single axial displacement can
be regarded as complementary to that of plane-strain deformation. The anti-plane
problem plays a useful role as a pilot problem that reveals simpler aspects of elastic-
ity solutions. Analysis of anisotropic elasticity problems is often tedious due to the
presence of many elastic constants. It is desirable to reduce the dependence on elas-
tic constants through theoretical considerations in advance of the analysis of a given
boundary-value problem. The anti-plane anisotropic problem can be converted to a
corresponding isotropic problem by properly changing the geometry of the original
configuration and the tractions on the boundary. In other words, the anisotropic anti-
plane problem can be simplified to an isotropic problem with the aid of a suitable
coordinate transformation. By using a linear coordinate transformation, the complete
full-field static solutions of anisotropic multilayered media subjected to concentrated
shear forces and screw dislocations in an arbitrary layer were obtained by Lin & Ma
(2000).

The anti-plane problem is usually a precursor to the more practically useful in-
plane problems. The problem of anisotropic elasticity for in-plane deformations con-
tains six elastic constants in a single material phase. Significant reduction of the
problem was achieved by the Cherkaev—Lurie-Milton (CLM) (Cherkaev et al. 1992)
shift, which effectively eliminated two elastic constants in most cases. Dundurs &
Markenscoff (1993) generalized the uniform CLM shift to include a linear alternation
of the elastic compliance. The well-known Dundurs constants for isotropic elastic bio-
materials have been extended to anisotropic biomaterials by Ting (1995). Recently,
Yang & Ma (1998) combined the CLM shift and an orthotropic transformation to
further reduce dependence on elastic constants for in-plane anisotropic problems.

In this section, a linear coordinate transformation and two fundamental problems
are proposed to solve the aforementioned problem of a finite crack in an anisotropic
material subjected to dynamic concentrated loadings. The solutions for an exponen-
tially distributed traction applied on the crack faces and an exponentially distributed
displacement along the crack tip line in the Laplace transform domain will be referred
to as the fundamental solutions. The diffracted waves generated from two crack tips
can be successfully constructed by superimposing the fundamental solutions in the
Laplace transform domain.

(a) The linear coordinate transformation

Consider a fundamental problem of an anti-plane deformation for a semi-infinite
crack contained in an anisotropic unbounded medium. For the absence of body force,
the two-dimensional anti-plane wave motion of a homogeneous anisotropic solid in
terms of the displacement is governed by

O?w(z,y,t) O%w(z,y,t) O%w(z,y,t) 0%w(z,y,t)
y J 20 y C v — 2 y , 21
022 OB T gpay T UM 5 T (2.1)
where w(x,y,t) is the out-of-plane displacement in the z-direction, Cj; (4,7 = 4,5)

are elastic moduli and p is the mass density of the anisotropic material. The (z,y)-
plane has been assumed to coincide with one of the planes of material symmetry, so
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that in-plane and anti-plane deformations are uncoupled. The relevant shear-stress
components are

dw(z,y,t) Ow(z,y,t)
Az,y,t) = , 2.2
Tyz(2,y,t) = Caa 3y +C— (2.2)
Ow(z,y,t) Ow(z,y,t)
22\, Y, 1) = . 2.
Tu2(2, Y, t) = Cus 2y + Css P (2.3)
Introduce a linear coordinate transformation (Ma 1996; Lin & Ma 2000)
Cuys
X=g-— 5y, 2.4
GtV (2.4)
Ce
Y = =%y, 2.5
Y (2.5)
7Z =z, (2.6)

where

Ce =1/ C44Cs5 — Cis. (2.7)

Assume that Cyy, Cy5 and /CysCss — C’Z5 are all positive. The transformation given
by (2.4)—(2.6) reduces (2.1) to the standard wave equation for the isotropic solid in
the (X,Y)-coordinate system as

PW(X,Y,t) OPW(X,Y,t) L,0*W(X,Y,t)

pr— 2.
0X?2 Y2 b o2 ’ (2:8)
where W (X, Y, t) is the displacement in the Z-direction and
W(X,Y,t) = w(x,y,t), (2.9)
b= 7Vg44p. (2.10)

It is easy to verify from (2.2) and (2.3) that the relevant stress components in the
anisotropic solid are related to those in the corresponding isotropic solid by

vz(X, Y1) = Ce%, (2.11)
X.,Y.
rea(X, Y1) = ¢, LD, (2.12)
Tyz(xvyvt) = TYZ(Xa}/;t)7 (213)
Tos(@,y,t) = %TYZ(X,YJ) + %TXZ(X, Y, t). (2.14)
44 44

From (2.8), (2.11) and (2.12), it is noted that the original anisotropic problem is con-
verted into an equivalent isotropic problem by setting C. = p (shear modulus). From
the relationship of displacement and shear stresses for an anisotropic solid and the
correspondent isotropic solid expressed in (2.9), (2.13) and (2.14), one can see that
it is possible to obtain the solution for an anisotropic problem from a corresponding
result of the isotropic problem.
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(b) The fundamental solution of distributed loads on
anisotropic semi-infinite crack faces

Consider an anisotropic material in an unbounded medium containing a semi-
infinite crack which lies on the negative z-axis. An anti-plane exponentially dis-
tributed traction in the Laplace transform domain is applied on the upper and lower
crack faces. The boundary conditions on crack surfaces expressed in the Laplace
transform domain for this fundamental problem are represented as follows

Ty=(2,0,5) = *1%, —oo < x < 0, (2.15)

w(zx,0,s) =0, 0<z< oo, (2.16)

where s is the Laplace transform parameter and 7 is a constant. The overbar is

used to denote the transform on time ¢. By using (2.4)—(2.6), (2.9) and (2.13), the
boundary conditions equations (2.15) and (2.16) are rewritten as

Tyz(X,0,5) =%, —c0< X <0, (2.17)

W(X,0,s) =0, 0< X < oo. (2.18)

