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Abstract

We consider a planar, cylindrical, or spherical particle immersed in an arbitrary a:b electrolyte solution. The particle comprises
an ion-impenetrable, rigid uncharged core and an ion-penetrable membrane carrying nonuniformly distributed fixed charges.
This model simulates a wide class of biocolloids and particles covered with an artificial surface layer. Two classes of nonuniform
fixed charge distributions, one linear and the other nonlinear, are examined. These distributions all have the same average or
apparent space charge density, which is independent of the geometry of the particle. On the basis of a perturbation method, the
distribution of the gradient of the electrical potential of the system under consideration is derived, and the essential thermodynamic
properties of the electrical double layer are estimated. The result of numerical simulation reveals that the degree of accuracy of
the present semi-analytical treatment is satisfactory. We show that the distribution of fixed charges in membrane phase has a
significant effect on the thermodynamic properties of the system under consideration. Assuming that the fixed charges are
distributed homogeneously may lead to an appreciable deviation.

Keywords: Electric double layer; Asymmetric electrolytes; Ion-penetrable membrane; Thermodynamic properties; Nonuniform fixed charge
distribution

1. Introduction conditions, such as a simple geometry at a low surface
potential. In a recent study, the difficulty of solving a
nonlinear Poisson—Boltzmann equation was alleviated

The electrical potential distribution for a system ) ° - T
by resorting to a semi-empirical procedure for rigid

comprises a charged surface immersed in an electrolyte

solution is governed by the Poisson—Boltzmann equa-
tion [1]. Although asymmetric electrolytes are com-
mon in practice, the discussions about the solution of
this equation are almost always limited to symmetric
electrolytes. For asymmetric electrolytes, the Poisson—
Boltzmann equation is highly nonlinear, and solving it
analytically is almost impossible, except under extreme
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planar surfaces immersed in an a:b electrolyte solution
[2]. The basic thermodynamic properties predicted by
the approximate method were reasonably accurate. The
analysis was extended to the case of a particle coated
with a membrane bearing fixed charges [3]. This is of
particular significance for biocolloids and some parti-
cles coated with an artificial membrane. In these cases,
the classic rigid surface model is insufficient for the
description of their behavior in an electrolyte solution.
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The analysis in [3] was based on the assumption
that the fixed charges in membrane are uniformly dis-
tributed (independent of position). Although this
assumption simplifies the mathematical treatment, a
generalization to nonuniformly distributed fixed
charges is highly desirable. This is because that mem-
branes may exhibit microscopic and macroscopic struc-
tural inhomogeneities in practice [4]. Typical example
includes perfluorosulphonate materials which possess
microstructural inhomogeneity [5]. The inhomoge-
neity nature of a membrane leads to nonuniform dis-
tributed fixed charges, which can have a significant
effect on its physicochemical properties [4,6,7]. Reiss
and Bassignana [7], for instance, suggested that the
inhomogeneity of the fixed charge distribution in an
ion exchange membrane might be the origin of its
superselectivity. In a study of the ion transport in ion
exchange membranes, Selvey and Reiss [ 8] found that
inhomogeneously distributed fixed charges may result
in an increase in current efficiency. It was shown that
the electrophoretic mobility of a particle coated with
an ion-penetrable membrane is highly correlated with
the fixed charge distribution in the membrane phase
[9]. Clearly, arealistic model should take the structural
characteristics of a membrane into account. The aim of
the present study is to extend the analysis of [3]. In
particular, the effect of nonuniformly distributed fixed
charges in a membrane on its thermodynamic proper-
ties is investigated.
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A schematic representation of the system under con-
sideration is illustrated in Fig. 1. A rigid surface
immersed in an a:b electrolyte solution is coated with
an ton-penetrable membrane of dimensionless thick-
ness d. The region X <X, denotes the uncharged core
of a particle, X, <X < (X,+d) is the ion-penetrable
membrane, and X> (X,+d) represents the liquid
phase, X being a dimensionless distance. Let N(X) be
the dimensionless distribution of the fixed charges in
the membrane. For convenience, we assume that these
fixed charges are negative. Depending upon the nature
of membrane, various types of distribution for N(X)
can be assumed. For illustration, we consider a class of
linear distributions N,(X), and a class of nonlinear
distributions N, (X). The mathematical treatment, how-
ever, does not limit the choice of N(X). The definitions
of N;(X) and N,(X) are

