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FACTORING THREEFOLD DIVISORIAL
CONTRACTIONS TO POINTS

JUNGKAI ALFRED CHEN

ABSTRACT. We show that terminal 3-fold divisorial contraction to
a point of index > 1 with non-minimal discrepancy may be factored
into a sequence of flips, flops and divisorial contractions to a point
with minimal discrepancies.

1. INTRODUCTION

In minimal model program, the elementary birational maps consists
of flips, flops and divisorial contractions. In dimension three, after
the milestone work of Mori (cf. [13]), these maps are reasonably well
understood while there are many recent progresses in describing these
birational maps explicitly. The geometry of flips and flops in dimension
three can be found in the seminal papers of Kollar and Mori (cf. [10]
11, [14]). Divisorial contractions to a curve was studies by Cutkosky
and intensively by Tziolas (cf. [2] (5] [16] [I7]). Divisorial contractions
to points are most well-understood. By results of Hayakawa, Kawakita,
and Kawamata(cf. [3, 4 6, [7, 8, @]), it is now known that divisorial
contractions to higher index points in dimension three are weighted
blowups (under suitable embedding) and completely classified. It is
expected that all divisorial contractions to points can be realized as
weighted blowups.

Let f : Y — X be a divisorial contraction to a point P € X of index
n > 1 in dimension three. We say that f has minimal discrepancy
if the discrepancy of f is the minimal possible 1/n (cf. w-morphism
in [I]). Divisorial contractions to higher index points with minimal
discrepancies play a very interesting role for the following two reasons.

(1) For any terminal singularities P € X of index n > 1, there
exists a partial resolution X,, — ... Xy := X such that each X,
has only terminal Gorenstein singularities and each X;,; — X;
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is a divisorial contraction to a point with minimal discrepancy
(cf. [4]).

(2) For any flipping contraction or divisorial contraction to a curve,
by taking a divisorial extraction over the highest index point
with minimal discrepancy, one gets a factorization into ”sim-
pler” birational maps (cf. [1]).

On the other hand, divisorial contractions to points with non-minimal
discrepancies are rather special. For example, if P € X is of type
cAx/2, cAx/4 or ¢D/3, then there is no divisorial contraction with
non-minimal discrepancy. The purpose of this note is to show that
divisorial contractions to a higher index point with non-minimal dis-
crepancies can be factored into divisorial contractions of minimal dis-
crepancies, flips and flops (cf. [1]).

In fact, let f: Y — X be a divisorial contraction to a point P € X of
index n > 1. Suppose that the discrepancy of f is a/n > 1/n. If Y has
only Gorenstein singularities, then by the classification of [13, 2], one
has that X is Gorenstein unless f : Y — X is a divisorial contraction
to a quotient singularity P € X of type %(1, 1,1) with discrepancy %
Therefore, we may and do assume that Y has some non-Gorenstein
point () € Y of index p. We thus consider a divisorial contraction over
@ with minimal discrepancy.

Theorem 1.1. Let f : Y — X be an extremal contraction to a point
P e X of indexn > 1 with exceptional divisor EI. Let QQ € Y be a point
of highest index p in E CY and g: Z — Y be an extremal extraction
with discrepancy 1—1). Then the relative canonical divisor —Kyz/x is nef.

Notice that the relative Picard number p(Z/X) = 2. Therefore, we
are able to play the so called 2-ray game. As a consequence, there is
a flip or flop Z --» Z*. By running the minimal model program of

7+ /X, we have Z --» Z* oy A X, where Z --» Z* consists of a
sequence of flips and flops, Z# — Y* is a divisorial contraction. Let
Fy: (vesp., Fy:, E4) be the proper transform of F (resp. F,E) in Y*
(resp. Z*%).

In fact, we have the following more precise description.

Theorem 1.2. Keep the notation as above. We have that f* is a
divisorial contraction to P € X with discrepancy % < %. Moreover, g*
is a divisorial contraction to a singular point Q' € Fy+ of index p' with
discrepancy ;]7. We may rite gt Fys = Fyi + I%Ezu, then
a a/ /
a q I q

non oy P
More specifically, exactly one of the following holds.
(1) If P € X is of type other than cE/2, then Q' is a point of index
n, and g* has discrepancy %" with o' + a" = a.
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(2) If P € X is of type cE/2, then Q' is a point of index p' = 3,
and ¢* has minimal discrepancy %

As an immediate corollary by induction on discrepancy a, we have:

Corollary 1.3. For any divisorial contraction Y — X to a point P €
X of index n > 1 with discrepancy * > % There exsits a sequence of
birational maps

Y=X,--»...--2 Xy = X

such that each map X, 1 --+ X; is one of the following:

(1) a divisorial extraction over a point of index r; > 1 with minimal
discrepancy r%;
(2) a divisorial contraction to a point of index r; > 1 with minimal
discrepancy r%;
(3) a flip or flop.
We now briefly explain the idea. According the 2-ray game, we have
the following diagram of birational maps.

7z — gt

Notice that in this diagram the order of exceptional divisors of the tower
Z8 - Y' 5 X and Z — Y — X are reversed. The usual difficulty
to understand the diagram explicitly is that we need to determine the
center of E,: in Y*.

On the other hand, since f : Y — X is a weighted blowup, one can
embed X into a toric variety Xy and understand f : Y — X as the
proper transform of a toric weight blowup &} — A}, which is nothing
but a subdivision of a cone along a vector v;. If Z — Y can be realized
as the proper transform of a toric weighted blowup X; — A} over the
origin of the standard coordinate charts, then we can view X, — A}
as a toric weighted blowup along a vector v,. Therefore, the tower
Xy — X — A is obtained by subdivision along vectors v; and then
Vy.

We may reverse the ordering of vy, vy (under mild combinatorial con-
dition) by considering a tower X5 — X| — A& of toric weighted blowup
by subdivision along vy and then v;. The proper transforms of X in
this tower then gives 7/ — Y’ — X. Clearly, this is a tower reversing
the order of exceptional divisors of Z — Y — X by construction. No-
tice that the proper transform Y’ and Z’ is not necessarily terminal, a
priori.



4 JUNGKAI ALFRED CHEN

In section 2, we recall and generalize the construction of weighted
blowup. We also derive a criterion for —Kz,x being nef. Moreover, we
show that if the tower Z — Y — X can be embedded into a tower of
weighted blowup X; — &} — &y and — Kz, x is nef, then the output of
2-ray game coincides with the output by "reversing order of vectors”
of the tower of weighted blowups.