The fundamental problem for the governing equation (2.8) subjected to boundary

conditions (2.17) and (2.18) can be solved by the application of standard integral

transform methods. The one-sided Laplace transform with respect to time and the
two-sided Laplace transform with respect to X are defined by (Achenbach 1973)

f(X,Y,s):/OO F(X, Y, e st dt, (2.19)
0
F*(\Y,s) _/oo f(X,Y,s)e X dX. (2.20)

Applying the one-sided Laplace transform over time, and the two-sided Laplace trans-
form over z under the restriction of Re(n) > Re(\), and the Wiener—Hopf technique is
finally implemented. The solutions of shear stresses and displacement in the Laplace
transform domain can be expressed as

, _—sen(¥) [ Aexp{=sla(V)[Y] — AX]}
raY) == [ A ey @2
Frys - S0 [ eplsaV -AXD

2mi Jp, Cesary (m)(n — Na—(\)

where I') is the path of integration in the complex A-plane and

1, Y=o,
-1, Y <0,
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The corresponding result for the dynamic stress-intensity factor in the Laplace trans-
form domain is
V2

K(s) = xli)I(I)IJr V2r X7y z(2,0,s) = ~Trar () (2.24)

(¢) The fundamental solution of distributed displacement
ahead of the anisotropic semi-infinite crack tip

Consider a semi-infinite crack contained in an unbounded anisotropic medium. An
exponentially distributed screw dislocation ahead of the crack tip yields the following
boundary conditions in the Laplace transform domain:

w(z,0",s) = e, 0<z< oo, (2.25)
w(x,07,s) = —e™*, 0<zx< oo, (2.26)
Tyz(x,0,5) =0, —o <z <0. (2.27)

We then follow a similar procedure to one mentioned previously. The solutions
for stresses and displacement expressed in the Laplace transform domain can be
obtained, and the results are

o) = o [ Cea el IN gy o
rez(XYis) = ) [ CoalAOPl eIV 4, (o9)
Wx v - ) [ acwenl bR A g, (2:30)

The corresponding result for the stress-intensity factor expressed in the Laplace
transform domain is

K(s) = —C.V2sa_(n). (2.31)

3. Exact transient full-field solutions for a finite crack

The problem to be considered here is an infinite medium containing a finite crack of
length [ as shown in figure 1. The infinite cracked body is made of an anisotropic,
homogeneous, and linearly elastic material. The origins of two coordinate systems
(z,y) and (2',y’) are located at crack tips A and B, respectively. For time t <
0, the medium is stress free and at rest. At time ¢ = 0, an anti-plane dynamic
concentrated loading with magnitude 2P is applied suddenly at z = hy, y = ho
(where hg > 0). The time dependence of the concentrated loading is represented by
the Heaviside step function H(t). The interaction of an incident wave with the finite
crack induces scattered waves. The total wave field is the sum of the incident wave
and the scattered wave field. After applying the concentrated impact loading, the
incident stress wave with an elliptic shape of wavefront generated from the loading
point will propagate towards the crack, a reflected wave will be generated from the
crack face and two diffracted waves will be induced from two crack tips. When the
first diffracted wave generated from crack tip B arrives at crack tip A after some later

Proc. R. Soc. A (2005)



Finite crack anti-plane loadings 517
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Figure 1. The loading and coordinate systems of a finite crack in an anisotropic medium.

C,b

Figure 2. The loading and coordinate systems of figure 1
after using the linear coordinate transformation.

time, a second diffracted wave will be induced from crack tip A. Then this second
diffracted wave will reach at crack tip B and a third diffracted wave is generated.
Hence the diffracted waves will scatter back and forth between the crack tips A and
B. Follow a similar procedure continuously, the complete full-fields solutions that
account for the contributions of all the diffracted waves induced from two crack tips
can be derived. In analysing this problem, the multiple diffractions of stress waves by
the finite crack must be taken into account. This is the most difficult part of analysing
the problem, and fundamental solutions provided in the previous section will be very
useful in overcoming this difficulty. Furthermore, a linear coordinate transformation
and an effective superposition scheme are also used to solve the problem. Exact
transient full-field solutions of displacement and shear stresses that account for the
contributions of all the diffracted waves are presented in this section.

The anti-plane concentrated impact loading applied at (hq, ha) in the unbounded
medium can be described as a jump condition for the shear stress as follows:

Tyo (@, h 1) — Tye(z, by t) = 2P8(x — hy)H(t), (3.1)

where 7(-) and 4(-) are the Heaviside step and Dirac delta functions, respectively.
Introduce a linear coordinate transformation as indicated in (2.4)—(2.6). Then the
configuration and coordinate systems as shown in figure 1 for anisotropic materials
are changed to those presented in figure 2 for isotropic materials. It is interesting
to see from figure 2 that the crack length is [, but the location of the concentrated
loading has shifted to (X,Y") = (Hy, Hz) with the same magnitude 2P, where

C’45 Ce

Hy=hy — —=—h H, = ha.
1 LT oL 2= o
The jump condition in (3.1) can be rewritten as
Tvz(X, Hy 1) — 7vz(X, Hy ,t) = 2P§(X — Hy)H(t). (3.2)
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Before the incident wave generated by the applied loading interacts with the finite
crack, the problem can be treated as wave propagation in an unbounded medium.
From (3.2), the incident stress field expressed in the Laplace transform domain is
given by

—sgn(Y — Hy)

7_-}i’Z<X> Y, S) = ori

/ Pexp{—sa(\)|Y — Ha| + sA(X — Hi)}d. (3.3)
I'\

From (2.11) and (2.12), we can obtain the corespondent displacement and shear-
stress component as follows:

A (XY, s) = ;m/F Oii) exp{—sa(V)|Y — Ho| + sA(X — H)}dA, (3.4
Wi(X,Y,s) = 217“/1“ Ce;;()\)exp{—sa()\ﬂ}/ — Hy| + sA\(X — Hy)}dA.  (3.5)

By using the Cagniard—de Hoop method of Laplace inversion to (3.3)—(3.5), the
incident transient fields in time domain are obtained as

—sgn(Y — Hy)Ptsin(P;)

Til/'Z(Xv Yv t) = 7TR7;<t2 _ b2R2)1/2 H(t - sz)a (36)
; — Pt cos(P;)
TXZ(X>Y7t) = WRi(tz —b2R2)1/2H(t_bRi)’ (37)
- P t t Y
WX Y.t = —o-In [sz- + <bRi> - 1}%@ —bR;), (3.8)

where

X —H
Ry =[(X — H1)*+ (Y — Hy)%"/?, (Pizarccos< D 1).

