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Abstract. The dynamics of a versatile sliding control is presented, which utilizes a low-pass filter for second-order
s dynamics and a high-pass (or band-pass) filter for an error dynamics in series. The versatile sliding control places
zeros within the error dynamics and applies a second-order sliding condition. The second-order s dynamics sharply
rejects unwanted high-frequency signals that include unmodeled dynamics and disturbances. The bandwidth of
the s dynamics is designed low such that the excitation to the error dynamics will be minimum. With a lower
bound of damping ratio for the s dynamics, the thickness of the boundary layer can be self-tuned by the placed
zeros and the spring constant within the sliding condition to fine tune the s dynamics and the error dynamics. The
trade-off between tracking accuracy and the robustness to the uncertainties no longer exists. The control exhibits
greater flexibility in design and better performance than its counterpart with a first-order sliding condition.

1. Introduction

The sliding (mode) control method utilizes the Variable Structure Concept [6], [11] and
provides a simple and systematic way to intentionally alter control structure such that the
control system is insensitive to the modeling error and disturbances. The control drives
the state onto a user-designed surface (the sliding surface) and maintains the state on the
surface until a desired state is reached. The Lyapunov stability criterion is used to generate
a sliding condition such that the state can reach the sliding surface within a finite time and
remain on the surface.

The sliding control has been reviewed by Utkin {10] and DeCarlo et al. [3] where the
sliding surface was defined in terms of state variables. With the state-variable expression,
the system dynamics on the sliding surface was derived by the equivalent control method
and the sliding surface was designed based on the requirement of having a stable system
dynamics [4]. Recently, the sliding surface was defined in terms of tracking errors [5], [7]
with which a sliding mode can be readily obtained as long as a stable linear differential
operator on the tracking errors is selected. The tracking-error approach results in a direct
and simpler design of sliding surfaces.

The switched control was first developed utilizing the sliding-control concept. A buffer
element, i.e., the s dynamics, which describes dynamics of the sliding surface variable s,
plays a central role to filter the uncertainty and provide system robustness. The resulting
high-frequency output from the switched s dynamics is filtered by a low-pass filter of
error dynamics and perfect regulation is obtained. The high-frequency switching resuits
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in chattering phenomenon of the control input that is not desirable for mechanical devices
because of noise generation and wear.

Continuous (smoothing) control has been introduced to eliminate high-frequency switch-
ing at the sacrifice of perfect regulation. A continuous tracking control for nonlinear
time-varying dynamical systems [7] was developed, where the sliding surface was defined
in tracking errors and directly linked to error dynamics. The high-frequency switched s
dynamics was transformed into a first-order low-pass filter inside the boundary layer. How-
ever, the control scheme resulted in a trade-off between robustness and tracking accuracy.
With additional integral control, continuous control eliminates steady-state error. As the
integral control action destabilizes the control system, the system response tends to be os-
cillatory. The capability of the sliding control in shaping the system dynamics is too limited
to meet the no-overshoot (no-oscillation) requirement and the system response in turn is
sluggish (longer rise time and settling time).

The trade-off between robustness and tracking accuracy was further refined [8], and
the control scheme has been applied to various dynamical systems [9], [12]. Ambrosino
(1984) also attempted to eliminate partially the chattering so that the tracking error would
not deteriorate considerably.

To eliminate the trade-off, the second-order sliding condition [2] was also explored to
develop a simple robust sliding tracking control for time-varying nonlinear systems, The
control, which places zeros in the error dynamics and applies a second-order sliding con-
dition, provides better tuning capability than its counterpart with the first-order sliding
condition. The relative stability is tightly controlled and the tracking errors are improved.
The sliding control utilizes a low-pass filter and a high-pass (or band-pass) filter in series.
The low-pass filter rejects the unmodeled dynamics and environmental disturbances, and the
high-pass filter practically keeps the desired system response intact from the low-frequency
excitation generated from the low-pass filter.

In this paper, the sliding control with second-order sliding condition (Versatile Sliding
Control) will be further investigated particularly regarding dynamic behavior and the tun-
ing efficiency. For simplicity, a SISO (Single-Input-Single-Output) system will be used to
demonstrate concepts. Finally, an example of a single-arm manipulator with varying pay-
loads will be given to show the design, performance and robustness of the control system.