In Section 3, we study divisorial contractions with non-minimal dis-
crepancies case by case. We see that the divisorial extraction Z — Y
over a point of index > 1 usually give a tower Z — Y — X such that
—Kz/x is nef and it can be embedded into a tower of weighted blowups
Xy — X1 — Ay with vectors vy, vo. Indeed this is always the case if
Z — Y is a contraction over a point of highest index. The theorems
then follows easily.

We always work over complex number field C and in dimension three.
We assume that threefold X, Y are Q-factorial. We freely use the stan-
dard notions in minimal model program such as terminal singularities,
divisorial contractions, flips, and flops. For the precise definition, we
refer to [12].

2. PRELIMINARIES

2.1. weighted blowups. We recall the construction of weighted blowups
by using the toric language.

Let N = Z% be a free abelian group of rank d with standard basis
{e1,...,eq}. Let v = %(al, ..,aq) € Q% be a vector. We may assume
that ged(n, ay, ..., aq) = 1. We consider N := N + Zuv. Clearly, N C N.
Let M (resp. M) be the dual lattice of N (resp. N).

Let o be the cone of first quadrant, i.e. the cone generated by the
standard basis eq,...,eq and ¥ be the fan consists of o and all the
subcones of 0. We have

Xy = SpecCloY N M| = C,
Xy .y = SpecClo¥ N M| = C?/L(ay, ..., aq),

Let v; = %(bl, ...,bq) be a primitive vector in N. We assume that
b; € Z~o and gcd(r1, by, ...,bq) = 1. We are interested in the weighted
blowup of 0 € C¥/2(by,....,bs) = Xyy =: Ay with weights v; =
%(bl, .., bq) which we describe now.

Let 3 be the fan obtained by subdivision of ¥ along v;. One thus
have a toric variety X5 5 together with the natural map Ay 5 — Ay .
More concretely, let o; be the cone generated by {eq, ..., €;_1, 1’)1, €itl,s ..,., eqt,
then

Xl = Xﬁj = Uleui,

where U; = Xy, = SpecCloy N M]. We always denote the origin of I;
as ;.
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2.2. tower of toric weighted blowups. Let us look at U, which is
X% ,,- Suppose that there is a primitive vector vy = > f—;’ei € N such
that vy is in the interior of o;.

We can write
Vy = (0161 + ...+ cded)

(qre1 + q2e2 + . + qiv1 + .. + qaea),

Y-S =

for some ¢; € Z~q.

We denote wy = %(ql, ...,qq) to be the weight of vy is the cone o,
or simply the weight of v, if no confusion is likely. It is convenient to
introduce wy := %(ql, ey qi-1,0,qix1, -, qa). Then we have

Vg = @Ul + ws. i
p

Observation. Keep the notation as above. Notice that if

N is generated by {vy,ve,€1,...,€;, ..., €4}, T

then Xy, = Cd/wy, = C4/ i(ql, 2, ---, qq) has only quotient singularity
at @Q;. _

We can consider the second weighted blowup with vector v,. Let ¥
be the fan obtained by subdivision of ¢; along vs. One thus have a
toric variety Xﬁf' Similarly, let 7; be the cone generated by

{er,ejo1,v2, €541, .0, €21, V1, €141,y oy €a), A J F
{617"'76i—170276i+17"76d}7 lfj =1

Then
Xy = Xy = (U V) [ (Uksilhy),

where V; = SpecC[r;/ N M]. Let wy = %(ql, ..+,qq)- Then the weighted

blowup U;llej — U; with vector vy can be conseidered as a weighted
blowup with weights ws.

Definition 2.1. We say that &} — A} is the weighted blowup with
with vector v; or we say that X} — A} is the weighted blowup with
weights w; = %(cl,...,cd). Similarly, we say that Xy — A is the
weighted blowup with vector vy or with weights wy = %(‘h, ey Gd)-

Notice that by construction vy = %(0161 + ... 4 cqeq) with ¢; > 0
for all i. We can consider X] — X} the weighted blowup with vector
vy, then we have that X’ = UL, = USpecC[o}," N M| with ¢} the cone
generated by {eq,...,e;_1,v9,€;41,...,eq}. Then clearly,

U! = SpecClo!’ 1 7] = SpecCry’ N3] = Vi.

Notice also that the exceptional divisor F of Xy — X and the excep-
tional divisor F’ of X] — A&j defines the same valuation given by the
cone generated by vs.



6 JUNGKAI ALFRED CHEN

Suppose furthermore that v; is in the interior of o}, for some k. Then
we can consider a weighted blowup X, — X| with vector v;. Notice
also that the exceptional divisor £ of &; — A and the exceptional
divisor & of X] — A} defines the same valuation given by the cone
generated by vy.

Remark 2.2. We say that v; and vy are interchangeable if vy is in the
interior of o; for some ¢ and v, is in the interior of o, for some k. It is
easy to see that vy, vy are interchangeable if bjc; # bic; for all j # .

In this situation, we say that the tower of weighted blowups X; —
X — Xy (with vectors vy, vy successively) is obtained by reversing the
order of the tower of weighted blowup X, — X} — Ay with vectors
vg,v1. We have the following diagram

X, — A

XQ ;) Xo.

2.3. complete intersections. The toric variety X, = C?/v is a quo-
tient by Z,-action with weights %(al, ...,aq). For any semi-invariant

o= E&z‘l,...,z‘dﬂf?---l’iﬁ, we define
0
wto(9) = min{Y" Lijla, i, # 0}
=1

For any vector v' € N, we define wt,, similarly.

Given a cyclic quotient of complete intersection variety, i.e. an em-
bedding X = (¢1 = @2 = ... = ¢, = 0) C C4/v = Xy, where each ¢;
is a semi-invariant. Let X7 — A, be a weighted blowup with vector v,
and exceptional divisor £. Let Y be the proper transform of X in Aj.
Then we say that the induce map ¢ : Y — X is the weighted blowup
with vector v;. Note that its exceptional set is E =& NY.

Quite often, we need to embed X into a another ambient space. For
example, write ¢, = fo + fifo with fi being a semi-invariant. We set
vi= vt wty(fi)earr = (2.0, 5 wty(f1)).

We then consider X’ C &} := C¥*1/v by setting:

@) = pj, for1<j<k-1,
@ = fo+ a1 fo,
‘P;c+1 = Taqy1 — f1-

It is easy to see that X = X',
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Let X1 — C%/v := X, be a weighted blowup with weights v; =
%(cl, v ca). We set vf = (2, ..., %, wt,, (f1)) and let ] — &7 be the
weighted blowup with weights v]. Let Y, Y be their proper transform
in Ay, X respectively. Then it is straightforward to check that Y =
Y’ canonically. Indeed, the isomorphism follows from the canonical

isomorphism of Y NU; =Y’ NU; for j <d and Y' NU;, = .