Without loss of generality, we assume that the incident wave will arrive at crack
tip A first. Before the incident wave is diffracted from crack tip B, the stress field is
precisely the same as that derived for a semi-infinite crack lying in the plane Y =0
and —oo < X < 0 and is subjected to the same loading. From (3.3), the incident
stress field ?;Z(x, 0,s) at y = 0 generated by the applied dynamic loading is

7 (X,0,8) = 217r1/ Pexp{—s[a(N)Hy + AH1] + sAX }dA. (3.9)
I's
The applied traction on the crack face, in order to eliminate the incident wave as
indicated in (3.9), has the functional form e***. Since the solutions for applying
traction e®7™ on crack faces were obtained in §2, the reflected and diffracted fields
can be constructed by superimposing the incident wave traction that is equal and
opposite to (3.9). By using (2.21)—(2.23) and (3.9), the solutions for the reflected
wave and the first diffracted wave induced by crack tip A in the Laplace transform
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domain can be expressed as follows:

_ 1
WA(X,Y,s) = 27U/r P exp{—s[a(m)hz +nhi]}

1

L[ —sen(Y) exp{—sla(n)|Y] — 1 X]}
Az |

2mi Cesay (m)(m — n2)a—(n2)
Pexp{—s[a(nm)Hs +mHi|}

dnz} dm

~ sgn(Y) x exp{—s[a(n)|Y| — n2 X1}
~orr ). Cosory ()1 — ) () iz
(3.10)
X Pa+(ﬁ2)exp{—5[a({771)f[{2(+ ;7‘1;1"1]} X[}
_A o — XeXp — S| 7]2 —87]2
Tyz(X,Y,s) = (2i)2 /Fr71 Iy sy (m)(m — n2) dng dny,
(3.11)
(Y Png eXP{—S[O‘(%)H{Q 4—[771(1LI1)]|}Y| X))
sgn X eXpPy—Ss|x 772 — 8772
(XY / / o (1) — ) () iz -
(3.12)

Applying the inverse Laplace transform to (3.10)—(3.12) yields the displacement
and shear stresses:

WA (X, Y, 1)
= WAl(X Y,t) + W (X,Y,t)

_ = sgn a771 /8751)(8772 /0t2)
2m2C, /R+bRA /RA LVJr (n1 )(771 Ub ) (772 )
(91 /0t1)(9ng /Ots)
ay () —nd)a-(nF) Ji=

dtl dr

sen(Y)P
+ 7C,

In {b;r + (b;w )2 - 1} H(t — bR ) H(san(Y)® — 7 + ),
(3.13)

(X, Y t) = (X, Y t) + 754 (X, Y, 1)
P /t—bR Re {m(n;)(anl /0t1)(9n5 /0ts)

— ﬁ - a+(7]1 )(7]1 — 19 )
_ o (1) Oy /04) 0y [0t2)] 4
a+(771 )(771 2 )
Pt Sin(¢r)

B TR, (t2 — b2R%>1/2’H(t — bR, )H(sgn(Y)? — 7+ Pa), (3.14)
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R (XY 1) = (XY, 1) + 7k 4(X, Y1)
_ —sgn(Y)P /t_bRRe{ L (Onf/0t1)(0nF /0ts)
2m2 2oy (D) = nd)a—(ng)
1 (91 /0t)(9ng /Ot2)
oy () (ny — 3 )a—(ng)

Ra

dty

B sgn(Y) Pt cos(P,) B B
TR —pere)e bR H(en(Y)P w4+ dy), (3.15)

where
1+ tycos®Pp n .sin®p

nt = . i —1?2(:05915:|:,si1r145
Ra RA

(8 —BRYY2 nf = =22 iR 0 R 2,

H
Ra = (Hf + H3)"/?, Dy = arccos(R;), R=(X?+Y?/2

X
@ = sgn(Y) arccos (R)’ R, = [(X — HW)?> + (Y] + Ho)\Y/?,

X - H,

&, = arccos < ), t1 +to =t.

(
The results expressed in (3.13)—(3.15) are the exact transient solutions for a semi-
infinite crack in an infinite medium subjected to point-impact loading. The first and
second terms in (3.13)—(3.15) represent the diffracted and reflected waves, respec-
tively.

In order to obtain the first diffracted wave induced from crack tip B, the same
superposition method is performed in the (z’,y’)-coordinate system. The incident
stress field can be described in the (2/,y’)-coordinate system as

sgn(Y’ — HJ)

o (X, Y5) = B

/ Pexp{—sa(\)[Y’ — H| + sA(X' — H])}d),
I

’ (3.16)
where

C45 Ce
H{=-1l—hy+—2h H) =
1 1+ 044 2, 2 C44
By setting Y’ = 0 and using the fundamental solutions presented in § 2, the diffracted
field for the B wave (the first wave diffracted from crack tip B) can be constructed
as follows

ha.

