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in a spherical dispersion containing Carreau fluid is investigated theoretically
based on a free surface cell model for Reynolds number in the range [0.1,100], Carreau number in the range
[0,10], the power-law index in the range [0.3,1], and the void fraction in the range [0.271,0.999]. The
influences of the particle concentration, the nature of the Carreau fluid, and Reynolds number, on the drag
coefficient are examined. We show that the drag coefficient declines with the decreasing particle
concentration, and the reversal of the flow field in the rear region of a sphere is enhanced by the shear-
thinning nature of the fluid. An empirical relation, which correlates the drag coefficient with the void fraction
(=1−particle concentration), the nature of the Carreau fluid, and Reynolds number, is proposed.

© 2008 Elsevier B.V. All rights reserved.
1. Introduction

The evaluation of the drag acting on a particle as it translates in a
fluid medium is of both fundamental and practical significance.
Sedimentation, which is often adopted to characterize the 2physical
properties of a particle, for example, involves this type of problem. In a
dispersion of particles the drag acting on an individual particle
depends on its size, shape, relative density, and the concentration of
particles. In particular, the influence of the presence of neighboring
particles on the drag acting on a particle is of profound nature because
it involves a many-body problem. In settling, for instance, the settling
speed of a dispersion of particles is slower than that of an isolated
particle [1]. Unfortunately, because particles seldom present indivi-
dually in practice, that influence often needs to be considered and
solving the associate problem becomes non-trivial. This difficulty can
be circumvented by applying a cell model, in which a dispersion is
simulated by a unit cell comprising a representative particle and a
concentric liquid shell. Two types of cell model are available in the
literature: free surface cell model [2] and zero vorticity cell model [3].
These models are essentially the same in all aspects except that zero
shear stress and zero vorticity are assumed on the cell boundary in the
former and in the latter, respectively.

The cell model has been applied successfully to simulate the
behaviors and to calculate the physical properties of various types of
dispersed system. These include, for instance, the flow through a
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porous medium [4], permeability and viscosity studies [4], the
pressure drop in packed and fluidized beds [4,5], the motion and
mass transfer of a bubble swarm [6], the settling velocity of a rigid
spherical dispersion [7], the sedimentation of rigid spheres [8], the
mass transfer of spherical particles in assemblages [9–11], the
sedimentation of a dispersion of spherical composite particles and
the fluid flow through a bed of spherical composite particles [12], and
the drag on a non-uniformly structured floc in a floc dispersion [13].

If the concentration of a dispersion is appreciable, it is usually of
non-Newtonian nature [14–17]. In this case, because the viscosity of
the dispersion is position dependent, the evaluation of the drag acting
on a particle is muchmore complicated than that in the corresponding
Newtonian case. Several attempts have beenmade to solve this type of
problem. Kawase and Ulbrecht [18], for example, applied a free surface
cell model and a boundary layer theory to analyze the behavior of an
assemblage of rigid spheres in a power-law fluids at high Reynolds
numbers. Adopting free surface cell model [2] and variational
principles, Chhabra and Raman [19] were able to obtain bounds on
the drag for the creeping flow of a Carreau fluid past an assemblage of
rigid spheres. Staish and Zhu [20] and Jaiswal et al. [21,22] solved
numerically the problem of an unbounded slow flow of non-
Newtonian fluids (power-law or Carreau model) through an assem-
blage of rigid spheres. Using both a free surface cell model and a zero
vorticity cell model, Ferreira et al. [23,24] considered the steady flow
of an incompressible power-law fluid across an assemblage of rigid
cylinders. Note that both the free surface and zero vorticity cell models
are idealizations, and there is no justification for either of these
boundary conditions. In a discussion of cell models, Zholkovskiy et al.
[25] pointed out that if the particle volume fraction is sufficiently low,
the zero vorticity cell model performs better than the free surface cell
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Fig. 1. Steady translation of rigid spherical particles of radius rp in a Carreau fluid. For
convenience, the spheres are fixed in the space and the velocity of the approaching
liquid is V. The system is simulated by a unit cell model where it is mimicked by a cell
comprising a representative sphere and a concentric spherical liquid shell of radius Rc.
The cylindrical coordinates are adopted with its origin located at the center of the cell,
and r and z are the radial and the axial coordinates, respectively.