N, =(ZNNa/land) 1+ a(X—X,)1/R, (la)
Ny = (ZNoNa/ang) {1 +exp[a(X—Xo)]}/R,  (1b)

where R, and R, are defined in Appendix A. In these
expressions, « is a parameter characterizing the fixed
charge distribution, N, and Z, are, respectively, the
average space density and the valence of the charged
groups in the membrane ( —ZeNyN, is the average
density of the fixed charges, ¢ being the elementary
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Fig. 1. A schematic representation of the system under consideration: d is the dimensionless thickness of the membrane. The region X <X,
denotes the uncharged core of a particle, X, <X < (X, +d) represents the ion-penetrable membrane, and X > (X, +d) is the liquid phase: (a)
planar surface (m=0); (b) cylindrical (m=1) and spherical (m=2) surfaces. Curve 1, linear fixed charge distribution. Curve 2, nonlinear

fixed charge distribution.
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Fig. 2. Variation in the dimensionless fixed charge distribution in the membrane. The parameters used are: a=1, Z=1, Ny=10"> M, n2/
Na=10">M, m=0, d=1: (a) linear distribution with =0.1 (curve 1), @=1 (curve 2), @=10 (curve 3); (b) exponential distribution with

a=0.1 (curve 1), a=1 (curve 2), a=2 (curve 3), a=35 (curve 4).

charge), N, represents the Avogadro number, and n2
is the number concentration of cation in the bulk liquid
phase. As shown in Appendix A, the amount of fixed
charges per unit area of membrane (average or apparent
surface charge density) is independent of the type of
fixed charge distribution, the value of «, and the type
of surface. Some other properties of N; and N, are also
summarized in Appendix A. As illustrated in Fig. 2,
Eqgs. (1a) and (1b) predict that the fixed charges are
more concentrated near the membrane-liquid interface
than in the interior for a positive . This is consistent
with the observation of Pineri [6].

A general expression for the distribution of the elec-
trical potential for planar, cylindrical, and spherical
surfaces can be written as

1 _d_(de(,l/)zg+iNj

X"dx\" dx/ a+d’ =01 =12 (2)
where y=ed/ksT, g=[exp(by) —exp(—ay)],
X=xr,and k¥*=e%a(a+b) n’/ €,e.kT. In these expres-
sions, ¢ is the electrostatic potential, €, and ¢, are,
respectively, the relative permittivity of the system and
the permittivity of a vacuum, k and kg are the reciprocal
Debye length and the Boltzmann constant, respec-
tively, T is the absolute temperature, r represents the
distance, i is a region index (i=0 for double layer or
X>X,+d, i=1 for membrane or X, <X<(X,+d)),
J is an index characterizing the type of fixed charge
distribution (¥, or N,), and m is a geometry parameter
(m=0 for a flat plate, m=1 for a cylinder, m=2 for a
sphere).

The boundary conditions associated with Eq. (2) are

Y—0and (dyg/dX) >0as X > (2a)
Uy xo+dy= = - (xo+ay+ = Ya (2b)
(dl/f/dx)x—»(xo+d)- = (d([//dX)X_,(X0+d)+ (2¢)
Yo . and dy/dX—>0as X~ X, (2d)

In these expressions i, and 4 are, respectively, the
dimensionless electrical potential at the core—
membrane interface and that at the membrane-liquid
interface. If d is sufficiently large, the Donnan equilib-
rium can be reached. In this case, the following bound-
ary condition needs to be satisfied:

1 d d
Y- Ypon andF&(X’"a%)eo as X — X, (2e)

where 5, is the dimensionless Donnan potential.
2.1. Planar surface

For a planar geometry, r represents the horizontal
distance, and the core-membrane interface is located
at ry. The distribution of the potential gradient in double
layer is obtained by integrating Eq. (2) with i=0 and
employing Eq. (2a). We have

dy/dX = —Sgn() [2/(a+b)]'"*{(1/b) [exp(by)

