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This paper considers 2-dimensional mesh-connected computers
with multiple broadcasting (2-MCCMBs). A 2-MCCMB is con-
structed by augmenting a 2-dimensional mesh-connected com-
puter with broadcasting features in each row and each column.
One property of the modified mesh is that rectangular 2-
MCCMB:s, instead of square ones, are the best form for several
algorithms. For the median problem of N numbers, a previous
algorithm with time complexity O(N "é(log N)*?) was developed
on an N2 x N'2 2.MCCMB. This paper shows that the time
complexity can be reduced to O(N'® log N) if an N8 x N38
rectangular 2-MCCMB is used. Using the above result, we further
develop algorithms for two-variable linear programming on an
N8 x N3¥82.MCCMB, where N is the number of constraints. In
addition, to achieve better performance on the N5 x N3 2.
MCCMB, we further modify a previous prune-and-search strategy
for solving the problem and eventually obtain a parallel algorithm
with O(N18 log N) time on an N8 x N3 2.MCCMB. o 199
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1. INTRODUCTION

Mesh-connected computers (MCCs) have been widely
used because their regular structure and simple intercon-
nection are quite suitable for VLSI implementation. A 2-
dimensional mesh-connected computer (2-MCC) of size
N consists of an m X n array of processing elements
(PEs), where m X n = N. Very often, m = n = N2 [5,
12, 16]. Each PE is connected to its four nearest neigh-
bors, provided they exist. As in Nassimi and Sahni [13],
it is assumed that a PE may transmit unit data to any of
its four nearest neighbors in unit time. Moreover, each
PE has some local memory.

The regular pattern of the mesh-connected network
makes MCCs suitable for solving many problems from
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matrix manipulation and image processing [5, 12]. How-
ever, its local connectivity nature will result in a long
communication delay when data have to be moved over a
long distance. Thus, their large diameter is a main short-
coming of MCCs. To overcome the communication ineffi-
ciency, several authors have augmented MCCs with vari-
ous faster mechanisms [1, 3, 4, 6, 7, 10, 14, 15]. In some
of them, the capability of long distance communications
is enhanced through the use of one or more broadcast
buses. Several variants of MCCs with broadcasting fea-
tures were thus proposed [1, 4, 10, 14, 15]. Indeed, many
problems can be solved more efficiently on these modi-
fied MCCs. The modified meshes discussed here are 2-
dimensional mesh-connected computers with multiple
broadcasting (2-MCCMBs) [10]. A 2-MCCMB is a 2-
dimensional mesh-connected computer with a bus for
each row and column. That is, the PEs in the same row or
column are connected to a bus in addition to the local
links, as shown in Fig. 1. Hence, there are two types of
data transfers executed by each PE of a 2-MCCMB: rout-
ing data into one of its four nearest neighbors via a local
link and broadcasting data to the other PEs in the same
row (or column) via the bus on this row (or column). As
in Kumar and Raghavendra [10] and Stout [15], it is as-
sumed that broadcasting takes constant time and only
one PE is permitted to broadcast data on each row bus
and each column bus at a time. However, to avoid
the overhead caused by conflicts, all algorithms on
MCCMBs are required to be conflict-free [10, 15]. That
is, parallel algorithms on MCCMBs must be developed so
that no two PEs attempt to use the same bus at the same
time.