Fig. 2. Typical mesh used in the numerical procedure.
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model does. However, if the volume fraction approaches the value
attributed to the close packing, the free surface cell model becomes
the better choice among other models, including the zero vorticity cell
model.

In this study, the drag on a rigid sphere in a spherical dispersion
containing Carreau fluid is estimated based on a free surface cell
model for the case of small to medium large Reynolds number. The
influences of the concentration of particles, the Reynolds number, and
the properties of a Carreau fluid on the drag coefficient are in-
vestigated. Empirical relationships that correlate the drag coefficient
with the key parameters of the system under consideration are
proposed.

2. Theory

Let us consider the steady translation of rigid spheres of radius rp
in a liquid. For convenience, the spheres are fixed in the space and the
velocity of the approaching liquid is V. Referring to Fig. 1, a unit cell
model is adopted where the spherical dispersion is simulated by a cell
comprising a representative sphere and a concentric spherical liquid
shell of radius Rc. The cylindrical coordinates are adopted with its
origin located at the center of the cell, and r and z are the radial and
the axial coordinates, respectively. The concentration of the spherical
dispersion can be estimated by (1−ε), where ε is the void fraction
defined by

e ¼ 1� rp
Rc

� �3

: ð1Þ

Suppose that the liquid phase is incompressible. Then the flow
field can be described by

qu �ju ¼ �jP þj � t ð2Þ

j � u ¼ 0; ð3Þ
where ρ is the density of the liquid phase, P is the pressure, ▽ is the
gradient operator, τ is the stress tensor, and u is the liquid velocity. For
a generalized Newtonian fluid [26–29]

t ¼ �g :
gð Þ :γ ð4Þ

where γ· = (▽u+(▽u)T) is the rate-of-strain tensor, γ̇ is its magnitude,
η is the apparent viscosity, and the superscript T denotes matrix
transpose. Suppose that the liquid phase is a Carreau fluid, the
viscosity of which can be described by [26–29]

g :
gð Þ ¼ g0 1þ k :gð Þ2

h i n�1ð Þ=2
ð5Þ

where η0 is the viscosity corresponding to the minimum shear rate, k
is the relaxation time constant, and n is the power-law index. Note
that if n=1 and/or k=0, the liquid becomes Newtonian.

The following boundary conditions are assumed for the flow field:

uz ¼ V at r ¼ Rc ð6Þ
srh ¼ 0 at r ¼ Rc ð7Þ
uz ¼ 0 on the sphere surface ð8Þ
where uz is the fluid velocity in the z-direction.

3. Results and discussion

FIDAP7.6, a commercial software based on a finite elementmethod,
is adopted to solve the governing equations and the associated
boundary conditions. Throughout the computation, double precision
is used and grid independence is checked. In our case, using roughly
7000 elements in the liquid domain is sufficient. Fig. 2 illustrates the
typicalmesh used. The applicability of the software adopted is justified
byapplying it to the case of a Newtonianfluid and comparing the result
obtained with the available result in the literature. The drag acting on
an isolated rigid sphere in a fluid, FD, can be expressed as [26,30–32]

FD ¼ 1
2
qV2

� �
pr2p

� �
CD ð9Þ

where CD is the drag coefficient. Fig. 3 shows the variation of FD as a
function of ε for the case of a Newtonian fluid under a creeping flow
condition. Both the analytical result of Happel and Brenner [4] and the
numerical result based on the present approach are presented. As seen
in Fig. 3, the performance of the software adopted is satisfactory.

For illustration, we assume that η0=3 g/cm s, and therefore the
parameters key to the behavior of a sphere are the Reynolds number, the
concentration of spheres, and the properties of the Carreau fluid. The
influences of these parameters on the flow field and the drag coefficient
are investigated through numerical simulation. For convenience, we
define the Carreau number Cu and the Reynolds number Re as [26–29]

Cu ¼ kV=rp ð10Þ
Re ¼ 2qrpV=g0: ð11Þ

The simulated flow fields near a sphere at various combinations of
the void fraction ε, the Carreau number Cu, and the Reynolds number