2. System Model and Uncertainty

The sliding control is a deterministic process for dynamical systems and deals with modeling
errors as well as environmental disturbances. A well-defined bounding of the uncertainty
along with a deterministic physical model is therefore required.

Consider a scalar nth-order time-varying dynamical system

™ =bu+ f+d 2.1

where x™ is the nth-order time-derivative of an output variable of interest x. u is a control
input and d is a time-varying disturbance. b and f are the functions of output variables
and time. Equation (2.1) represents a canonical I/O form of physical models of nonlinear
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time-varying dynamical systems. A nominal mathematical model of the system can be
obtained and written as

x® =hu+ f 2.2)

b and f are the nominal values of b and f and can be obtained through experiment or
theoretical evaluations.

The bounding of the uncertainty is based on an assumption that the modeling error is
bounded. The manner of bounding could have many forms. A type of confinement being
adopted in this paper is [8]

S S

If=fI<F and p'<=<8 (2.3)
where F = (fumax — fuin)/2 and B = (bgax/bmin)'/?. Tt implies that the system parameters
and their nominal values are related as f = (fmax + fmin)/2 and b= (Pmaxbmin)? 3 although

the system parameters b, f andd are unknown. Inaddition, itis assumed that the disturbance
d is also bounded, i.e., |d| < D.

3. Sliding Surface and Second-Order Sliding Condition

The sliding surface defines a domain to which the closed-loop control system will be
driven and where the system will be maintained while the tracking error is sliding towards
zero. Therefore, the sliding control initially attracts the system towards the surface and
the system is required to be asymptotically stable while on the sliding surface. There is a
need to introduce a variable s which connects the closed-loop dynamic behavior and the
sliding surface. A sliding condition is needed by which the control will be designed to drive
the variable towards zero, i.e., sliding surface, in an asymptotically stable manner. When
the sliding surface has been reached and the state remains on the surface, the value of the
variable stays at zero and the system is in the sliding mode. The sliding surface, s = 0,
must be designed such that the dynamics of the tracking error is also asymptotically stable
in the sliding mode.

The second-order sliding condition derived from the Lyapunov stability criterion specifies
the dynamic behavior of the variable s. The purpose of using the second-order sliding
condition is twofold: (1) to increase the order of the s dynamics and increase the activity of
the s dynamics and (2) to provide more tuning parameters and increase tuning capability.
The application of the second-order sliding control results in a control design with better
system robustness and higher tracking accuracy. Let a Lyapunov function be

1 1
=§s'-.é+5s-a)3-s (3.1)

To have stable s dynamics, V <0,ie.,

§SE+w’s) <0 (3.2)
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Equation (3.2) represents a stability criterion for a mass-spring-damper system, i.e., a mass-
spring system with a positive damping. The spring constant w? will reflect the stiffness of
the s dynamics and can be adjusted to allow for more tuning flexibility. Due to the fact
that the s motion may stop and stay at a nonzero position when V = 0, Equation (3.2) is
rewritten to be

55 + wls) < —nl$| (3.3)

The above equation also allows one to adjust the approaching speed towards the sliding
surface by varying 7.

In the sliding mode where s and its derivatives are zero, the closed-loop system dynamics
represented by its tracking-error dynamics must be asymptotically stable. Let e = x — x4
be the tracking error, i.e., the difference between the output measurement and the desired
output. The error dynamics is defined to be

d ~(d !
(E+ZO)S=H<Z+pi)/O edt (3.4)

i=1

where the p’s and zg are assigned to locate the poles and zero for the error dynamics. The
polynomial version of the above equation is

t
§+zZgs = e(n—l) + Cn_le(n—2) + cn_ze(n—-3) +oet CO/ edt (35)
0

The above equation indicates that the s terms in the left-hand side are inputs to the error
dynamics, and the error e becomes a filtered version of s. Since the physical relationship
between s and tracking error is also governed by the equation, the closed-loop control
system is asymptotically stable given that the s dynamics is asymptotically stable. The
above formula could have been more sophisticated if more integral terms of s and e had
been included. For example, the error dynamics could have been defined as

t t t
s +z0s+z1fsd‘t+~--+zp/...fs(dt)”
0 0 0

t

= "V 41" P eVt t e / edt
0

t t
+.--+c1_m/ / e(dn™ (3.6)
0 0

where p and m are integers. For simplicity, only Equation (3.5) will be adopted in this paper.
It will be shown that s is influenced by the control input « and therefore the s dynamics can
be modulated by the control input. By differentiating Equation (3.5),