Very often, 2-MCCs are configured as squares in order
to easily map applications and data onto them. Square 2-
MCCs achieve the minimal diameter so that better per-
formance can be obtained. Therefore, it is natural to want
to map applications onto square 2-MCCMBs. However,
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because of the augmented broadcasting feature, the diam-
eter consideration is not necessary any more for 2-
MCCMBs. This makes possible the use of rectangular 2-
MCCMBs to achieve better performance. By using
rectangular 2-MCCMBs, Chen et al. [8] have success-
fully improved Kumar and Raghavendra’s algorithm [10]
for semigroup computations of N data items. They
showed that N8 x N38 rectangular 2-MCCMBs are the
optimal form for the algorithm and the time complexity
can be reduced from O(N'%) to O(N!®). Therefore, a
feasible way to obtain a more efficient algorithm on 2-
MCCMBs is by adjusting the dimensions of MCCMBs to
match the communication patterns of the algorithm. In
this paper, we shall apply this strategy to two algorithms
more complicated than the one for semigroup computa-
tions. First, in Section 2 it will be seen that finding the
median of N values takes O(N 8 log N) time on an N8 x
N3% rectangular 2-MCCMB. This improves the previ-
ously best known result of O(N "6(log N)**) time on an
N2 x NV22_.MCCMB. The second problem discussed is
two-variable linear programming. An elegant prune-and-
search strategy for solving the problem has been pro-
posed in [11]. To adopt this strategy on 2-MCCMBs, we
find that an efficient constraint pairing operation, i.e.,
arranging the constraints into pairs, is a prerequisite. It
will be seen in Section 3 that this operation can be per-
formed in O(N'®) time on an N¥® x N¥ 2-MCCMB,
where N is the number of constraints. Applying the
above results for constraint pairing and median finding,
we develop an O(NY(log N)? time algorithm for the
linear programming problem with N constraints on an
N® x N3¥8 2. MCCMB. However, we further find that
this result is not good enough when applying the prune-
and-search strategy directly. In the O(N"(log N)?) time
algorithm, the time required in each iteration is domi-
nated by the median finding operation. Section 3 will
show that the step performing a median finding operation
can be modified so that each iteration takes at most
O(N8) time. Consequently, an algorithm with time com-
plexity O(N "8 log N) is obtained by applying the modi-
fied prune-and-search strategy.

2. MEDIAN PROBLEM

Given N elements distributed over a 2-MCCMB of size
N with one element per PE, the median problem is to find
the median value of the N elements. The strategy we
adopt is a prune-and-search one proposed in a linear time
median finding algorithm [2]. It consists of O(log N) iter-
ations, and in each iteration a partition element m is first
determined to partition the set of possible candidates,
i.e., the elements which are not yet pruned away, into
two subsets. Each subset is guaranteed to be a constant
fraction of the size of the set of candidates. If the rank of
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FIG. 1. A 4 X 4 2-dimensional mesh-connected computer with mul-
tiple broadcasting.

m is N/2, then m is the median value. Otherwise, one of
the subsets, and thus a constant fraction of the set of
candidates, can be pruned away. Hence, in O(log N)
iterations, the median value can be found. In Kumar and
Raghavendra [10], it has been shown that median finding
can be performed in O(N Y6(log N)??) time on an N2 X
N122.MCCMB. In the following, we shall develop a me-
dian finding algorithm with time complexity O(N8 log
N) on the N5# x N38 rectangular 2-MCCMB.

The N¥8 x N38 2-MCCMB is first partitioned into dis-
joint N8 x N8 submeshes, called blocks. These blocks
form an N2 x N4 array. Denote block (i, j) as the block
at location (i, j) of the array. Furthermore, a row of
blocks is called a band. We further partition each band
into N8 groups, each containing N '® contiguous blocks.
In addition, N'® contiguous bands form a band-group.
Refer to Fig. 2. Under this partitioning, each band con-
tains N8 groups and NV® row buses. Therefore, each
group can be assigned a dedicated row bus. Moreover, it
is also known that there are N*® band-groups and N8
column buses. Similarly, each band-group can be as-
signed a dedicated column bus. In our algorithm, data
communication within a group (band-group) will be per-
formed via a row (column) bus. The upper left PE of each
block (band) is said to be the block (band) leader. A PE is
said to be active if it contains a candidate for the median
value, and the candidate is called an active element. That
is, the active elements are those which are not yet pruned
away. For easy description, the following notations are
defined.

act(i, j) = number of active elements in block (i, j).
m(i, j) = the median of the active elements in block
@ J)-

act(i) = number of active elements in band i.
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Block : N®x N PEs; N2x N® blocks

block| . block|  Group : N'"® blocks; N¥2x N® groups
group group
Band : N'® groups; N2 bands
band
band
L

Band-group : N'®bands; N3 band-groups

FIG. 2. Blocks, groups, bands, and band-groups of an N x N3%¥
2-MCCMB.

mw = the weighted median m(i, s), for some s, in band
i with

2 act(i, j)lm(i,j)<m(i,s) < act(i)/2
j

and 2, act(, j)|mjyzmis = act(@)/2,
J

where act(i, j)lm(i,j)<(s)m(i,s) means the act(i, J) with
m(i, j) < (=) m(, s).
act = number of active elements.

m = the weighted median m(¢), for some ¢, with Z;
acz(i)’m(i)<m(,) < act/2 and

> act(i))| mireme = act/2.
i

rank(m) = rank of m among all elements.