Definition 2.3. The weighted blowups ¥ — X with weights v; and
Y’' — X' with weight v| are said to be compatible if the equations and
weights are defined as above.

2.4. 2-ray game. Turning back to the study of terminal threefolds.
We may write P € X as (¢ = 0) C C*/ug (resp. 1 = ¢o =0 C C°/uvy).
By a weighted blowup f : Y — X with weights v; = %(bl,...,bél)
(resp. vy = %(bl, .., bs)), we denote the standard coordinate chart as
U=UnNY,i=1,...,4 (resp. i =,...,5) and let @; be the origin of
U.

Given a divisor D on any of the birational model, adding a subscript,
e.g. Dx, Dy, will denote its proper transform in X, Y respectively (if
its center is a divisor). Similarly for a 1-cycle .

Let us consider a divisorial contraction f : Y — X to a point of
index r with discrepancy & > % Let E be the exceptional divisor of f.

Suppose that (); C Y is point of index p > 1. We consider g : Z — Y
be a divisorial contraction with discrepancy %. Let F' be the exceptional
divisor of g. We may write ¢*F = Ey + %F.

Let Dy # E be a divisor on Y passing through (); such that [y :=
Dy-E is irreducible (possibly non-reduced). Let Dy x, Dy z be its proper
transform on X, Z respectively. Notice that we have

C
Do x = Dy + gOE, 9" Dy = Dy z + %F

for some c¢q, qo € Z~yp.
Notice also that ly z = Dy 7 - Ez. Clearly, we have

glo = loz + @ZF,
D

as a l-cycle, where [y 7 is the proper transform and lp := F' - E.
It is easy to see that
—acCy

B <0

lO.KY:DO'E'KY:
We also have

—ac
los Kz =Doz-Eg- Kz = Dj-E-Ky+ —

qdo 3 3, 990 3

FF = E+p—3F. (1)
Now for any curve [ C E. Since p(Y/X) = 1, we have that [ is

proportional to [y as a 1-cycle. In other words, for any divisor D on Y,

l-D=al,- D,
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for some a. We set ¢ = acy (not necessarily an integer). Therefore,
l- Ky = =%FE°.

We can write g*l = [z + 1lp for p(Z/X) = 2 and the cone of curves
clearly generated by [z and [r (note that we did not assume that ¢ is
an integer here). Similar computation shows that

aq

ZZ'Kz:l-Ker%F?’:__C;CEi%JF_:SFs' (2)
p n p
Notice that
2
Lplo=1ly Do= £l(J'Do: £D(Q)E: Clps_ “ops
o Co C()T2 72

Also this quantity can be computed by

g*l By g*lO _ g*l Ny g*DO — lZ . DO,Z —+ %F?’ = lZ ‘Ey lO7Z -+ qggoFg

If I # ly, then l; -g, lo.z > 0. So we have
%E?’ > %F?’.
Compare with (2), we have that for [ # lo,
qolz - Kz < %(Co — ago) E°. (3)
We thus conclude the following criterion.

Proposition 2.4. Let Dy # E be a divisor on Y passing through a
point Q; of index p such that ly := Dy - E is irreducible (possibly
non-reduced). Let g : Z — Y be a extremal contraction to Q;. Let
Dy x, Dy 7 be the proper transform of Dy on X,Z respectively. We
write
* _ Co * _ do * T q

f Do,X—Do-i‘gE, g Do—Do,ZﬂLEF, g E—Ez—i-;
for some cy, qo,q € Z~o. Then —Ky/x is nef if the following inequalities
holds:

T(f,g,Do) = =% E* + ‘%?F?’ <0,
{ co—agp < 0.

Indeed, one has a more effective way of calculation by using the

”general elephant”, if its restriction is irreducible. Let © € | — Ky | be
an elephant and 6 = ©|g. We have
9'0 =0+ . F,

["Ox =0+ 4%FE . g°F = E; + %F.
Suppose that 6 is irreducible, then one has that —Kz,x is nef if

—a? 5 q
T(f,g) = HZ'KZ = —E —+

—F3<0
77,2 p3 —

since the second inequality holds automatically.
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Suppose now that —Kz/x is nef, then we can play the so-called ”2-
ray game” as in [I]. We have Z --» Z¥ — Y* — X, where Z --» Z°
consists of a sequence of flips and flops, ¢* : Z# — Y* is a divisorial
contraction.

Proposition 2.5. Keep the notation as above. We have g* contracts
Ey: and f* is a divisorial contraction to P € X contracting Fy:.

Proof. Since there are only two exceptional divisors E,: and Fy: on
Z*% over X. Suppose on the contrary that ¢* contracts Fy:. Then Ey
is the only exceptional on Y#/X. Moreover, p(Y*#/X) = 1. We thus
have Y* 2 Y for E and Ey: clearly defines the same valuation. Then
one sees that Z/Y has exceptional divisor F and Z*/Y has exceptional
divisor Fy: which again defines the same valuation. Hence Z = Z*,
which is absurd.

Notice that p(Y*#/X) =1, Y* is terminal Q-factorial and Fy: is the
support of the exceptional set. It suffices to show that Ky x is — fi
ample. Let v C Fyt be a curve. Pick any very ample divisor H on Y¥,
then we have f*" Hy = H + uFy+ for some p > 0. Intersect with v, we
have

O=~v-f"Hy =~ -H+ py Fy.
Hence v - Fy: < 0. Now
v Ky =7 Q(Fyn,X)Fyn =" a(F,X)Fyu < 0,

for the discrepancy of F' over X is positive and depends only on the its
valuation. ]

2.5. weighted blowups and 2-ray game. We fix an embedding P €
X — Ap such that the divisorial contraction f : Y — X is given by the
weighted blowup X; — A with weights v;. That is, Y is the proper
transform of X in X;. Let g: Z — Y be a divisorial contraction with
minimal discrepancy over a point (); of index p > 1

Suppose that, under such embedding, the following hypotheses holds.
Hypothesis b.

(1) The divisorial extraction g : Z — Y is given by a weighted
blowup X5 — A over a point (); with vector vs.
(2) The vectors vy, ve are interchangeable (cf. Remark 2.2)).
(3) —Kz/x is nef.
Then we have the following diagram.

P 7 X, s X 7

T

& Yy — X Xl Y’
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where Z% — Y* — X is the output of the two-rays game and Z’,Y" are
proper transform of X in A, X respectively.