54205 = €™ 4 cu16" P 4 p2e™ P 4+ cr1é 4 coe GB.7
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The control input u can influence the s dynamics through the following equation:
§tzos=bu+f4+d—xP+e

where
&= Cno1€" D + 0y 4+ 016 + e

The role of the control u is to shape the s dynamics such that the sliding surface can be
reached in a finite time. Once the system is in the sliding mode, the asymptotically stable
error dynamics (Equation (3.5)) guarantees zero steady-state tracking error.

4. A Versatile Sliding Control Algorithm

The sliding control law requires two combined actions: (1) an equivalent control that keeps
the error dynamics asymptotically stable in the sliding mode, and (2) an additional switched
control that maintains the state on the sliding surface. The switched control is switching
about s = 0 based on the sign of the indicator § which determines the Lyapunov stability
according to the second-order sliding condition since it determines whether the damping is
positive or not. The switched control is the key to the system robustness and usually results
in a fast motion to bring the state onto the sliding surface where a slower motion proceeds
until a desired state is reached.

To eliminate the chattering, the saturation function is utilized along with adopting the
boundary-layer concept. The continuous control law is designed as

=h! (”—k (i» 4.1
u i sat p 4.1

4
ﬁ:~f+xfi")—8+z<).§—w3/ sdt
0
and
. t t
§ =t +cn_le(”"2)+cn_ze("_3)+---—|—c0f edt—zo/ sdt
0 0

where ¢ is the thickness of the boundary layer for the parameter 5. Outside the boundary
layer, |s| > ¢ , the second-order sliding condition is applied to govern the stability of the
discontinuous s dynamics. Inside the boundary layer, |§| < ¢, the continuous control law
gives smooth s dynamics.

The constant gain & is selected to satisfy the sliding condition in order to guarantee the
asymptotic stability of the s dynamics outside the boundary layer. By adding w?s to the
Equation (3.8), the second-order sliding condition (Equation (3.3)) is given as

5 (bu +f4d—x e —zo5+ wﬁs) < —pls| “.2)
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Figure 1. The versatile sliding controller.

The control input has to be designed in such a fashion that the s dynamics obey the above
condition. Outside the boundary layer, Equation (4.1) is equivalent to

u = b=\ (ii — k sign(s)) (4.3)
By substituting Equation (4.3) into Equation (4.2) with the definition of #, k is found to be
k= B(F+D+mn+ (8- Dlil (4.4)

Itimplies that the gain k is a measure of the uncertainties. For implementation, the minimum
value of k£ will be chosen to minimize the control effort. Figure 1 shows the structure of
the controller which includes a block of inverse error dynamics that utilizes the system
error e to compute the s value. Note that the inverse error dynamics is simply an inverse
operation of the error dynamics (Equation (3.4)). The diagram also includes a Lyapunov
control utilizing the Lyapunov stability criterion to obtain stable s dynamics such thats = 0,
a sliding surface, may be reached. A saturation control eliminates the chattering and the
remaining steady-state system error e can also be eliminated with an integral feature in the
error dynamics. The control system bandwidth can be tuned by the adjustable parameters
within the system dynamics.

5. Stability and Tuning Mechanisms

The stability of the s dynamics is to be examined since it determines the stability of the
closed-loop control system. Outside the boundary layer, the stability is governed by the
sliding condition by which the gain k was selected. In other words, the gain is selected
such that the s dynamics outside the boundary layer is stable. Inside the boundary layer,
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the stability is examined from the equation which describes the smooth s dynamics, i.e.,

p—1

k 2 TN
5+ §+ois=(f—-f+d—1—-bb i 5.1
Since i = — f + x‘(in) — &+ 205 — w? fot § dt, the s dynamics can be re-organized to be

~ ~ . k ~
s+ [(1 —bb ™20+ bb_la] s+ bb“la)ﬁs

= (f=H+d—1=bb")~f+x —¢) (5.2)

There are three parameters in Equation (5.2) to be determined, i.e., zo, ¢, and w,.