—/B 1
WKLY = g [ Pesolslam)Hy+ m i)
1

Tl
1 _ Na—sa(n2)|Y'|—n2X"]
« { sgn(Y')e } m

- d
27 Jr,, Cesaq(m)(m —n2)a—(n2) "

P exp{—s[a(m)H5 +mH!|}
—sgn(Y/)/ x exp{—sfa(n)[Y'| — 2 X"]}
(2ri)?  Jr, Jr Cesay(n)(m — n2)a—(n2)

dno dny,
(3.17)

1 n2
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Pay (n2) exp{—s[a(n)H; +mHi]}

B (XY s) = / x exp{—s[a(nz)[Y'] — n2 X"]} dny dny
vane e (2mi)* Jr, Jr,, g () (1 — 1m2) 7

(3.18)
P exp{—s|a(m)H; +nHi}

B sy —sgn(Y’) / / x exp{—sfa(n)|Y'] — mX']}
TXxrz (X 7Y 75) 27’(’1 CV+(’I’]1)(T]1 — 172)047 (772) d772 d771

(3.19)

The Cagniard—de Hoop method of Laplace inversion is used, and the solutions in
time domain are

W/B(X/7Y/’t)
_ W/BI(X/ Y/ )

_ sgn(Y 1y /0t) (9 /Ot2)
T oor2C, /R'+bRB /RB Lé+ () (i —n3)a—(n3)

(Ony /0t1) (93 /Ot2)

- — — dtl d’i’7
ay(ny )y —ns ) —(772 ) ie
(3.20)
TE/Z/(X/ Y/ )
— 2, (XY, 1)
_ P T [a+<n;><am /8) (@1 /3t2)
272 Jyry ap (mO) (' =g
() @i /90 @0 /9t)] o
ap () =) ’
(3.21)
% (X, Y )
=70, (XY )
_sen(Y)P /t—bR’ Re { (00 Jot1)(9nf /Ot)
22 bRy ? a+(771 )(771 — T2 ) —(772 )
+ —
_ (8_771 /?ﬁ)(a??z /3t22 dty, (3.22)
ay(ny )(ny —ns ) —(ny)
where
L tlicosPp | .sindp L —tlacos®  sind’
771 = RB :l: 1 RB (t% - b2R2B)1/27 772 = R/ :l: 1 R/ (t% - bQR/2)1/27

>_|

/
Rp = (H? + H?)Y?, Pp = arccos(RB> R =(X"*+Y"?)12

!

X
&' = sgn(Y') arccos <R’>’ ty +ty =t.
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When the first diffracted B wave arrives at the right tip A of the finite crack after
some later time, it carries with it a discontinuous displacement in the Z-direction
which violates the boundary condition for X > 0. In order to satisfy the boundary
condition that the displacement must be continuous for X > 0, a distributed displace-
ment is required to close the crack-opening displacement. The diffracted BA wave
will be induced when the B wave arrives at crack tip A. If we change the repre-
sentation of B wave from the (z',y')- to the (X,Y)-coordinate system, then the
displacement which must be eliminated ahead of the right tip A is

WB(X 0,s)

_sgn / / Pexp{—s[a(m)H; +mH{]}exp{sna(X + 1)}
08a+(771)(771+ﬁ2) —(=m2)

It is envisaged that the crack is semi-infinite and lies along the line Y = 0, —oo <
X < 0. The diffracted BA wave generated from crack tip A can then be obtained
by superimposing the distributed displacement that is equal and opposite to (3.23)
ahead of the tip X > 0 in the Laplace transform domain, as follows:

W (X Y,s)
—1 P exp{—s[a(n)Hj; + niHi]} exp{snal}
Cesoy (m)(m + n2)a—(—n2)
{1/ —Sgn(Y)Oé—(nz)exp{—S[a(ns)lYl — 13X}
r (m2 — n3)a—(n3)

X

ot Jr, dng}dnz dm
a_(n2) exp% [lo]f(m)l{% T?H)%ll X))

sgn X €XP SN2ty €XP 73 — 13
/ / / Cosarr (1) (11 + M) (=) (2 — m3)ar () 8 A2 41
(3.24)

TYZA(X Y, s)

a_(n2)ay(n3) exp{—s|a(n)Hs +m Hi]}

x exp{snzl} exp{—s[a(ns)|Y| — ns X]}
(2mi)? / / / oy () (4 n2) e (=12) (n2 — 13) g3 2 i,

(3.25)
?)]?%(X Y, s)
nz)nfex?}f [{(m[ﬂ? w)LDn)'Hi]}X]}
Sgn x exp{snal} exp{—s[a(n3)|Y| — 13
/ / / () + ) () (12 — i) () 18 4> -
(3.26)

Here the fundamental solutions (2.28)—(2.30) are used for constructing the diffracted
BA wave (the second diffracted wave induced by the tip A). Next, inverting the
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Laplace transform of (3.24)—(3.26) yields
WBA(X, Y, 1)
= WX, Y1)

- Sgn(Y)P /t /T—bR—bl
213Ce  JyryvRru+bl JoR

/ . {G(m+ ,03)(Onf /0t1)(OnF [0t2)(On | Ots)
b ay () (g —nd)a—(ng)

G0y, n3)(Ony [0t1) (93 [Dta) (93 /Dt3)

l

— dtg dtl dT7
ay(ny)(ng —n3)a—(ng) tr
(3.27)
TYZ(X Y, 1)
= TYZ(X Y, t)
P T7—bR—bl
T o

/“’R“ - [G(nf,nr? Yot (13) (O /0t1) (g /Ot2) (015 /Ots)
b () (mg —n3)

Gy my)at (3 ) (9ny /0t1)(9ng /0t2)(9ng /Ots)

dty diq,
ay () (s —n3) (3.28)
3.28
TXZ(X Y t)
= TXZ(X Y, t)
T2t g,
/tbRtl . [G(nf,n;)ni(ﬁn [/0t1) (003 /0ts) (Ony /Ots)
o ar () (g —n3)a—(n3)
_ Gl g Oy /0t1)(9my /042)(Ond [Ota)] o)
ay(n 1)(772 _773) —(773) ( )
3.29
where
a () L ticosPp | .sindp 2R2)1/2,
G, _ : _ + i it
(771 772) (771+772)O‘—<_772) (i Ry ' Ry ( )
_ - é P
T]ét _ %iis, 77§t _ ts;os j:lslz (t2 b2R2)1/2