Theorem 2.6. Keep the notation as above and suppose that Hypothesis
b holds. Then Y* = Y' and Z* = Z'. In particular, both f* and g* are
weighted blowups and both f' and g’ are divisorial contractions to a
point.

Proof. Let F be the exceptional divisor of X; — A;. It is the excetional
divisor induced by the vector v,. Hence its proper transform F’ in X7 is
the exceptional divisor of i : X{ — Aj. Recall that by the construction
in Subsection 2.2, there is a canonical isomorphism V; = U for some 1,
where V; C Xy and U] C X| are coordinate charts. Surely, we have an
induced isomorphism Z NV; 2 Y’ ' NU'. Since F is irreducible and

FnV,=(F-Z)nV,=2(F-Y)nUu.

It follows that Fy := F’ - Y’ is irreducible, which coincides with the
exceptional set. On the other hand, the proper transform of F in Y is
Fy:, which is the exceptional divisor of ff. One sees immediately that
Fy: and Fy: define the same valuation in the function field.

Note that —F" is clearly n-ample. It follows that —Fy is f’-ample.
Hene we have

Y= Proj(@mZOffo(_mFYﬁ)) = Proj(@mZOfio(_mFY’)) =Y
The proof for Z% =2 7' is similar. O

3. CASE STUDIES

In this section we study divisorial contractions to a higher index
point with non-minimal discrepancy case by case. For each case, we
consider the extraction over a higher index point. We shall show that
the Hypothesis b holds for all tower by extracting over a highest index
point and for some other extraction over another higher index point.
Hence, in particular, Theorem 1.1 follows.

Moreover the output of 2-ray game and interchanging vectors of
weighted blowups coincide. Hence we end up with a diagram for each
case, where every vertical map is a weighted blowup. Theorem 1.2 then
follows by checking the diagram for each case.

3.1. discrpancy=4/2 over a cD/2 point. Let Y — X be a divisorial
contraction to a ¢cD/2 point P € X with discrepancy 2. By Kawakita’s
work (cf. [§]), it is known that there exists an embedding

p1 - x% + T4x5 +p($2,$3>$4) =0,
@2 a5+ q(x1,23,84) + 25 =0

with v = %(1, 1,1,0,0). Also f is the weighted blowup with weights
v = (4 +1,41,2,1,81+ 1) or (41,41 — 1,2,1,8] — 1).
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We treat this case in greater detail. The remaining cases can be
treated similarly. Note that we can write p(zq, T3, x4) = x4p1 (22, T3, 24)+
po(wa, x3). Therefore, replacing x5 by x5+p;(xe, 3, x4), we may assume
that o, = 22 + 245 + p(22, 13).

Case 1. vy = (4l +1,41,2,1,8[ + 1).

Note that wt,, (p(xa, x3)) > 81+ 1, wt,, (q(x1, x3,24)) > 8l.

Step 1. We search for points in Y with index > 1. This can only
happen over @);. Clearly, Q1,Qs € Y.

We first look at (J3. By computation of local charts, one sees that

Q3 € X is a quotient smgularlty of type (1 2,1,3,3).

Claim 1. Q3 ¢ Y and 23 € ,.

To see this, according to Kawakita’s description, there is only one non-

hidden non-Gorenstein singularity and also the hidden singularities has

index at most 2. Hence 3 ¢ Y. In other words, one must have either
3 € ¢ or z¥ € p,. Note that xgl“ ¢ 1 otherwise ; is not a

semi-invariant. We thus conclude that x3’ € ¢,.

We can see that Q)5 € X] is a quotient singularity of type 2(8”1 (6l +
1,100+ 1,1,12] 4 2,4l) with index 2(8] + 1). We set wqy = 2(8l+1 (6[ +
1,100 +1,1,120 4 2,41) so that vo = 2(20 + 1,20 + 1, 1,2, 41).

Remark. The point Q4 € Y is a "hidden” ¢D/2 point (see [7, p.68]).
By the classification of Hayakawa (cf. [4]), any divisorial contraction
g 1 Z — Y has the property that ¢*E = Ez 4+ £F with ¢ > 0 even.
Therefore, a(F, X) = £2+ 5 > 2. Hence our theorem does not hold for
arbitrary extraction over a point () of index r > 1.

Step 2. The weighted blowup A; — AX; with weights wy gives a
divisorial contraction g : Z — Y of discrepancy m.
To see this, note that the local equation of ()5 is given by

P2 Ty +CJ($1,$3,9€4)+9€5—0

We have natural isomorphism between o € C3/ 2(8l1+1) (6l + 1,100 +

1,1) =: Y and Q5 € C5/w2. The only extremal extraction over o with
discrepancy is the Kawamata blowup Ys — Vi, which is the

7(60 + 1,100 + 1,1). Since

1
2(81+1)
weighted blowup with weights wy = 2(81+1

4 ¢ 5, one sees that

Wiy (F1) = Wl (T12) = Wi (712 + B(T2, T3)),
W, (T5) = Wtz (T3") = wtes(T2* + (1, T3, Ta)).

Therefore, the weighted blowup Xy — A} with weights wy and Yo —
Y1 are compatible (cf. Subsection 2.3). In particular, the only divisorial
contraction g : Z — Y of discrepancy 2(8l—1+1) is obtained by weighted
blowup with weights wq (with vector vy). This verifies Hypothesis b(1).

The hypothesis b(2) can be verified trivially.
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Step 3. We now checked the numerical conditions for 2-ray game. By
Kawakita’s Table (cf. [7, Table 1,2,3]), we have

3 2 3 (2(81 + 1))

T 28I+ 1) (60+ 1)(100 + 1)

Note that the exceptional divisor F can be realized as a Zs-quotient
of complete intersection

E = (@1,8l+2 = @2,8[ = O) C P<4l + 17 4l7 27 17 8l + 1)7

where ;. denotes the homogeneous part of ¢; of v;-weight k/2. In-
deed, if we pick Dy x = (z3 = 0), which is an elephant in | — Kx|, we
have that £ N Dy is defined by Zs-quotient of the complete intersection

T3 — 0,
.2
P1,8142|3,—0 = L1 + 1475,
.2
281|350 = T3 T gsi (21,0, 24).

If ggi (21,0, x4) is not a perfect square, then this is clearly irreducible.
If gsi(z1,0,24) is a perfect square, then this is reducible on E but
irreducible on E after the Zs-quotient.