Note that the first-order sliding condition results in a first-order filter which only has
one parameter ¢ to be determined and creates a trade-off between tracking accuracy and
robustness. A small ¢ could improve the tracking accuracy while the system robustness
suffers from the large bandwidth due to the small ¢ since the large bandwidth allows
high-frequency unmodeled dynamics and disturbances to enter into the system.

The selection of the three parameters requires stability analysis of the s dynamics. The
values of these three parameters affect the relative stability of the s dynamics which is
governed by the natural frequency (bandwidth) and the damping ratio. Therefore, the
tuning mechanism of the parameters will be designed through controlling the bandwidth
and damping ratio. Derived from Equation (2.3), the following inequalities are useful in
designing the tuning mechanism.

%wﬁ <bb7'w? < puw? (5.3)
and
1k R .k 1 k
1— 4+ —— <(1=bb"! bb1= (1 - ~> - 5.4
(1-PBzo ﬂ¢<( )zo + ¢S 5 Zo+/3¢ (5.4

The above equations are used to determined the bounds on the parameters of s dynamics,
Le., the bandwith w,, and the damping ratio ¢,. Given the spring constant w? and the
boundary layer thickness ¢, the lower bounds and the upper bounds of w, and £, can be
obtained as follows,

W < wy < Wy (5.5)
and

<84, (56)

1
ﬁwn 6.7
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W, = \/,Ewn (5.8)
(-Pzo+ 45
b= T (5.9)
and
(1-3)z0+ pL
$y = _ﬂ—o__‘é (510)

2w,

A time-varying ¢ can be derived from Equations (5.9) or (5.10) to control the s dynamics
and to improve the tracking performance. A non-oscillatory s response is desirable and
&1 > 1 guarantees under-damped s dynamics. From Equation (5.9), by assigning ¢;, the
boundary layer thickness can be computed as

k

_ B
¢= 25w — (1 = B)zo

and, with the computed ¢, the corresponding lower (or upper) bound of the damping ratio
can be obtained from Equation (5.9) (or Equation (5.10)). The range of the bandwidth for
the s dynamics is given by Equations (5.5, 5.7-8), where w, is the only control parameter
for the bandwidth. To provide more tuning capability, two other control parameters, both
the lower bound of the damping ratio and the specified zero, would affect ¢, and would
further shape the s dynamics and control the tracking accuracy. With this great versatility,
the trade-off between tracking accuracy and robustness to the system disturbances no longer
exists.

From Equation (5.11), the greater the level of uncertainties k, the greater is ¢ and this
allows for more active 5 dynamics. From Equation (5.9), with other parameters fixed, the
greater the ¢ is, the less the damping (or more kinetic energy) is allowed for the smooth
s dynamics. Therefore, with greater ¢, the s dynamics is more active and is more easily
excited. In other words, the s dynamics is more sensitive to its excitation with a greater
value of ¢. The value of ¢ plays a critical role to fine tune the system response and requires
particular attention.

Figure 2 presents a detailed s dynamics from a synthesis viewpoint of the versatile sliding
control system. The control is viewed as a two-stage filtering device which utilizes a low-
pass filter for second-order s dynamics and a high-pass (or band-pass) filter for an error
dynamics in series. A desired signal (goal) can be obtained if unwanted signals are filtered
by the two-stage band-pass filter. At the first stage, s dynamics filters unwanted high-
frequency signals that include unmodeled dynamics and disturbances. The s dynamics,
a low-pass filter, plays a very important role as a buffer to protect the system from being
disturbed by uncertainty. The second stage of the sliding control is a high-pass (or band-
pass) filter to obtain error response. The bandwidth of the s dynamics will be designed low
such that the high-frequency uncertainty is filtered and the excitation to the error dynamics
will be minimum.

(5.11)
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Figure 2. The structure of the versatile sliding control system.