H/
Ry = (H? + H?)Y/?, b —arccos<R;>, R=(X24+Y?%/2
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& = sgn(Y') arccos(X/R), t1 +ty +t3 =t

Similarly, the diffracted AB wave (the second diffracted wave induced by the tip B)
can be obtained from (3.10) and (2.28)—(2.30) if the same procedure is used, and the
final results are

W/AB (X/, Y/, t)
=W (XY t)

B Sgn(Y’)P /t /T—bR/—bl
2m3Ce  Jorr+ora+bl JoR

/”R’“ - [Gmf,n;)(am /01)(9113 /0t2) (g /Ot3)
bl 04+(771)(772 —773) —(n3 )
G0y, n3)(Ony [0t1) (93 [Dta) (93 /Ot3)
ay () (s —ng)a—(n) t=r

dtg dtl dT,
(3.30)
B (X', Y 1)
=792, (X" Y' 1)

_p [TbR b
S /
27 bRA

/“”Rl‘“ - {G(nf, 3 o (n3)(On /0t1)(On5 |0t2) (O3 /Ots)
bl ay () (g —n3)
Gy s my)a (n3) (91 /0t1) 9y /0t2)(9ng /Ots)

= dto dty,
ay () (ny —n3)
(3.31)
—TX,Z,(X' Y’ t)
B Sgn(Y)P /T—le—bl
27T3 bRA

/t—bR’—“ Im{am 13 )13 (91 /0t1) (95 /0t) (O /0ts)
b a+(nf)(n2 —n3 e (n)
G(ny 03 )ng (Ony /0t1) (93 |Otz)(Ong /Ots)
ay () (s —ng)a— ()

dty dt1, (3.32)

where
t1 cos P sin @ —t
+ 1 A A + 2 .
nm = Ra =l Ra (8 b2R2)1/2 = l tie,
—t3 cos P’ sin @’
W = g Ei g (B OPRDVE ity ty =t Ra = (H} +H)'?,
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/
P = arccos(Hl), R = (X? +Y"?)V/2, ¢’ = sgn(Y’) arccos <X>
Ra R

The AB wave, which is generated by the diffracted A wave from the left crack tip B,
will return to the tip A at a later time. After it arrives at the tip A, the boundary
condition for X > 0 will not be satisfied. According to the above-mentioned process,
an appropriate sequence of displacement along X > 0 must be superimposed to close
the opening displacement ahead of crack tip A. By using the fundamental solutions
of the distributed displacement, the diffracted ABA wave (the third diffracted wave
induced by the tip A) can be constructed. Similarly, when the diffracted BA wave
reaches crack tip B, the induced BAB wave (the third diffracted wave induced by
the tip B) can be obtained in the same method. Following a similar procedure con-
tinuously, the complete full-field solutions that account for the contributions of all
the diffracted waves induced from two crack tips are finally derived. The complete
transient solutions for displacement and shear stresses can be expressed explicitly in
compact formulations as

W(X,Y,t) = WH(X,Y,t) + W(X,Y,t) + > [WA(X, Y, 1) + WE (X', Y 1)),
n=1

(3.33)

TYZ(vat) = T)i/Z(Xa Y7t) +T;Z(X7Kt) + Z[Té}(x,}/’t) +T$7Z’(X/7Y/7t)]a
n=1

(3.34)

Txz(X, Y1) = 75 2 (X, Y1) + 755 (X, Y, 1) + ) [ry (X, Y, t) + 7, (X, Y 1)),
n=1

(3.35)

The details of functions presented in (3.33)—(3.35) for the contributions of incident,
reflected and diffracted waves are given in Appendix A.

It should be noted that the solutions shown in (3.33)—(3.35) are expressed in the
transformed (X,Y)- and (2/,y’)-coordinate systems. The transient solutions for the
anisotropic finite crack in the original coordinate system of (x,y) can be obtained
from (2.9), (2.13) and (2.14) in which the coordinate relations expressed in (2.4)
and (2.5) are used. Though the number of terms in (3.33)—(3.35) is infinity, only a
finite number of terms will be non-zero in the series solution during a finite observa-
tion time. Each term in the solution represents the contribution of a wave and the
transient solution is exact up to the arrival time of the next wave.

4. Transient solutions of dynamic stress-intensity factors

The transient full-field solutions for shear stresses and out-of-plane displacement
have been derived in the previous section. The dynamic stress-intensity factor of a
finite crack in an anisotropic medium subjected to concentrated impact loadings can
be obtained by using a similar methodology. In order to derive the solution of the
dynamic stress-intensity factor in the Laplace transform domain, the fundamental
solutions in (2.24) and (2.31) should be implemented. The inverse Laplace trans-
form can also be performed by using the Cagniard—de Hoop method. The results of

Proc. R. Soc. A (2005)



526 Y.-S. Ing and C.-C. Ma

Figure 3. Wavefronts of the incident, reflected and diffracted waves for a short
time period after applying a dynamic body force in an anisotropic medium.

dynamic stress-intensity factors in time domain at the right tip A can be expressed
explicitly as

KA(t) = i KA (t), (4.1)

where

KA (1) = P /W;A sin(Lba)H(t — bRy). (4.2)

KA”(t): \/EP(’L')Q /t /01 /cz
2V ()™ Joro+(n—1)b Joro Jbi
1

OP[SIF]i—; dtp_1 dtp_o- - dt; dr,

Cn—1
/bl \/t - T
forn=2,3,4,.... (4.3)

Details of functions and parameters presented in (4.3) are given in Appendix B.

The result for the dynamic stress-intensity factor for the incident wave arrives at
crack tip A is indicated in (4.2) and is the well-known result for a semi-infinite crack
in an unbounded medium. It is noted that the dynamic stress-intensity factor jumps
from zero to the corresponding static value after the incident wave generated from
the loading point arrives at crack tip A.