— 11+ (1/a)[exp(—ay) —11}'?
(3)
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Suppose that the linear size of the membrane phase of
aparticleis relatively smaller than that of the uncharged
core, i.e. X, is sufficiently large. In this case, the distri-
bution of the potential gradient in membrane phase can
be estimated by employing the perturbation method
invoked by Overbeek etal. [ 10]. This method suggests
that d¢/dX can be approximated by

dy/dX = H(X) = Y e() /X 4)
i=0

In practice, choosing n as 2 will be sufficiently accu-
rate[11]. Expanding N, and N, into negative power
series in X around (X, +d/2), we have

N=Y w,/X, j=12 (5)
i=0
where w;; are summarized in Appendix B. Substituting

Eq. (4) into Eq. (2) with i=1 yields
oH H +N;

H(—) +(a_) 875 X <X<X,+d (6)
oyl \oXJ), a+b

Substituting Egs. (4) and (5) into Eq. (6) and col-
lecting terms of the same order in X, lead to the set of
equations below:

epeo=(g+w;o)/(a+b) (7a)

ereqtege;=(w;1)/(a+b) (7b)

where the differentiation is with respect to . The asso-
ciated boundary conditions are deduced from Eq. (2d)
as

e—~>0asy— Y. (orX—Xy), i=0,12,...,n (7¢)

Solving Egs. (7a), (7b),..., subject to Eq. (7c) gives
the variation of function H(y,X) or d¢s/dX across the
membrane. It can be shown that

di/dX=ey+e,/X+ ... (8)
where

eo=[2/(a+b)]""*{(1/b) [exp(bi)

—exp(by.) 1 + (1/a) [exp( —ay) —exp( (8a)
—ay) ] +wio(h— ) }'?

er=[w; (¢— )1/ [(a+b)eo] (8b)

The Donnan potential can be calculated by Egs. (2)
and (2e). These equations yield

8 (Ypon) +N;(Xo) =0 (9)

An iterative procedure is available to the resolution of
this type of equation [3]. The relation between ¢; and
Ypon 18 determined by Egs. (3) and (8) with Egs. (2b)
and (2c). We obtain the following approximate result:

wio(Xo+d) +w;,

—1]+(1/a) X [exp( —a¥pon) — 11}
(10)

¥4= Ypon + {(1/b) [exp(b¥pon)

2.2. Cylindrical and spherical surfaces

In this case, r is either the distance measured from
the axis of a cylinder or that measured from the center
of a sphere. The perturbation method similar to that
employed for the case of a planar surface is adopted to
estimate the variation of the potential gradient in double
layer. Here, we assume that X, is large enough so that
this method is applicable to Eq. (2) with i=0. On the
basis of Egs. (2) and (2a), it can be shown that

dy/dX=[2/(a+b)]1V2{(1/b) [exp(bty) — 1]

+(1/a)[exp(—ap) — 11 }”2—%27"1tanh(a1///4)

1 I:mztanhz(a(///4) —4m(m—1)In[cosh(ay/4)] ]
X? akssinh(ay/2)

X> (Xo+d) (1)
where & is defined in Eq. (C15). Similarly, the distri-

bution of potential gradient in membrane takes the form
(Appendix C)

d d, d;
d—;(/'= j,0+—)’?‘+}b§+..., Xo<X< (Xo+d) (12)
where d;,, i=0, 1,2,..., j=1,2, are given in Appendix

C.

The Donnan potential is described by Eq. (9), and
the relation between ¢; and Y, can be determined by
Egs. (12), (2d) and (2¢). We have

dl(‘l’Don) +d2( d’Don) +
X, X2

do(pon) + =0 (13)
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where d;; is abbreviated as d,. It can be shown that an
approximate solution to Eq. (13) is (Appendix D)

llldz ll‘Don_._ (I/WJ,O){( l/b) [exp(bd]Don)

~ 11+ (1/a) [exp( ~apon) = 1] (14)
_atb [d1<%on>z+d2<wm)z]2}
2 X, X3

where d, (Yipon) 2 and dy (Y, ), are defined in Appen-
dix D.