6. Example Presentation

Arigid single-link robot arm equipped with robust control is used as an example to illustrate
the concept and to present numerical results. The robust control is designed to control the
motion of the arm for various payloads. For this case, the motor position 6 on the joint is
the output variable of interest. The link of the arm has a length of L and a mass of M, and
the cross sections of the link are uniform. The arm lifts a payload mass of m, where the
maximum value is M. Thus the payload mass m, will range from 0 to M. The deterministic
model of the plant is derived as

1 . (1
(§M+mp) L* + (§M+mp) Lgcosd =T (6.1)

where g is the gravitational acceleration and T is the motor torque. By replacing 6 by x
and T by u, the canonical form of the model is written as

i=bu+f+d 6.2)
where

b= ! 6.3

" GM ) L2 ©3

6.4)
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Since 0 <m, < M, for 0 <8 < 90°, byn, bimax, fimin a0d frmax are listed as

bin = ; b 3
min = 4ML2, max - W (65)
3
fain = =55+ 800 fx =0 (66)
Now, a nominal model with its uncertainty confinement is given as
i=bu+f 6.7)
. b
If~fI<F ad pl<r<p 6.8)
where
N 3 A 3g
b= L f=-==, .
2ML? f 4L 69
3g
F = i and B8=2 6.10)

For the numerical results, the plant has the following data: M = 4 (Kg), L = 1 (m), and
m, = 4 (Kg). Note that the payload mass of the plant has been chosen as the maximum
value for which the robust control is designed. This value was selected in order to run a
severe test on the robust control. The desired trajectory was selected to be

t forO<tr<1
1 forl<tr<?2
Xy = 6.11)
3—1¢ for2 <t <3
0 fort <3

where the unit of time ¢ is a second. The system was simulated with zero initial conditions.
The time interval for numerical integration was 0.01 (sec) unless different values are stated.
To gain enough speed and critically damped response, the error dynamics was set for a
bandwidth of 10 (rad/sec), i.e., first pole —p; = —10 and second pole —p; = —10. The
parameter for controlling the approaching speed outside the boundary layer, 1, was assigned
tobe 10. Any chattering of the manipulator will be eliminated by utilizing continuous sliding
control. The spring constant of the second order sliding condition was selected as w?=1
to keep the bandwidth of the s dynamics low. Along with the selection of ¢; (the lower
bound of the damping ratio) for the s dynamics, the zero zo should be placed such that the
s dynamics can be fine tuned. Note that the value of ¢ and zq should be chosen such that
¢ > 0. The value of zq affects the filtering level of error dynamics and the thickness of
the boundary layer (Equation (5.11)). With a fixed ¢;, the smaller the value of 2o, the more
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Figure 3. The tracking performance of a versatile sliding control (¢; = 1 and zg = 100) (a dotted line for desired
trajectory).
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Figure 4. The tracking performance of a versatile sliding control (& = 1 and zg = 1) (a dotted line for desired
trajectory).

active the s dynamics, but the better is filtering for the low frequencies. Given ¢; = 1,
Figures 3-5 present the tracking performance due to three values of zy, i.e., 100, 1, and
—1. By comparing Figures 3 and 4, it is observed that decreasing the value of the specified
zero —zg speeds up the response since the low frequencies (slow motion components) of
the s dynamics output are filtered by the error dynamics. However, on the other hand, with
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Figure 5. The tracking performance of a versatile sliding control (¢; = 1 and zo = —1) (a dotted line for desired
trajectory).

further decreased zp (Figure 5), the more active s dynamics due to thicker boundary layer
cause greater tracking error. The tracking performance with zg = 1 (Figure 4) is therefore
better than those with zop = 100 and zo = —1 (Figures 3 and 5). Additional tuning can
be performed through an adjustment of ¢; in order to improve the tracking performance.
The greater the value of ¢, the thinner the boundary layer and the less overshoot for the s
response. Figures 6(a)-6(b) present an improved tracking performance and the associated
control input with {; = 10and zo = 1.