5. Numerical results of transient responses

In the previous sections, the transient analytical full-field solutions of shear stresses
and displacement, and the dynamic stress-intensity factor, have been derived and
expressed in explicit forms. The induced wavefronts of incident, reflected and
diffracted waves in a short time period are plotted in figure 3. The labels ‘A’ and ‘B’
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Figure 4. Transient shear stresses 7. for different values of § due to impact loading
applied at (I,1). C14:C45:Cs5 = 1:1:2; b/l = 1; ho /I =1; 7/l = 1.

in figure 3 are the first diffracted waves induced by crack tips A and B, respectively.
When the diffracted A wave arrives at crack tip B, the diffracted ‘AB’ wave is induced
and is also indicated in figure 3. Since the transient solution is exact up to the arrival
time of the next wave, only a finite number of waves will be involved in the numeri-
cal calculation. However, the numerical calculation includes many high-dimensional
integrals; the convergence of the integration should be carefully examined. These
integrals have a square-root singularity at the arrival time of waves and only appear
at one limit of integration. The singular behaviour near one limit of integration can
be easily removed by the conventional scheme of changing integration variables. The
program divides the interval of integration into m segments and is calculated by the
24-term Gaussian formula. The results show that the convergences of most cases can
be achieved for m < 16. Numerical results are presented for the transient responses
of shear stress 7. and dynamic stress-intensity factor K A for crack tip A. The tran-
sient response of stress 7., is not presented because of its similar characteristics to
Ty=- The corresponding static solutions of the anisotropic material with a finite crack
are (Ting 1996)

C],D Re[ln(s — o) + In(s™! — &), (5.1)

O e

w*(z,y) =
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Figure 5. Transient shear stresses 7. for different values of r due to impact loading
applied at (I,1). C14:Cu5:Cs5 = 1:1:2; ha /Il = 1; ho/l =1; 7/l = 1; 6 = 30°.

P 1 -1
rix(o) = £ 1 | (=-==)| (5.2
@ 22— (1/2)2\s—s0 s —%
-P -1
)= |t ( oo ) 6y
™ 22— (1/2)2\¢—< < ' =%
K& = v2r Im { LR — } (5.4)
Vil - 1-%
where ¢y and (y are complex conjugates and
2 2
gO:j[ZO+ Z(Q)_(Z/QVL §:7[Z+ 22_(l/2)2]7
—Clys +iC,
o=l +L4phy,  z=z+il+py, p:4g7441.

The elastic constants with the ratio Cyy:Cy5:Cs5 = 1:1:2 and the dynamic concen-
trated loading with Heaviside-function time dependence located at (hy,h2) = (,1)
are selected first for analysing the transient response for various field points. Figures 4
and 5 plot the transient responses of shear stress 7,, for different values of 0 and r,
respectively. The corresponding non-dimensional time of the incident and diffracted
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Figure 6. Transient shear stresses 7,. for applying impact loading
at hi/l =1 and —2. C4a:C45:C55 = 1:1:2; ha/l =1; ha/l =1; r/l = 1; 6 = 30°.

waves which arrive at the field point for § = 30° is indicated in figure 4. The static
solutions are also indicated in these figures by dashed lines. It is clearly shown in
these two figures that the incident and reflected waves carry a square-root singu-
larity at their wavefronts, while the diffracted waves (A; and By waves) have only
finite jumps at their wavefronts. The singular behaviour of stress at wavefronts for
the incident and reflected waves is clearly indicated in (3.6) and (3.14), respectively.
It is worth noting that the transient stress tends toward the corresponding static
value after the first eight waves (i.e. the i, r, A1, By, Aa, Ba, A3 and B3 waves) have
passed the specified field point. Figure 6 shows the transient response of shear stress
for applied loading at different locations hy/l = 1 and —2. It is also indicated that the
transient response approaches the corresponding static solution after the Az or Bj
diffracted wave has passed the field point. The transient stresses for different ratios
of elastic constants are plotted in figure 7, in which the ratio Cyy:Cy5:Cs5 = 1:0:1
represents the isotropic case. It can be seen that the transient response approaches
the static value after the eighth wave has passed the field point.

Figure 8 shows the transient response of normalized stress-intensity factors
KI1'/2 /P versus the dimensionless time t/bl for different combinations of material
constants. It is noted in this figure that the dynamic stress-intensity factor will reach
a constant value when the incident wave arrives at crack tip A, which is greater
than the static value, will remain constant before the first diffracted wave generated
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Figure 7. Transient shear stresses 7. for different ratios of elastic constants.
hi/l=1; ha/l=1;7/l=1; 6 = 30°.

by crack tip B arrives, and will then oscillate near the static value after the first
three diffracted waves from crack tip B have passed through crack tip A. It is indi-
cated in the previous section (equation (4.2)) that the constant value of the dynamic
stress-intensity factor is the well-known result of the static solution for a semi-infinite
crack. The isotropic case presented in figure 8 is chosen for a detailed explanation:
the incident wave arrives at crack tip A at non-dimensional time V2 =1.41 and
the dynamic stress-intensity factor jumps from zero to the static solution of the
semi-infinite crack with the value (v/2/m)'/2 sin(7r/8) = 0.257 (i.e. from (4.2)). Then
the diffracted B; wave generated from crack tip B arrives at crack tip A at the
non-dimensional time /54 1 = 3.24 and the dynamic stress-intensity factor starts
to decrease significantly to the correspondent static value of the finite crack. The
diffracted A; wave travels along the crack face with two crack lengths (i.e. from crack
tip A to crack tip B and back to crack tip A) and reaches crack tip A at the non-
dimensional time v/2 + 2 = 3.41; the dynamic stress-intensity factor increases with
a small magnitude until the next wave arrives at crack tip A at the non-dimensional
time 5.24. Next, the impact loadings located at hy/l =1 for various values of hq /I
are used for calculation and the results are shown in figure 9. In order to see the
dynamic phenomenon more clearly, the non-dimensional stress-intensity factor pre-
sented in figure 9 is changed to K /K*-s%t¢ and the result is plotted in figure 10. It
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Figure 8. Transient responses of dimensionless stress-intensity factor K*[*/2 /P
for different ratios of elastic constants. hi/l = 1; ha/l = 1.