2.3. Double-layer properties

Following the same treatment as that employed for
the case of uniformly distributed fixed charges [3], we
assume that the total or apparent charge density o,
(= —ZeNyNd/ k, Appendix A) comprises two parts:
an equivalent charge density due to the charges distrib-
uted in membrane o, and the equivalent charge den-
sity at membrane-liquid interface, o4,. The former is
the charge density defined by distributing all the
charges in the membrane over a surface located some-
where in the range [X,,X,+d]. We have

=04 t0 (15)

Define the dimensionless interface charge density py,
as

Pa1 = —aedy,/ 2k € €ks Tk, (16)

It can be shown that, regardless of the value of m,

KkBT(d([l)
o= —6— | (16a)
“ e \dX/x_xiia

Egs. (16a), (16) and (11) lead to

a (d¢ )
=—f— = —sinh /2
Pdi 2k3(dX)X=X0+d sinh(ay,/2)

1 m
- —tanh(ay,/4) + ———
Xo+d ks (adha/4) (Xo+d)?
2. 2 — _
m’tanh®(ayy/4) —4m(m—1)In[cosh(ay,/4)] (16b)

2kssinh(ayy,/2)

2.4. Helmholtz free energy

The Helmbholtz free energy F,, comprises the free
energy due to the double layer, F.4, and that due to the
membrane, F,,,

F,

e

1=FaatFes (17)

Here, F. 4 is the equivalent electrical work done by
adding gradually the same amount, but opposite in sign,
of the excess charges in the liquid phase to membrane—
liquid interface, and F is that done by adding the total
amount of charges in the membrane phase to core—
membrane interface. We have

agdl

Fua= j S(ah)do', (17a)
0

Fuy= f (00 (17b)

adl

where ¢4 and ¢y, are the potential at X=X, +d and
the Donnan potential, respectively. Employing Eqgs.
(9), (14), and (16b) gives

5
2kg
Foq= ? €€ k3 [pailn(pa; + gar)

m ‘Id1+1)
~ga+11- 1
Gat = Kot d) “( 2

(17¢)

" 1 [m (qa; — 1) (ga +2)
2
(Xo+d)?L2k5  gai(ga+1)

1

m(m—1) (InZ, ]}

[ S ___dZ
28 )z, -1

2k,
Fo.=— a’dl(a—BeT)ln Yoon+dx ™ 'nlksT (17d)

2 2
X| 210 Vo + Yo +——=Yp2 — Y2 ————YE>2
[ N Ypon Don k—2 Don Don k—2 Don:l

i

In Z, = v P
IZI_leI=i=li—2—E+ln(U)ln(1—U) (17e)
where ‘Id1=(P§1+1)]/2, v=1[2/(gq+ D1,
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Y=exp(ay/2), and k is defined in Appendix C. Ypon
is the value of Y calculated at the Donnan potential in
which the total surface charge density is regarded as
T g1, 10t 0, 1.€. Ypon = Ypon(Ta1)-

2.5. Amount of ion adsorption

From the thermodynamic point of view, the electrical
Helmbholtz free energy can be evaluated by

dFy = —Iydp, —I' dp_ (18)

where I',. and I'_ are the amount of adsorbed counter-
ions and that of co-ions, respectively, u. and p_ are
the corresponding chemical potentials, which are func-
tions of x. Applying the electroneutrality condition
leads to [3]

2 (o
FEF_ = _2K _lngNA _lk3Dd1—_(U !
kN, \ ae (19)
+ K 3Fe1s)
2kgT Ok

where Dy, and dF,,,/ 9« are defined in Appendix E.
2.6. Entropy

The entropy of a double layer S, can be calculated
by

Se1=(aFel/6T)n,' (20)
Substituting Eq. (17) into this expression yields
—3F.,, [(ks\
Se1="—"75" e (_) 2T€o€rKk3{Pd11n(‘Id1 ~Pai)
2 T ae
_m
ky(Xy+d)

qa—1 1 [m2( 2
X -~ 1=
Qa1 (Xo+d)? LK \gai (g, + 1)

1 m(m—1)
[ +________
qgl) k3

Xln((%n + 1)/2)]}
dai

—20 4, (kg/ae)In Yoo, +dx ~'n, %g

X [21n Ybont Yoo+ 7

2
—YE:&YD:HE &;3] (21)

3. Discussion

In the present analysis it is assumed that the dielectric
constant of the membrane phase is the same as that of
the liquid phase for simplicity. If the difference
between these constants is appreciable, the ion parti-
tioning effect which arises from the Born energy needs
to be considered. It was shown that the effect of ion
partitioning can have a significant influence on the dis-
tributions of potential and ions [12].