Fig. 3. Variation of the drag on a rigid sphere in a spherical dispersion of Newtonian
fluid as a function of ε for various values of (rp /Rc) at Re=0.01. Solid curve, result of
Happel and Brenner [4], discrete symbols, present numerical results.
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Re are illustrated in Figs. 4–6. These figures suggest that if Re is
sufficiently small, the flow field in the front region of a sphere is
essentially symmetric to that in its rear region, regardless of the
Fig. 4. Flow fields for various combinations of ε and Cu at n=0.6 and Re=0.1. Cu=0.1 in (a), (b
(f), ε=0.999.
levels of ε and Cu. However, as Re becomes large, they are no
longer symmetric to each other. In this case, a reverse flow is
present and vortexes can be observed in the rear region of the
sphere. The presence of the neighboring spheres has the effect of
confining this reverse flow so that the reverse of the flow field in
the rear region of a sphere occurs only if ε is sufficiently large. On
the other hand, the shear-thinning nature of the fluid has the effect
of enhancing the reverse flow. Note that if the shear-thinning
nature of the fluid is significant, such as in Fig. 6(d), although ε is
not large enough to observe the reverse flow in the rear region
of the sphere, the flow field there becomes unstable, and local
turbulent flow is present.

Fig. 7 shows the influence of particle concentration on the
drag coefficient CD for various combinations of Cu and Re. This
figure reveals that for the range of Re considered, regardless of
the magnitude of Re, the qualitative behaviors of CD are roughly
the same. In general, for a fixed Cu, CD decreases with the in-
creasing in ε (decreasing in the particle concentration), and the
smaller the ε (higher the particle concentration) the more sig-
nificant is its influence on CD. For a fixed ε, CD declines with the
increase in Cu, which is expected because the larger the Cu the
more important the effect of shear thinning is. Also, the larger
the ε (lower the particle concentration) the more significant the
), and (c), and Cu=10 in (d), (e), and (f). (a) and (d), ε=0.271, (b) and (e), ε=0.657, (c) and



Fig. 5. Flow fields for various combinations of ε and Cu at n=0.6 and Re=40. Cu=0.1 in (a), (b), and (c), and Cu=10 in (d), (e), and (f). (a) and (d), ε=0.271, (b) and (e), ε=0.657, (c) and
(f), ε=0.999.
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influence of Cu is, and this phenomenon is pronounced if n be-
comes smaller.

The influence of the particle concentration on the drag coef-
ficient, measured by the ratio R= [CD(ε=0.271)/CD(ε=0.999)], at
various combinations of n, Re, and Cu is summarized in Table 1. As
seen from this table, the influence of the particle concentration is
more important at a smaller Cu, a smaller Re, and a larger n,
implying that the shear-thinning nature of a fluid has the effect of
reducing the influence of particle concentration. It is interesting to
observe that at n=0.6 and Cu=10, R has a local minimum as Re
varies. A local minimum in R is also observed as Cu varies at n=0.6
and Re=100, and as Re varies at both Cu=0.5 and Cu=1 for n=0.5,
0.4, and 0.3. In general, the more important the shear-thinning
nature of a fluid the easier for R to have a local minimum. The
presence of the local minimum arises from the specific behavior of
the flow field in the rear region of a sphere such as that shown in
Fig. 6(d).

From application point of view, it is highly desirable to correlate
CD with the parameters key to the system under consideration. To
this end, a regression analysis is conducted based on the simulation
data gathered in our study. For 0.5bn≦0.8, 0.1≦Cu≦10, ε≦0.7, and
Re≦100, we arrive at

CD ¼ A

Cu B�C�Reð ÞReDe EþF exp �Re=Gð Þ½ � ð12Þ

A ¼ 11:7þ 170n ð12aÞ

B ¼ 0:9455� 0:935n ð12bÞ

C ¼ 0:00617� 0:007n ð12cÞ

D ¼ 0:844þ 0:12n ð12dÞ

E ¼ 2:72384� 2:06055� 10�12 exp
n

0:02835

� �
ð12eÞ

F ¼ 2:33773� 10�7 exp
n

0:04779

� �
ð12fÞ

G ¼ 3:19373� 10�5 exp
n

0:0456

� �
: ð12gÞ



Fig. 6. Flow fields for various combinations of ε and Cu at n=0.6 and Re=100. Cu=0.1 in (a), (b), and (c), and Cu=10 in (d), (e), and (f). (a) and (d), ε=0.271, (b) and (e), ε=0.657, (c) and
(f), ε=0.999.
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For 0.3≦n≦0.5, 0.1≦Cu≦1, ε≦0.7, and Re≦40, we obtain