can be seen that the maximum dynamic overshoot always occurs at the arrival time
of the incident wave at crack tip A, and remains constant until the diffracted wave
(i.e. By wave) generated from the other crack tip arrives; it then starts to decrease
and oscillate near the static value. Therefore, the ratio of the maximum dynamic
value to the static value, which is usually defined as the elastodynamic overshoot of
the stress-intensity factor, can be explicitly expressed as follows:

Kul) _ Visu(hey 55
KA = Rl —0) = (=) 1’ |
Note that in the case of hy/l = —1, as shown in figure 10, the value of dynamic

overshoot is greater than five. Hence, the elastodynamic overshoot of the stress-
intensity factor becomes very significant. It is clearly indicated in figure 9 that the
dynamic stress-intensity factor induced by the incident wave for different values of
hi1/l is not very different. After the By wave generated from crack tip B has arrived
crack tip A, the stress-intensity factor decreases near the correspondent static value.
Since the loading location in the case of hy/l = —1 has the shortest distance to
crack tip B, the influence of By wave on the stress-intensity factor of crack tip A
is very significant and this is the reason why the dynamic overshoot is large for
h1/l = —1. Equation (5.5) provides a simple expression of the dynamic overshoot for
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Figure 9. Transient responses of dimensionless stress-intensity factor K ApL/2 /P
for applying impact loading at ho/l = 1 for different values of hy/l. C44:Cy5:Css = 1:1:2.

an anisotropic medium with a finite crack, which is dependent on the location of the
applied loading, the crack length and material constants. This equation can be used
for the safety consideration of crack in mechanical design.

(a) Conclusions

The transient problem of an anisotropic medium containing a finite crack sub-
jected to dynamic anti-plane loading on the medium is investigated to gain insight
into the phenomenon of the interaction of stress waves with cracks. A linear coordi-
nate transformation is introduced in this study to simplify the problem. The linear
coordinate transformation reduces the anisotropic problem to an equivalent isotropic
problem with a similar geometry configuration. This problem contains characteristic
lengths and is solved by superposition of two proposed fundamental solutions in the
Laplace transform domain. The exact transient full-field solutions for shear stresses
and displacement are explicitly expressed in closed forms. These solutions are valid
for infinitely long time and have accounted for the contribution of incident, reflected
and multiply diffracted waves. Every term in the solution has its own physical mean-
ing. Transient solutions for dynamic stress-intensity factors are also obtained and
expressed in explicit formulations. While the dynamic stress-intensity factor is of
primary interest to dynamic fracture mechanics, the complete scattered stress and
displacement fields are of particular interest to quantitative non-destructive evalu-
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Figure 10. Transient responses of dimensionless stress-intensity factor K* /K As
for applying impact loading at hz/l = 1 for different values of h1/l. C14:Ca5:Cs5 = 1:1:2.

ation for detecting cracks. This study provides complete and exact information for
the problem of a finite crack in an infinite medium subjected to dynamic loadings.
Numerical calculations are performed to investigate the transient behaviour of shear
stress and dynamic stress-intensity factor and the results are discussed in detail. The
numerical calculations provided in this study can be seen as benchmark results for
the transient analysis of finite cracks. The characteristic time in which the transient
solution would approach the correspondent static value is analysed. It is found in this
study that the transient effect can be neglected after the first few waves have passed.
The ratio of the value for the maximum dynamic overshoot of the stress-intensity
factor to the static value is expressed in a simple explicit form.

The authors gratefully acknowledge the financial support of this research by the National Science
Council (Republic of China) under Grant NSC 88-2212-E-032-015.

Appendix A.
The functions and parameters of complete transient solutions for displacement and

shear stresses presented in (3.33)—(3.35) are

2
Wi(X,Y,1) = %m [t + <t> _ 1}%@ _bR)),
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—sgn(Y — Hy)Ptsin(®;)
TR;(t? — b2R%)1/2

(X, Y 1) = H(t — bR;),

—Ptcos(P;)
TR;(t? — b2R%)1/2

W'"(X,Y,t):Sgn(Y)Pln[ ! < ! )2—1}

Txz(X, Y1) = H(t — bR;),

wCle bR, bR,
X H(t — bR, )H(sgn(Y)P — m + Pp)H(sgn(Y)®' — 7 + &),
, Ptsin(P,)
TYZ(Xaxt) = _WRT(tZ — b2R72)1/2H(t - bR'r‘)
X H(sgn(Y )P — 7+ Pp)H(sgn(Y')d' — 7w + Pp),
. sgn(Y) Pt cos(®,)
Txz(X, Y 1) = TRRM(2 = b2R3)1/2H(t —bR,)
X H(sgn(Y )P — m + @) H(sgn(Y")®' — 7 + &p),
. —sen(Y)P
WA(X,Y,t) = o0,

/ bR+bRA / bRA [a+ (' )(f;f 1)—(?7;7 )/3t(2$2 2)

(O /0t1) (93 /Ota) } dty dr
oy () —n3 )a—(n3) ] = ’

p o[ . a () (9] /0t1)(9ny /Ots)
TYZ(X v = 272 /bRA a [ a+(171 )(771 — T2 )

ot (n3)(Ony /0t1)(Ong /Ot2)
oy () (ny —n3) ]dtl’

Ty (X, Y1) = _Sgn(Y)P/t_bR Re{ n3 (01 /0t1) (9 /Ots)