For comparison the performance of the first-order sliding control was also examined,
where the s dynamics is first-order. The bandwidth of the dynamics was assigned 10
(rad/sec) and the first pole was also assigned —10. Note that the the bandwidth of the s
dynamics of this control was chosen to be greater than that of the second-order sliding
control system. Figure 7 presents the tracking performance of the associated continuous
sliding control. One way to reduce the tracking error is by implementing sliding control
with integral action. The tracking performance is shown in Figures 8. By selecting an
additional identical pole, i.e., second pole —p, = —10, for the error dynamics in order
to have a critically-damped response, the tracking pattern shows an undesirable overshoot.
The integral action destabilizes the error response and causes the oscillation. With more
damping added to the error dynamics, the overshoot may disappear but results in sluggish
motion. The results will be shown later when point-to-point control is mentioned. As
the bandwidth of the s dynamics is reduced to 1 (rad/sec), high-frequency uncertainties
would be better filtered by the low-bandwidth s dynamics (a first-order low-pass filter).
Unfortunately, the motion turns out having greater tracking error (Figure 9) and there is not
enough capability to fine tune the s dynamics.
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Figure 6a. The tracking performance of a versatile sliding control with £; = 10 and zp = 1 (a dotied line for
desired trajectory).
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Figure 6b. The control input of a versatile sliding control with {; = 10and zg = 1.

When a requirement of no (or minimum) overshoot motion response is imposed, the
versatile sliding control has superior capability to keep the speed, which is illustrated by the
point-to-point control. Even under the severe test (Maximum payload), Figure 10 shows
a good point-to point control performance. Note that some reserved capability, e.g., the
control parameters z, in Equation (3.6), can further be used to bring the overshoot down
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Figure 7. The tracking performance of a continuous sliding control with a first-order sliding condition (a dotted
line for desired trajectory).
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Figure 8. The tracking performance of a continuous integral sliding control with a first-order sliding condition (a
dotted line for desired trajectory).

to zero if it is necessary. To show the contrast, a sliding control with a first-order sliding
condition presents a slower step response (Figure 11), i.e., longer settling time, where the
damping ratio of the error dynamics has to be increased to 10 or more in order to meet
the minimum overshoot requirement. Also, the latter control tends to be more sensitive to
the size of the time interval in the numerical integration. With the same size of the time
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Figure 9. The tracking performance of a continuous integral sliding control with a first-order sliding condition
and a low-bandwidth s dynamics (a dotted line for desired trajectory).
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Figure 10. A step response of a versatile sliding control (¢; and zg = 10).

interval (i.e., 0.01 sec), the control input presents an oscillatory response. To eliminate the
oscillation, the time interval needs to be chosen smaller. In other words, the versatile slidin g
control may be more robust (more insensitive to the digitization) in numerical integration.

This implies that the versatile sliding control may allow for slower sampling rate in digital
control.
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Figure 11. A step response of a continuous sliding control with a first-order sliding condition (damping ratio of
the error dynamics is set 10 to meet minimum overshoot requirement).

It is worthwhile to mention that all results presented above were obtained based on only
one measurement, the joint position. The sliding control is robust enough to be implemented
with a lesser cost in hardware installation. The joint speed was generated from a simple
estimator, a numerical differentiation, that is noisier than the direct measurement. It is our
intention to put the control in a severe test where only this primitive estimator was integrated
with the system. It was observed that the response with two measurements, position and
speed, is only slightly smoother.

7. Conclusion

A versatile sliding control algorithm has provided a systematic and simple way to design
a control system containing both robustness and performance. The structure of the sliding
control system is composed of s dynamics and error dynamics, where the s dynamics is
designed to be a low-pass filter and the error dynamics is designed to be a high-pass (or
band-pass) filter. The bandwidth of the s dynamics is selected to be low so that the error
dynamics were not significantly excited. On the other hand, high-frequency uncertainties
(unmodeled dynamics, error dynamics, and disturbances) are filtered by the low-pass filter.
Low-frequency uncertainties are then filtered by the high-pass filter. The s dynamics can be
fine tuned by the lower bound of damping ratio and the placed zero. Therefore, the trade-off
between tracking accuracy and robustness to the uncertainties no longer exists. However,
the high-frequency induced by the sampling process (in digital control) might enter into the
error dynamics and care must be taken to choose a proper sampling rate for a digital control
system. In addition, it was found that the control is very sensitive to the saturation of the
actuator; therefore, it is suggested that any control input saturation be avoided.
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