Therefore, we can simply check

1 41
9 = 5m = manau+
to conclude that —K /X is nef. This verifies Hypothesis b(3).
Step 4. The weighted blowup X’ — X with vector vy gives a divisorial
contraction f’: Y’ — X of discrepancy 3.
This follows from Theorem In fact, we can check this directly as
well by considering a re-embedding X C C*/1(1,1,1,0) defined by

) <0

¢ 27 + 2574 + q(21, T3, T4) T4 + P(T2, T3, T4)

with z3lry € ¢. Let vy = %(2[ + 1,201+ 1,1,2), then one sees that the
weighted blowup Y’ — X with weight vy is compatible with weighted
blowup of Y — X with weigh v3. It is easy to see that wt,, (p) > 8 +1
implies that wiy(p) > 20 and wt,, (¢) > 8 implies that wty(qry) >
214 1. Therefore, the weighted blowup Y — X with weight 75 is indeed
the weighted blowup given in Proposition 5.8 of [4], which is a divisorial
contraction with minimal discrepancy % Hence so is Y/ — X.

Step 5. One sees that v; = %61 + %62 + %63 + vg + 1217”65.
Therefore, one consider the weighted blowup Xj — X[ with weights
why = 5(60 + 1,60 — 1,3,2,12] + 2) over Q) € X{. Let Z’ be the proper
transform in X3. Notice that Z' — Y’ is a divisorial contraction over
@, with discrepancy % This is indeed the map in Case 1 of Subsection
3.2 (after re-embedding into C*/v as in Step 4.)
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We summarize this case into following diagram.

-3

z — 7

1 _ 3 _
2(8IF1) lwt—wg 5 lwtfwé

Qs €Y Y'> Q)

%lwt:wl %lwt:w’l

X — X

Where
wy = v, = (40+1,41,2,1,81+ 1), wp=vy=1(20+1,21+1,1,2,4),
wy = 8l+1)(6l+1 1004 1,1,120 4+ 2,41), wh = 2(61+ 1,60 —1,3,2,12] 4 2).

It is easy to verify the condition f that

4] o ~~
mvl—l—wg, V1 —w2+v2.

Case 2. vy = (41,41 —1,2,1,8/ —1).

We first look at @3, which is a quotient singularity of type (2, 3,1,3,1)
in Aj.

Claim. Q3 ¢ Y and z3' € ;.

To see this, according to Kawakita’s description, there is only one non-
hidden non-Gorenstein singularity and also the hidden singularities has
index at most 2. Hence Q3 € Y. In other words, one must have either
ri € ¢ or 2371 € vy, Note that xgl_l ¢ o otherwise g is not a
semi-invariant. We thus conclude that x5’ € ;.

Next notice that Q5 € &} isa quotlent singularity of type
1,60—1,1,41,121 — 2). We set wqy = (8l T (
so that vy = %(61 +1,60—1,3,2,120 — 2).

As before, the weighted blowup Xy — A with vector v, gives a divi-
sorial contraction g : Z — Y of discrepancy m, which is compatible
with the Kawamata blowup. This can be seen by examining the local
equation at )5 and the weights as in Case 1.

Vg =

2(81 1) (101—
100 — 1,60 —1,1, 41, 121 2)

T1° + T4 + p(72,T3,T1) = 0,
T3° 4+ q(T1,T3,73) + T5 = 0

We now checked the numerical conditions for 2-ray game. We have

3 2 s (281-1))
E 281 —1) B = (61 —1)(100 — 1)’
and

2(81 — 1) 100 — 1
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We pick Dy x = (z3 = 0), which is an elephant in | — Kx|. One sees
that £ N Dy is defined by Z,-quotient of the complete intersection

T3 = 07
_ 2
P18I|gym0 = L1 T Tas,
_ .2
P2,81-2|p5—0 = T2 + gsi—2(21,0, 24).

Same argument as in Case 1 shows that DyN E' is irreducible. There-
fore, we can simply check

1
9 = 5w 100 — 1

to conclude that —K /X is nef. This verifies Hypothesis 5(3).

Hence —K /X is nef.

The weighted blowup X — A&y with vector vy gives a divisorial
contraction [’ : Y’ — X of discrepancy % This can be seen to be a
compatible re-embedding of Kawakita’s description by eliminating xs.

One sees that v, = %61 + 21;162 + %63 + vy + 45165. Therefore, one
consider the weighted blowup X5 — X/ with weights w} = (21 —1,2]—
1,1,2,41) over Q) € X|. Let Z’ be the proper transform in A}, then
one can easily check that Z' — Y is a divisorial contraction over @
with discrepancy %

We summarize this case into following diagram.

(—8+ ) < 0.

z — Z

Q(Tl—l) lwtzwg % lwt:wé

Qs €Y Y'> Q)

%lwt:wl %J{wt:w’l

X — X
Where
wy = v, = (41,41 —1,2,1,80 — 1),
wy = (; )(101 1,60 —1,1,41,121 — 2),
wh = vy = 1(61+1,60—1,3,2,12] — 2),
wh = (20— 1,20 —1,1,2,41).

3.2. discrepancy=a/2 over a cD/2 point. Let Y — X be a diviso-
rial contraction to a ¢D/2 point P € X with discrepancy §. This was
classified by Kawakiata into two cases (cf. [7, Theorem 1.2.ii]).

Case 1. In the case (a), the local equation is given by

@122+ 2574 + T123q(23, 14) + A2022* 4 p(a3, 14) =0 C C*v

with v = 3(1,1,1,0) and f is the weighted blowup with weights v; =
%<T +2,7r,a,2), where r + 1 = 2ad and both a,r are odd. Notice that
wt,, (p) =7+ 1 and as observed in [1], we have that z3? € p(23, z4).
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There are two quotient singularities ()1, Q)2 of index r + 2, r respec-
tively.
Subcase 1. We first take g : 7 — Y the Kawamata blowup at @,
which is of type T—JlrQ(éld, 1,7+ 2 —4d). We set wy = T—JlrQ(éld, 4d, 1,r +
2 — 4d) so that the weighted blowup X5 — AX; with weights wy is

compatible with g.

One has
s _ A+l s (r+2)?
ar(r +2)’ 4d(r+2 —4d)
In this case, the naive choose of Do x = (z3 = 0) € | — Kx| is

reducible. We therefore pick Dy x = (x4 = 0) instead. It is elementary
to check that o), o = r34. Hence E N Dy is irreducible. We have
co=2,q0 =1+ 2 —4d, hence ¢y — 4qy < 0 and

1, 2(r+1)
T Dy) = —
(f7 g, 0) r 4+ 2( r
Therefore —K/x is nef and Hypothesis b holds.