Note that ¢; must satisfy the condition e,(y.) =0.
This can be shown by applying the L’Hopital’s rule on
Eq. (8b) and employing Eq. (7a) to yield

. . €y
tm 1= im0 @)
According to Eq. (9), g(#.)+w;q=0. Since
eo(¥.) =0by Eq. (8a), Eq. (22) leads to ¢,(¢.) =0.
As in the case of uniformly distributed fixed
charges[3], the exact values of the Helmholtz free
energy and the entropy of the double layer are not
defined. However, the exact value of the amount of ion
adsorption I can be calculated by

r=- f (n—n®)dE/ AN,y (23)
\'4

where n; and n? are, respectively, the number concen-
tration of species i and that of species i in the bulk liquid
phase, T represents the position vector, V is the volume
of the system, and A denotes the surface area of
membrane. After replacing n; with the corresponding
Boltzmann distribution, and solving Eq. (2) for the
potential distribution, Eq. (23) can be integrated
numerically. Fig. 3 shows the variation in the amount
of ion adsorption as a function of parameter k for the
case where the fixed charges are linearly distributed,;
the corresponding result for the case of nonlinearly
distributed fixed charges is presented in Fig. 4. Both
the approximate values based on the present analysis
and the exact numerical values are presented in these
figures. The average deviation in the amount of ion
adsorption is summarized in Table 1.Fig. 3 and Fig. 4
and Table 1 reveal that the deviation of the present
approximate result, Eq. (19), from the corresponding
exact value, estimated by Eq. (23), is less than 5%.
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Fig. 3. Variation in the amount of ion adsorption as a function of
parameter k for the case the fixed charges are linearly distributed
witha=1: (=) m=0; (-) m=1;(—) m=2.a=1incurves 1, 4,
and 7; a=2in curves 2, 5, and 8; a=3 in curves 3, 6, and 9, a being
the valence of the cation for an a:b electrolyte. *, approximate results
predicted by the present analysis, Eq. (19). Key: Z=1, Ny=10"3
M, d=1, ionic strength=10"3M, T=298.15K, and ¢, =78. X, = 10
for planar surface, and X, =2 for cylindrical and spherical surfaces.
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Fig. 4. Variation in the amount of ion adsorption as a function of
parameter k for the case the fixed charges are exponentially distrib-
uted. The parameters and the symbols used are the same as Fig. 3,
except that a=0.8.

For a nonplanar surface, the dimensionless thickness
of the uncharged core of a particle X, is assumed to be
large enough. The effect of the magnitude of X, on the
performance of the present method is illustrated in
Fig. 5. As can be seen from this figure, the result pre-

dicted by the present method is satisfactory for X, > 2.
This condition is usually satisfied in practice.

The distribution of electrical potential in membrane
for a planar surface can be calculated through an iter-
ative procedure. Integrating Eq. (2) subject to Eqgs.
(2a)—(2c), we obtain

(dy/dX)*=1[2/(a+b)1{(1/b) [exp(by)

¥
—11+(1/a)[exp(—aw>—11+f1vj<X)dw} (24)
0

Table 1

Average percent deviation in the amount of ion adsorption for the
case of Fig. 3 and Fig. 4. The percent deviation is defined as
100% X | (present approximate result — exact value)/exact value|.
The present approximate result is obtained by Eq. (19), and the exact
value is calculated by Eq. (23). Here, m=0 for a planar surface,
m= 1 for a cylindrical surface, m =2 for a spherical surface; j = 1 for
linearly distributed fixed charges, j =2 for exponentially distributed
fixed charges. Here, a denotes the valence of the cation for an a:b
electrolyte

m 0 1 2
a\j 1 2 1 2 1 2
1 3.6 24 2.6 4.1 22 34
2 32 3.1 33 34 3.7 3.7
3 4.2 2.8 4.3 35 4.2 4.3
100
80-5
— ]
LA
60 -
=] ]
=] ]
e .
B
I~ 40~:
Q 3
= ]
20—f
0:-v.-..u']-.......ywnnv..”...”n..
0.5 1.0 1.5 2.0 2.5
Xo

Fig. 5. The effect of the relative thickness of the uncharged core of
a particle on the performance of the present approximate result. Key:
same as Fig. 3, except that X,/d=2 and m=1. Curve 1,
(ab) = (1:2); Curve 2, (a:b) = (2:1). The deviation is defined by
100% X | (rexacl— Fapproxima!e) /[‘exacll .