CD ¼ AV
Cu BV�C V�Reð ÞReD VeE V

ð13Þ

AV¼ 43:333þ 110n ð13aÞ

BV¼ 0:90533� 0:86n ð13bÞ

C V¼ 0:00547� 0:007n ð13cÞ

DV¼ 0:89133þ 0:06n ð13dÞ

EV¼ 1:47333þ 2:05n: ð13eÞ

For 0.8bn≦0.9, 0.1≦Cu≦10, ε≦0.7, and Re≦100, CD can be de-
scribed by

CD ¼ 169
Cu 0:099�0:0002Reð ÞRe0:954e 3:656�0:0031Reð Þ : ð14Þ

Fig. 8 summarizes the variation of the CD based on the correlation
relationships, Eqs. (12)–(14), as a function of the CD calculated in this
study. In general, the performance of the correlation relationships
obtained is satisfactory. Although the maximum deviation is on the
order of 30%, only few points deviate appreciably. In general, the larger
the value of n the better the performance of Eqs. (12)–(14).

The performance of the present model is further examined by
comparing the results calculated with those predicted by other
theoretical models [20,21,33,34], where a power law, shear-thinning
fluid in the creeping flow region was considered with

g :
gð Þ ¼ Kj :gjm�1: ð15Þ

The values of the parameters assumed are K=20 g/(cm2 s) and
m=0.6, which correspond approximately to η0=100 poise, λ=55.90 s,
and n=0.6 in the present Carreau model. For Ren=ρV2−m(2rp)m /K≪1,
a drag correction factor X is defined as [35]

X e;nð Þ ¼ CDRen
24

: ð16Þ

Fig. 9 illustrates the variation of X as a function of ε based on the
present model and that based on the other theoretical models. As
seen, the general trend of X is consistent with that predicted by other



Fig. 7. Variations of CD as a function of ε for various combinations of Cu and Re at n=0.6. Curve 1, Cu=0, 2, Cu=0.1, 3, Cu=1, 4, Cu=10. (a) Re=0.1, (b) Re=10, (c) Re=40, (d) Re=100.
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models. Fig. 9 reveals that the larger the ε the closer the X evaluated
by the present model to that of the other models. This might arise
from that the higher the concentration of particles (ε is smaller) the
greater the difference between the nature of the present Carreau fluid
and that of the corresponding power-law fluid. This can be justified by
the experimental observation of Machač and Lecjaks [36], where the
terminal velocity of a sphere in a rectangular duct filled with a non-
Newtonian fluid is studied. Kerafloc, the polymer solution used in
their Fig. 5, can be described by a Carreau fluid. They found that if the
boundary effect is insignificant, the wall factor for the case of a power-
law fluid [37] is close to that of a Carreau fluid. On the other hand, if
the boundary effect is significant, then the difference between the two
is appreciable. These imply that the smaller the ε the greater the
difference between the X calculated by the present model and that
predicted by the other power-law based models, as is seen in Fig. 9.

4. Conclusion

The drag on a rigid sphere in a spherical dispersion containing
Carreau fluid is estimated based on a free surface cell model. Nu-
merical simulations are conducted for Reynolds number in the range
[0.1,100], Carreau number in the range [0,10], the power-law index in
the range [0.3,1], and the void fraction in the range [0.271,0.999]. We
show that if Reynolds number is sufficiently small, the flow field in the
front region of a sphere is essentially symmetric to that in its rear
region; if it is large, a reverse flow is present in the rear region of the
sphere and the flow fields are no longer symmetric. The presence of
the neighboring spheres has the effect of confining this reverse flow,
but the shear-thinning nature a fluid has the effect of enhancing that
flow. The drag coefficient declines with the decreasing in the particle
concentration and the higher the particle concentration the more
significant is its influence on the drag coefficient. An increase in the
Carreau number has the effect of reducing the drag coefficient, and the
lower the particle concentration and/or the smaller the power-law
index the more significant that effect is. The degree of influence of the
particle concentration on the drag coefficient may have a local
minimum as Carreau number or Reynolds number varies; the more
important the shear-thinning nature of a fluid the easier for that
influence to have a local minimum. Empirical relationships are de-
veloped, which correlate the drag coefficient with Reynolds number,
Carreau number, the power-law index, and the particle concentration.
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