2m? O4+(771 )(771 — T2 ) —(772 )
3 (91 /0t1) (95 /Ots)
ay () —n3)a—(n3)

bRA

:| dtlv

sen(Y')P
272C,

/ / [ (Ony /9t1)(9n3 /9t2)
bR'+bRg JbRp Q4 771 )(771 —772> (772)
~ (Ony /0t1)(9ny [0ts)
ay () (ny —na ) 7(772 )i

W/Bl (X/,Y/,t) —

dtl dT,
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ay (n3)(Onf /0t1)(Ong [Ots)
oy () —n3)

_ au (3)(Onr /00) (9ng 2100,
s () (s —n3) ’

_P t—bR/
! !
P (XY )= /bR Re
B

sgn(Y’)p [0 o [ 12 (O /0t) (05 /Ots)
272 / t [m(nﬂ(nf—nz) ~(n3)

15 (9ny /Ot) (Ong /Ot2)
ay () (ny —n3 )a—(n3)

A Sgl’l(Y)P(’L)q t T—bR—(n—1)bl
w n(vavt) n+1 1
2L (3) bR+bRo+(n—1)bl JbR,
-1

. / OP[DISPL];—, dt,, dt,,_1 dty_s - - - dty d7,
bl

TX/Z’ (XY t) = o
B

}

forn=2,3,4,...

_P(Z)q t—bR—(n—1)bl b1 ba
W = e )

bnfl
. / OP[TAUYZ] dt,, dt_1 dtp_s - - dty,
bl

forn=2,3,4,...

Ay (X, v, ) = SE)PG) / e / /1’2
Xz 2t (q)n ol Jol

bnfl
. / OP[TAUXZ] dt,, dt,,_1 dt,_5 - - dty,
bl

forn=2,3,4,...

W/Bn(X/ y’ t) Sgn(Y’)P() / /7’ bR —(n— 1)bl/ /
y Xy 27Tn+1() n+1 bR bRt (n—1)bl

. / " OP[DISPL]i—, dty, dty_1 din_s - --dty dr,
bl

forn=2,3,4,...

P(Z)q t—bR' —(n—1)bl bl
Bn
bLl
. / OP[TAUYZ] dt, dty_1 dtp_s ---dt1,
bl

forn=2,3,4,...
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B, X/ Y/t B Sgn(Y’)P(z) t—bR' —(n—1)bl
TX’Z’( ) 5)_ 27Tn+1( )71'1'1
by
/ OP[TAUXZ| dt, dt,—1 dt,,—o - - - ditq,
bl
forn=2,3,4,...,
in which
ay,=T—bR—(n—v—1bl—(t1 +ta+---+1t,), forv=12....n
by=t—bR—(n—v—1)bl — (t; +ta+---+1t,), forv=12,....,n—
al,=7—bR —(n—v—1bl—(t; +ta+---+1t,), forv=12....n
b,=t—bR —(n—v—1)bl—(t; +ta+---+1t,), forv=12...,n
t1+t2+"‘+tn+1:t7

G(ni 3 )Gy n3)G (773 1)
Gy, ) (On] /0t)(OnF | 0t2)(OnF [0ts) -+ - (O 1/ Otnir)

Cea+(171 )(nn - 77n+1) —("7n+1)

DISPL =

G(ny,n3)G(ng ,n3)G(ng ,nf)
Gty n5)(Ony J0t)(OnF | 0ta) (O /Ots) - - (Onf 11 /Otny1)
(

Cea+(nf) 77;LL - 77;4-1) —(nn+1)

TAUYZ = DISPL x C.a(n,,),
TAUXZ = DISPL x Cen,! 4,

t1 cos P sin @
1 Ay A

RA RA ( b2R2)1/2 for Al,Ag,A5,...; B27B4,B6...

ni =

t P P
1C057B +i sin B( b2R2)1/2 for AQ,A4,A6,...; Bl,Bg,Bg,...
Ry Rp

—t
nt = lv:&:ie, forv=2,3,...,n, for A, and B,, waves (n > 2),

—t 19} o
”+;%COS + 181;1{ (tai —b’R*)'/2, for Ay, waves,
+
M1 = 4 cos@ sm@’
n+;z/ (t ., —b*R™*)'2 for B, waves,

OP — Im, ¢=1, Ry = Rg, whenn=24,6,...,
= Re, ¢=0, Ry = Ry, whenn=3,57,...,

X-H
= [(X — H\)? + (Y — Hy)YV/2, &; = arccos ( 7 1),
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X -—-H
R, =[(X — H)*+ (|Y| + Hy)YV?, @r:arccos( 1),

R,
2 2\1/2 H,
RA = (Hf + Hj)"/~, P = arccos| — |,
Ra
H/
Rp = (HP + H?)Y?, Pp = arccos(l)7
Ry
2 2\1/2 X
R=(X"+Y*")"/", & = sgn(Y) arccos =)
X/
R = (X?+Y"?)/2, @' = sgn(Y’) arccos <R’>’
a_(12)
G(m, = .
) = Gt e ()

Appendix B.

The functions and parameters of dynamic stress-intensity factor presented in (4.3)
are

c1=7—(n—1)bl,

co=T—(m—=v)bl—(t;1 +to+ - +ty_1), forv=23....,n—1,
hh+ta+--+t, =1,

onf ong  ont _
SIF = G(nf,n3 )G(n3 ,ng )+ G(nf_y,mt) 8t11 ati e )} !

ony on  ont S\

t b in @ —1
£ = 1CO5%0 30 02 — 2 R2)/?, nE=—"4ie, forv=2,3,...,n,
Ry Ry l

OP — Re, ¢=0, Ry = Rg, &9 =P, whenn=24,6,...,
" |Im, ¢=1, Ry = Ra, &g =Pa, whenn=3,57,...,

H
Ra = (H? + H2)'/?, Dy = arccos(}i),

H/
Rp = (H2 + HP)'/?, Pp = arccos<1>.
Rp
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