114 J.-P. Hsu, Y.-C. Kuo / Journal of Membrane Science 108 (1995) 107-119

It has been shown that for a planar surface with uni-
formly distributed fixed charges [3]

X=k1/22ai(y_ YDon)i (25)

i=1

where k=2+2b/a, and the coefficients a;, i=1,2,...
are functions of iy, and ¢,,,. Substituting Eq. (25) into
Eq. (24) and solving the resultant equation subject to
Eq. (2d), we have the first-order approximation for
X =X(4). This relation can then be substituted into Eq.
(24) to evaluate the second-order approximation. The
procedure can be continued until an asymptotic expres-
sion is obtained.

Ifa—>0and m=0, thene,=0,i=1,2,... In this case,
the set of equations (Eqs. (7a), (7b),...) reduce to

eseo=1(g+N)/(a+b) (26)

where N=ZN,N,/an2. The associated boundary con-
dition is e, — 0 as ¢y— .. Solving Eq. (26) gives

(dy/dX) = — Sgn(¥)[2/(a
+b)1"2{(1/b) [exp(byp) —1] (27)
+(1/a)[exp(—ay) — 1] +N(p— i)}

This expression is exactly the result for a planar surface
with uniformly distributed fixed charges [3].

The effect of the distribution on fixed charges on the
thermodynamic properties of the system under consid-
eration is shown in Fig. 6. Here, the amount of ion
adsorption is illustrated as an example. This figure
reveals that, for the same apparent charge density, var-
ious fixed charge distributions yield different amount
of ion adsorption. The greater the value of parameter o
(the greater a distribution deviates from the uniform
distribution), the greater the amount of ion adsorption
deviates from the correct value. Apparently, assuming
that fixed charges are distributed homogeneously may
lead to an appreciable deviation.

4. Conclusions

In summary, the Poisson—Boltzmann equation gov-
erning the potential distribution of a general surface
bearing an ion-penetrable membrane immersed in an
arbitrary electrolyte solution is solved. The classic rigid
surface model and symmetric electrolytes is extended

(=1
© 4
] P
P
] ~
-
] ~
1 ~
P
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4 - e
4 ~ //
T o ] - -7
3% 6 -
e -
=] ] ’ -
b ’
=] j Ve /'(’5i
= /.
< ] L
= ]
> ] ///
O o |
[ ‘o,
] ’, o
1 e
1 -
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1 ///
/2
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o HFrrrrrrre e T
0.0 0.2 0.4 0.6 0.8 1.0
04

Fig. 6. The effect of the distribution of fixed charges on the amount
of ion adsorption for the case (a:b) = (1:2). Solid lines denote linear
fixed charge distribution, dashed lines represent nonlinear fixed
charge distribution. Curves 1 and 4, planar surface; Curves 2 and 5,
cylindrical surface; Curves 3 and 6, spherical surface. The apparent
charge density in membrane is the same for all cases. Key: same as
Fig. 3. The deviation is defined by 100%x | (I ,_.o— ) /T, _o|.

to the present general system. Explicit expressions for
the basic thermodynamic properties are derived which
are essential to the description of the nature of the
system under consideration. In addition, we show quan-
titatively, that the distribution of fixed charges in the
membrane phase can have a significant effect on its
properties. This effect is either neglected, or stated
qualitatively only, in the literature.

5. List of symbols

valence of cation (dimensionless)
surface area of membrane (m?)
valence of anion (dimensionless)
dimensionless thickness of surface layer
; coefficient defined in Eq. (C1b)
(dimensionless)
elementary charge (C)
coefficient defined in Eq. (4)
(dimensionless)
F,, Helmbholtz free energy (J/m?)
F.q Helmholtz free energy defined in Eq.
(17a) (J/m?)