We summarize this case into following diagram.

+1) <0.

z s 7

1 _ a—2 —an/
r+2 J/Wt*UJQ 5 J{wt_wQ

ey Y'> Q)

%lwt:wl %J{wt:w’l

X — X
Where
wlzvlzé(r+2,r,a,2), wy =wvy = (2d,2d,1,1)
wy = 5 (4d,4d, 1,7 + 2 — 4d), wh=5(r+2—4d,r —4d,a - 2,2).

Notice also that f’ is a divisorial contraction of the same type over a

¢D/2 point with smaller discrepancy %52, where r+1—4d = 2d(a —2).
The map ¢’ is a contraction with discrepancy 1 which is in Case 1 of
Subsection 3.4.
Subcase 2. If we take ¢ : Z — Y to be the awamata blowup at
(22, which is a quotient singularity of type %(4d,r — 4d,1). We set
Wy = %(4d,r — 4d, 1,4d) so that the weighted blowup X, — X; with
weights ws is compatible with g.

One has

5 A(r+1) - r?
Car(r+2)’ ~ 4d(r —4d)’

We pick Dy x = (x4 = 0) as in Subcase 1, then we have ¢y = 2, ¢y =

4d and
1, 2(r+1)

T(fug) = _<_

1) < 0.
r r+ 2 +)
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Therefore —K/x is nef and hence Hypotheis b hold.
We summarize this case into following diagram.

-3

z — 7

% J{wt:u@ % lwt:wé

QeyY Y'> Q)

a — a—2 !
5 J{wt-wl == lwtfwl

X — X

Where
wp = V1 = %(T‘FQ,T,(Z,Z), wi = Vo = %(T+2 —4d”r‘—4d’a_ 2’2)
wy = (4d,r —4d,1,4d), wh=(2d,2d,1,1).

Notice also that ¢’ is a divisorial contraction of the same type over a
cD/2 point with smaller discrepancy “7_2, where r+1—4d = 2d(a —2).
The map [’ is a contraction with discrepancy 1 which is in Case 1 of
Subsection 3.4.

Case 2. In the case (b), the local equation is given by

®1 :37421+372375 +p(371,:c3) =0 c C5/v
2 = Tawz + 21 + q(21, 3)T 73 + 75 = 0. ’

with v = %(1, 1,0,1,1) and f is a weighted blowup with weights v; =
s(a,r,2,r 4+ 2,7 +4) with 7 + 2 = (2d 4 1)a. Notice that a is allowed
to be even in this case.

There are quotient singularities (5, Q)5 of index r, r + 4 respectively.
Subcase 1. We first consider the extraction Z — Y over ()5, which
is a quotient singularity of type Flzl(l,r —2d+ 3,2d + 1). We set
wy = —=5(1,4d + 2,7 — 2d + 3,2d + 1,2d + 1), then its give rise to a
weighted blowup compatible with Kawamata blowup ¢g: Z — Y.

We check that

o 4(r +2) 5 (r+4)?

ar(r +4)’ (2d+1)(r —2d + 3)

We pick Dy x = (x3 = 0) in this case. Then it is elementary to check
that Dy N E is irreducible. We have ¢ = 2,q0 =7 —2d + 3,¢, := ¢5 =
2d + 1 and

1, 20r+2)

T(f’g’DO):r+4(_ r

+1) <0.
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We summarize this case into following diagram.

-

z — 7

1 _ a—1 o/
—T+4J(U)t—w2 e lwtwa

Qs €Y Y'> Q@

%lwt:wl %lwt:w’l

X — X

Where
wy = v = 3(a,7, 2,7+ 2,7 +4),
wy = —5(1,4d + 2,7 — 2d + 3,2d + 1,2d + 1),
wy =y =3(1,2d+1,2,2d + 1,2d + 1),
wy=3(a—1,r—2d—1,2,7 —2d + 1,7 — 2d + 3).

Notice also that ¢’ is a divisorial contraction of the same type over
a cD/2 point with smaller discrepancy “;21, where r — 2d + 1 = (2d +
1)(a — 1). The map f’ is a contraction with discrepancy 3 which is a
compatible weighted blowup of [4, Proposition 5.8] by eliminating xs.
Subcase 2. One can also consider Z — Y be the Kawamata blowup
over ()2, which is a quotient singularity of type %(1, r—2d—1,2d+1).
We set wy 1= %(1, r—2d—1,2d+1,2d+1,4d+2) so that the weighted
blowup is compatible with the Kawamata blowup g.

We check that

E3 o 4(T + 2) F3 o T2

ar(r +4)’ (2d+1)(r—2d—1)

We still pick Do x = (x3 = 0) in this case which is known to be irre-
ducible. We have ¢y = 2,90 =2d+ 1,q; :=r — 2d — 1 and hence

1, 2(r+2)

T(fug) = _(_

1) < 0.
r r+4 +)

Therefore, Hypothsis b holds.
We summarize this case into following diagram.

-

A — 7'

% J/wt:wz % J{wt:w’2

@QeY Y'3 Q5

a -1
§lwt:w1 “TJ(wt:w’l

X — X
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Where
wy = v = 5(a,r, 2,7 +2,r+4),
wy = (1,7 —2d —1,2d + 1,2d + 1,4d + 2),
wy=v==1a-1,r—2d—1,2,r—2d+1,r —2d +3),

why=1(1,2d+1,2,2d + 1,2d + 1).

3.3. discrepancy 2/2 to a cE/2 point. In this case, by [5, Theorem
1.2], the local equation is
=0 c C*)v,

cp:xi+x?+x§+x§+...

with v = 1(0,1,1,1).

By Hayakawa’s result [5], we know that Y — X is given by weighted
blowup with vector v; = (3,2,1,4). There is a quotient singularity (),
of index 6.

Remark. There is another quotient singularity R3 of index 2 in the
fixed locus of Z, action on Us, which is not ()3.

We can take wy = %(2, 5,1,1), then vo = $(2,3,1,3). We pick Dy x =
(x3 =0) € | = Kx| and it is easy to see that Dy N E is Z quotient of
(23423 = 0) C P(3,2,1,4), which is irreducible. We also checked that

E3:%, P = 356, T(f,g):I—Ol<0.
We summarize this case into following diagram.
z — 7
b | b |
ey Y'> @,
LR
X — X
Where
wy = = (3,2,1,4), w)} = = 1(2,3,1,3)
wy = £(2,5,1,1), wh = £(5,4,1,6).