Furthermore, let S; (5,) be the number of active ele-
ments < (>) m. Initially let all PEs be active. A median
finding algorithm on an N¥ x N38 2-MCCMB is as fol-
lows.

Step 1. Sort the data in each block via local links.
This step takes O(N'%) time [16].

Step 2. Compute act(i, j) and m(i, j) for each block
@, Jj).

In each block (i, j), there is a least-numbered PE and a
greatest-numbered PE which are active during an itera-

tion. Since the elements in each block have been sorted,
we can easily determine act(i, j) according to the indices
of these two PEs in block (i, j). Moreover, we can also
determine which active PE contains m(i, j). The median
m(i, j) is sent to the block leader of block (i, j). The time
requirement of Step 2 is O(N %),

Step 3. Compute act(i) and m(i) for each band i.

Since act(i) = Ej act(i, j), it is required for each band
to sum N8 values each stored in a block leader. This can
be performed by first summing N8 act(i, j)’s within each
group via row broadcasting. Then, the summation of the
N computed sums, which are stored in the left-most
column of the band, is performed via local links. There-
fore, act(i) can be determined in O(N '8) time. Also, dur-
ing the computation of act(i), the block leader of block
@, _]) can compute Ek act(i, k)}m(f,k)<m(i,j) and Ek
act(i, k)| mi y=ma.jy- Hence, m(i) can be also determined in
O(N'®) time. The weighted median m(i) is stored in the
band leader of band i.

Step 4. Compute act and m.

The computation of act and m is similar to Step 3. The
summation of N2 gct(i)’s can be performed first via
column buses (for summing N8 act(i)’s within each
band-group) and then via the row buses and local links of
the first band (for summing the M*® computed sums).
Hence, act can be determined in O(N ¥8) time. Also, dur-
ing the computation of act, the band leader of band i can
compute 24 act(k)| mu<mi and 2 act(k)| mu=ma)- Hence,
in O(N'8) time, m can be also determined.

Step 5. Compute rank(m). If rank(m) = N/2 then m is
the median value. Otherwise, if rank(m) < (>) N/2, let
the elements of 5| (§,) become passive and go to Step 2.

The computation of rank(m) is similar to a semigroup
computation. At first, m is broadcast to each PE. Each
PE then compares m with its own element. If m is
greater, set r = 1; otherwise, set r = 0, Finally, compute
the sum of the r’s. The sum is equal to rank(m). There-
fore, this step takes O(N'8) time.

Since in each block (i, j), half of its active elements are
= (=) m(i, j), at least a quarter of the active elements in
band i are = (=) m(i). This further implies that at least
1/8 of all active elements are < (=) m; i.e., |S], [S2] =
act/8. Therefore, the median value can be found in
O(log N) iterations. Since each iteration takes O(N'%)
time, the total time complexity is O(N"® log N). Hence,
we have the following theorem.

THEOREM 1. The median of N values can be deter-
mined in O(N'® log N) time on an N*¢ x N8 rectangu-
lar 2-MCCMB.

The above algorithm improves the previously best
known result on square 2-MCCMBs [10]. In Kumar and
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Raghavendra’s algorithm [10], the square N2 x N2 2.
MCCMB is first partitioned into disjoint blocks with size
NV(log N)¥3 x N'(log N)?3. Under this partitioning, to
move data within each such block to the block leader in
O(N'/(log N)3) time, an additional algorithm, called
Roundup, was developed. This is not required for our
algorithm. Besides, in our algorithm, using rectangular 2-
MCCMBs leads to more available row buses. Since there
is more communication capability in broadcasting, the
amount of communication relying on local links can be
decreased. Further, when the local and broadcast com-
munications are balanced, the best performance can be
achieved. This is the reason why the block size is N8 x
N1/8.