Notice that f': Y’ — X is the weighted blowup with vector v, with
discrepancy 3 as in [5, Theorem 10.41]. The point Q4 € Y is a ¢D/3

point with local equation

—2 73 | 23 | 28—
T4+ 2T1" +2T9” +T3 T + ...

with v = £(2,1,1,0).

=0cCC'/v,

Hence 7' — Y’ is the weighted blowup with

weights wj with dlscrepancy = as in [5, Theorem 9.25].
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3.4. discrepancy 2/2 to a cD/2 point. There are three cases to
consider according Hayakawa’s classification [5, Theorem 1.1]. Note
that the case of Theorem 1.1.(iii) was treated in Subsection 3.2 already.
Case 1. The case of Theorem 1.1.(i) in [5].

In this case, the local equation is

22+ 2324 + 5(23, 14)Tox3Ts + 7(23)T9 + p(T3,74) = 0 C C*/0,

with v = %(1,1,1,0). The map f : Y — X is given by weighted
blowup with vector v; = (2[,2[,1,1). Moreover, wt,, (¢) = 2l and
r3 € p(xs, 14).

There is a singularity @)y of type cA/4l with aw = 2. The local
equation in U, is given by

1
x—12+m+x_34l+...:OCC4/4—Z(072Z_171721+1)'

Since 73 appears in the equation, in terms of the terminology as in
[3, §6], one has 7 — wt(z3*) = 1. This implies that there is only one
weighted blowup Z — Y with minimal discrepancy 4% which is given
by the weight wy = 4%(41,21 —1,1,2l+1).

We pick Dy x = (z3 =0) € | — Kx| and it is easy to see that DyNE
is Zg quotient of (22 + agyri = 0) C P(3,2,1,4), where ag 4 denotes
the coefficient. In any event, this is irreducible.

We checked that

2 3 (41)? 1 1
“w D @mrnaoy TV =gt g y) <0
Hence Hypothesis b holds.

Hence we can summarize this case into following diagram.

E3

-3

z — 7

1 _ 1 o/
il lwt—wg 5 lwtwa

QeY Y'> Q)

%lwt:wl %lwt:w’l

X — X

Where
wy = v, = (21,21,1,1), wp =v=120+1,21-1,1,2)
wy = (4,20 — 1,1,21+ 1), wh=3(20—1,21+1,1,2).

In this case, both f" and ¢’ are divisorial contractions to a ¢cD/2 point
as in [4, Proposition 5.8].
Case 2. The case of Theorem 1.1.(i") in [5].
In this case, the local equation is

© 1 23+ Tow3zy + 73 + 23 + 25 =0 C C*)v,
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withb > 2,c>4and v = %(1,1,1,0) The map f: Y — X is given by
weighted blowup with vector v; = (2,2,1,1). Moreover, wt,, (¢) = 4.

There is a singularity @ of type cA/4 with local equation in Us is
given by

2b~—

T2+ T3kg + T3 + T320T 0+ 7T —0CC4/ (0,1,1,3).

Since @3* appears in the equation, one has 7 — wt = 1. This im-
plies that there is only one weighted blowup Z — Y with minimal
discrepancy i which is given by the weight ws = i(4, 1,1,3).

We pick Dy x = (23 = 0) € | — Kx| again and it is easy to see that
Do N E is Zy quotient of (22 4 04,25 = 0) C P(3,2,1,4), where d4 is
the Kronecker’s delta symbol. In any event, this is irreducible.

Then the invariant and diagram is exactly the same as the [ = 1 in
Case 1. For reference, we have

2 42 1 1
E3 -z F3 -9
We summarize the result into following dlagram.
z — 7
%lwt:wz % J{wt:w’2
QeY Y'> Q)
%lwt:wl % J{wt:w’l
X — X
Where
(2727171) wl l<3 )
1
(4717173) w2 2(1 )

Note that f’, ¢" are the weighted blowup of type vy as in [4], §4].
Case 3. The case of Theorem 1.1.(ii) in [5].
The equation is given as

2 IE1 + x4x5 + 1r(23)22 + p(23,224) = 0
P2 552 + s(ws, v4)x123 + (T3, 04) — 25 =0

with v = %(1,1,1,0,0). The map f : Y — X is given by weighted
blowup with vector v; = (I +1,[,1,1,2l + 1). We take Z — Y to
be the extraction over the quotient singularity ()5, which is a quotient
singularity of type 4l+2 (3l +2,1,1).
We can write p(x3, x4) = po(3) + x4p1 (23, 24). By replacing x5 with
— p1(z3, x4), we may and so assume that p = p(x3).
We need to distinguish into two subcases according to the parity of
l.
Subcase 3.1 [ is odd.
In this situation, we need to use the fact that either 272 € ¢, or
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Tox5™% € ¢y (cf. [5, Theorem 1.1.ii.b,c]). By this fact, one sees that the
compatible weighted blowup is given by wy = 4l+2 (3l+2, [,1,20+2,20).

We now pick Dy x = (23 = 0) € | — Kx/| again and it is easy to see
that DoNE is Zy quotient of (2 = 23+ag 23 = 0) C P(I+1,1,1,1,2(+
1), where a9 is the coefficient. In any event, this is irreducible.

We have

3_ _4 3 (4142)2
B =g 7= G2

T(f.9) = mw(—4+ @) <0

We summarize the result into following diagram.

-—>

z — 7

i J{wt:u@ % lwt:wé

Qs €Y Y'> Q)

%lwt:wl %lwt:w’l

X — X
Where

(l+1,l,1,1,2l+1) w
3l4+2,0,1,2l+2,21), w

N SH~

w2 4l+2 (

Subcase 3.2 [ is even.
In this situation, we need to use the fact that either 22! € @, or 2125+ €
o (cf. [B, Theorem 1.1.ii.a]). Then the compatible weighted blowup is
given by wy = 4l+2(l+1 3+1,1,20+2,2]).

We pick Dy x = (z3 = 0) € | — Kx| again such that Dy N E is
irreducible similarly. We have

3_ _4 3 (4142)?
E =g F —(1+1)(31+1)7

T(f,9) = gy (~4 + goes) <0

We summarize the result into following diagram.

-

A —_ /4

1 _ 1 !
+2 J/wtfwz 3 J{wt-w2

Qs €Y Y'> Q)

%lwt:wl %J{wt:w’l

X — X

Where
w1=(l+1,l,1,1,2l+1) i:%(l+1l+ ’ ’2’2l)
w2:4l+2(l+1 31+1,1,2142,21), wh=5(1+1,1-1,1,2,21+2).