3. TWO-VARIABLE LINEAR PROGRAMMING

A linear programming problem with two variables can
be defined as

Minimize c¢;x;, + %3

I
i=12,.. N) M

Subject o a;1x; + apxx = Bj

We adopt the prune-and-search strategy used in Me-
giddo’s linear time sequential algorithm for the problem
[11]. The basic idea of the prune-and-search strategy is
that there are always some constraints which do not af-
fect the solution and therefore can be pruned away.
Hence, if a constant fraction of constraints is pruned
away after each iteration, the linear programming prob-
lem can be solved in O(log N) iterations.

For convenience, (1) is first transformed into the form

Minimize y

subjectto y=ax + b, (i EI) @
ySa,-x+b,- (lEIz)
a<x=p,

where |I;| + |I;] = N and —« = q, b = «. Furthermore,
define g (x) = max{a;x + b; : i € I,} and h(x) = min{a;x +
b; : i € L}. In Megiddo’s algorithm, a point x, a = x < b,
is first carefully selected and the following values are
then computed.

s¢(x) = min{a;: i € I, a;x + b; = g(x)}

S,(x) = max{a;: i € I, a;x + b; = g(x)}

sp(x) = min{a;: i € L, a;x + b; = h(x)}

Sp(x) = max{a;: i € I, a;x + b; = h(x)}.

Let x* be the optimum solution. According to the above
values, we can test the following:

Case 1. g(x) = h(x) (feasible case)

(@ Ifs,(x) > 0and S,(x) > 0, then x* < x.
(by Ifs,(x) <0and S,(x) <O, then x* > x.

(c) Ifs,(x) <0and S,(x) > 0, then x is the optimum
solution.

Case 2. g(x) > h(x) (infeasible case)

(@ If s,(x) > Sy(x), then x* < x.
(b) If Sp(x) < sn(x), then x* > x.

() Ifsg(x) = Su(x) and S,(x) = s5,(x), then no feasible
solution exists.

Therefore, we can either find that the probiem is infeasi-
ble, recognize that x itself is the optimum solution, or
decide that the range in which x* may exist is confined to
one of the subintervals [q, x], [x, b]. Following the above
test is the pruning of redundant constraints. Given a pair
of constraints, the subinterval containing x* is used to
determine which constraint of the pair is redundant. For
the overall detailed description, the interested reader
may consult Megiddo [11]. To guarantee that a constant
fraction of constraints are pruned away during each itera-
tion, a median finding operation is included in Megiddo’s
algorithm for the previous selection of x. The algorithm
can be summarized as follows.

Step 1. Arrange the constraints in , and I, into arbi-
trary disjoint pairs. For each pair i, j, if a; = a; (i.e.,
parallel), drop one redundant constraint. Otherwise, find
the intersection (x;;, y;) of y = aix + b;and y = ajx + b;.

Step 2. Find the median x,, of the x;’s.
Step 3. Compute g(xn), h(xm), 5¢(xm)s Sexm)s S(Xm),
and S,(x,,).

(a) If x,, is optimal, report this and exit.
(b) If no feasible solution exists, report this and exit.

(c) Otherwise, determine whether x* lies to the left,
or right, of x,,.

Step 4. Discard at least 1/4 of the constraints. Go to
Step 1.