22 JUNGKAI ALFRED CHEN

3.5. discrepancy a/n to a cA/n point. This case is described in
[7, Theorem 1.1.i], the local equation is given by

p 1w+ g(ay,14) = 0 C Co,

where v = £(1,-1,b,0).

The map f is given by weighted blowup with weight v; = %(rl, To,a,T).
We may write 71 + 75 = dan for some d > 0 with the term 23" € . We
also have that s; := % is relatively prime to r; and s, := atbrs g
relatively prime to 75 (cf. [7, Lemma6.6]). We thus have the following:

a = bry + nsy,

1 =qr1+ s1s1,
a = —bry + nss,
1 = qars + $559,

for some 0 < s} < r; and some g;.
We set

01 = —ngq + bs], Iy := —ngs — bs;.

One sees easily that

011 +n = asj,
B *
doTo +n = ass.

Claim 1. a > §; # 0 fori =1,2.
To see this, first notice that if §; = 0, then s} = tn,q = tb for some
integer t. It follows that 1 = ta, which contradicts to a > 1. Hence
01 # 0 and similarly 65 # 0.

Note that d,r; = as] —n < as; < ar;. Hence we have §; < a for
1 = 1,2. This completes the proof of the Claim 1.

Moreover, we need the following:
Claim 2. §; > 0 for some 1.
If 9; < 0, then n = —d;r; + asf > r;. In fact, the equality holds only
when s = 0, which implies in particular that 7, = 1. We can not have
the equalities simultaneously for i = 1,2 otherwise, r; = r9 = 1 yields
2 =11 +7ry =adn > 2n > 4. Therefore

2n > ry +1ry = adn > 2n,
which is absurd. This completes the proof of the Claim.

Remark 3.1. Suppose that both d1,0 > 0 and (a,r;) = 1, then we
have §;+02 = a. To see this, note that asj = n+0dory = n+ds(adn—ry).
Therefore,

a(sy — 02dn) = n+ (—dq)ry.
By (a,m) = 1 and comparing it with as{ = n + (4;)r1, we have 6; =
—0y + ta for some t € Z. Since 0 < 01 + d» < 2a, it follows that
51 + 52 = Q.
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Subcase 1. Suppose that §; > 0.
Notice that r; = 1 implies that s = 1,¢1 = 1 and hence §; = —n.
Therefore, we must have r; > 1. Let g : Z — Y be Kawamata blowup
over (1, which is a quotient singularity of type %(rl —s7,1,s7). We
take wy = %(Tl — s7,dr, 1, st) which is a compatible weighted blowup.
We pick Dy x = (x4 = 0) then E N Dy is defined by z;z9 + zi" =
0 which is clearly irreducible. We have ¢y = n,qy = s} and hence
co— aqy = —o01r; < 0. Also

3 _ dr? 3 _ (r1)?
E® = rire’? T ost(ri—sy)?

T<f7g7D0) = %<_ad_n + 1) < 0.

T2

Hence Hypothesis b holds
We summarize the result into following diagram.

-

Z — 7'
L wit=ws %1 J{wt:w’2

™1

ey Y'> Q)

a _ a—dq o
n J/wtfwl e J{wt—wl

X — X

Where
1 / 1
wy = 71("’1,7’2,&, n)7 wy = %(Tl - 8T7T2 - 51dn+ ST,CL - (51,77,)
/
wy = o(r = siodn, 1), wh = (i, 1dn — 57,01,m).

Note that 0 < @’ := a — §; < a and both f/, ¢’ are extremal contrac-
tions with discrepancies < .
Subcase 2. Suppose that d; > 0.
Again, 7o > 1 under this assumption. Let g : Z — Y be Kawamata
blowup over ()5, which is a quotient singularity of type %(rz —s3,1,85).

We take wy = %(dr, ro — $5,1,85) which is a compatible weighted
blowup.
We pick Dy x = (x4 = 0) again which is irreducible. We have ¢y =
n,qo = s5 and hence ¢y — aqy = —dar2 < 0. Also
F3 — dr® 3 _ _ (r2)?
rirs’ s5(ra—s%)’

T<f7g7D0) = %<_ad_n + 1) < 0.

T1

Hence Hypothesis b holds
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We summarize the result into following diagram.

z = 7

v | wi=wa %J{wt:wé
QeY Y'> Q)

a _ a—do o/
n J/wtfwl —= J{wt—wl

X — X

Where
1 / 1
wy = _(7«1’7“2’@, n), wy; = E(Tl + S; — O2dn, Ty — 3§>a - 527”)
/ 1
Wy = E<dn’r2 — S;, 17 S;), w2 = E(52dn - 857 837527”’)'

It is easy to see that if r; > ry, then ; > 0. Hence extracting over ),
provides the desired factorization. Similar argument holds if ro > 7.
Therefore, one can conclude that Theorems holds by extracting over
the point of highest index.

4. FURTHER REMARKS

It is easy to see that our method also work for any divisorial con-
traction to a point of index 1 which is a weighted blowup. Let us
take f : Y — X the weighted blowup with weight (1, a,b) for exam-
ple, where a < b are relatively prime. Write ap = bg + 1. Then by
our method, one sees easily that g : Z — Y is weighted blowup with
weight 1(p,1,b— p) over Q5. After 2-ray game, we have that ¢ is the
weighted blowup with weight (1,q,p) over Q] and f’ is the weighted
blowup with weight (1,a — ¢,b —p). Also Z --» Z’ is a toric flip. All
the other known examples fit into our framework nicely as well.

We would like to raise the following

Problem 1. Can every 3-fold divisorial contraction to a point be re-
alized as a weighted blowup?

Assuming the affirmative answer, then by the method we provided
in this article, it is reasonable to expect, as in Corollary 1.3, that for
any 3-fold divisorial contraction ¥ — X to a singular point P € X
of index r = 1 with discrepancy a > 1, there exists a sequence of
birational maps

Y=X,->...- X=X

such that each map X;.; --+» X is one of the following:

(1) a divisorial extraction over a singular point of index r; > 1 with
- 1
discrepancy e
(2) a divisorial contraction to a singular point of index r; > 1 with
- 1
discrepancy e
(3) a flip or flop.
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Together with the factorization result of [I], we have the following:

Conjecture 4.1. Let Y --» X be a birational map which is flip, a
divisorial contraction to a point, or a divisorial contraction to a curve.
There exists a sequence of birational maps

Y=X,-—»...--2 Xy = X

such that each map X;,; --+ X is one of the following:

(1) a divisorial extraction or contraction over a point with minimal
discrepancy,

(2) a blowup of a lci curve.

(3) a flop.
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