Now we discuss how the above operations are per-
formed on an N8 x N382-MCCMB. As shown in Fig. 2,
the 2-MCCMB is conceptually partitioned into blocks,
groups, bands, and band-groups. Initially each PE holds
one constraint. Before Step 1, a form transformation
(from (1) to (2)) is first performed to the constraint in each
PE. This takes O(N8) time [9]. In Step 1, constraint
pairing is performed on I, and I, independently. The con-
straint pairing resembles a semigroup computation. At
first, pairing is performed within each block. Since the
number of constraints in each block is either even or odd,
there will be at most one constraint that remains unpaired
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in each block. Then, pair unpaired constraints in each
group. The subsequent pairing operations are then per-
formed in each band and band-group. Finally, the overall
constraint pairing can be completed by one additional
pairing among all band-groups. For more details, consult
Chen et al. [9]. The hierarchical pairing thus takes
O(N®) time. Step 2 is a median finding operation, which
takes O(N 8 log N) time (Theorem 1). Step 3 is a series of
semigroup computations. This can be done in O(N'"®)
time [9]. Therefore, each iteration is of order O(N "8 log
N), which is dominated by the median finding operation.
Thus the linear programming problem can be solved in
O(N"3(log N)?) time on an N°® x N3 2-MCCMB. How-
ever, this time complexity can be further reduced by
modifying the above prune-and-search strategy.

THEOREM 2. Two-variable linear programming with
N constraints can be solved in O(N'8 log N) time on an
N8 x N3 2.MCCMB with each PE holding one con-
straint initially.

Proof. In the above algorithm, finding the median
value of intersections guarantees that at least one-quarter
of constraints can be pruned away in each iteration. In
fact, it is not necessary to find the precise median value.
We find that the weighted median m computed in the first
iteration of the median finding algorithm is adequate for
the purpose of pruning. By our modification, i.e., replac-
ing Step 2 by performing only one iteration of the median
finding algorithm, at least 1/16 of constaints can be
dropped in each iteration. It is still guaranteed that the
linear programming problem can be solved in O(log N)
iterations. However, each step of the modified algorithm
takes at most O(N8) time. Therefore, a new algorithm
with time complexity O(N"®log N) is attained. Q.E.D.

4. DISCUSSION

In Section 2 and 3, efficient parallel algorithms have
been successfully derived by adopting an N8 x N8 rec-
tangular 2-MCCMB. In general, the N¥8 x N8 rectangu-
lar 2-MCCMB is a good candidate for designing parallel
algorithms that are based on tree-like or prefix computa-
tions. Theoretically, we may carefully choose the best
form of the adopted 2-MCCMB to achieve better perfor-
mance for a parallel algorithm. In practice, to get integral
values, the size of N is restricted. For example, N must
be equal to 256, 6561, 64K, ... (i.e., of the form a®, where
a = 2,3, ...) for the above algorithms. This limits the
scope of our results. However, our approach can be
generalized to arbitrary X X Y 2-MCCMBs with XY = N,
so that given any 2-MCCMB of size N, we can derive
efficient algorithms for it. Without loss of generality, let
X = Y. Assume p = [max{Y'3, N2/Y}]. Let block size
be p X p, group size be p X Y/p, band size be p X Y, and

band-group size be X/Y x Y. Under the partitioning, it
can be verified, without much effort, that the median
finding takes O(p log N) time. Further, two-variable lin-
ear programming can be performed in O(p log N) time on
an X X Y 2-MCCMB. Therefore, we propose the general-
ized approach to achieving better performance for a
given arbitrary 2-MCCMB of size N. Note that for the
median problem and two-variable linear programming the
N8 x N38 rectangular 2-MCCMB is the one with the
best performance among the 2-MCCMBs of size N.

5. CONCLUDING REMARKS

Adopting rectangular 2-MCCMBs results in more com-
munication capability in broadcasting. Further, when the
local and broadcast communication is balanced, the best
performance can be achieved. Thus, this paper shows
that square 2-MCCMBs are not favorable for the median
problem. The previous algorithm for median finding on
square 2-MCCMBs was improved by using an N¥8 x N8
rectangular 2-MCCMB. The time complexity was re-
duced to O(N'8log N), vs O(N6(log N)??) on an N7 x
N2 2-MCCMB. We also discussed two-variable linear
programming on an N> x N3 2-MCCMB. This problem
can be regarded as a more complicated application on 2-
MCCMBs. To obtain a more efficient algorithm, we mod-
ified Megiddo’s prune-and-search strategy and success-
fully reduced the time required in each iteration from
O(NY log N) to O(N'®), Therefore, a parallel algorithm
with time complexity O(N "8 log N) was obtained.
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