EVEVES N
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Helmbholtz free energy defined in Eq.
(17b) (J/m?)

function of electrostatic potential
(dimensionless)

derivative of potential (dimensionless)
region index (O or 1)

=2+ (2b/a)

parameters defined in Eq. (C15)
(dimensionless)

parameter defined in Eq. (C15)
(dimensionless)

Boltzmann constant (J/°K)

geometry parameter (0, 1, or 2)
(dimensionless)

number concentration of cations in bulk
liquid phase (no./m?)

number concentration of species i (no./
m?)

number concentration of species i in
bulk liquid phase (no./m?)
dimensionless fixed charge distribution
average density of fixed charges (M)
Avogadro number (1/mol)
dimensionless fixed charge distributions
dimensionless interface charge density
defined in Eq. (17¢) (dimensionless)
distance (m)

position of core-membrane interface for
a planar geometry (m)

position vector (m)

defined in Eqs. (Alc) and (Ald)
(dimensionless)

entropy of double layer (J/m? K)
absolute temperature (K)

defined in Eq. (17e) (dimensionless)
volume of the system (m?®)

coefficient defined in Eq. (5)
(dimensionless)

dimensionless position variable
dimensionless size of the core of a
particle

valence of fixed charges
(dimensionless)

parameter in fixed charge distribution
(dimensionless)
amount of ion adsorption (mol/m?)

r, amount of adsorbed counter-ions (mol/
m?)

Ir_ amount of adsorbed co-ions (mol/m?)

€ permittivity of the vacuum (C/V m)

€, relative permittivity (dimensionless)

My chemical potential of counter-ions (J/
mol)

M chemical potential of co-ions (J/mol)

o, total apparent charge density (C/m?)

oy equivalent charge density in membrane
(C/m?)

T4 equivalent charge density at membrane—
liquid interface (C/m?)

K reciprocal Debye length (1/m)

Y dimensionless electrostatic potential

/A dimensionless potential at core—
membrane interface

Py dimensionless potential at membrane—

liquid interface

Yoon dimensionless Donnan potential

dq potential at membrane-liquid interface
(V)

Goon Donnan potential (V)

¢ electrostatic potential (V)
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Appendix A
The fixed charge distributions assumed, Eqs. (1) and
(2), can be recast as

Ny =S(ZNN,/an®) /R, =M,S,
N, =8,(ZNyNr/an®) /R, =M.S,

(Ala)
(Alb)

where M, = (ZNyN,/an®)/R,, M,=(ZNyN,/an®)/
Rz, S]=1+a(X_X0)7 S2=l+exp[a(X_X0)].
Here, R, and R, are defined by
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a
R1={—m+2[<xo+d>'"”—xa"”]

1—aX
m+1°[(xo+d)'"+‘—xa"“]}/g (Alc)

+

1 " m (=)™ m!
R2={m[<xo+d) X Y

(m—i+1)x
i=06¥ [

X [(Xo+d)'exp(ad) *XB]}/Q
(Ald)

Q=d[Xg+ (m/2)X5~\d] (Ale)
Egs. (Ala) and (A1b) indicate that N;(X) increases
with the dimensionless distance X for a positive «,
which characterizes the variation in the distribution of
fixed charges. This can easily be extended to the case
that N(X) decreases with X through replacing (X — X,)
in S; by (X, —X). Note that, since

Xo+d

k! J' NdX=dk™"(ZN,NA/an3) (A2)
Xo

the dimensionless amount of fixed charges per unit area
(apparent surface charge density, ) remains constant
for a planar surface, and is independent of both para-
meters « and j. Similarly, it can be shown that this
conclusion is also true for both cylindrical and spherical
surfaces.

If «— 0, both N, and N, approach to (ZN,N,/an?).
In other words, both the linear and nonlinear distribu-
tions of fixed charges reduce to the same uniform dis-
tribution. On the other hand, if o — o,

N(X=X,) =0 (A3)
N(X=X,+d) = 2(ZNoNA/an?) (A4)
Ny(Xo<X<Xo+d) >0 (A5)
Ny(X=X,+d) > (A6)

By referring to Fig. 2, these expressions suggest that as

a— o, N, increases linearly with X from zero to twice

of its average value, and N, approaches to a delta func-

tion, 6(X,+ d) at the outer boundary of the membrane.
Note that

1
lim R1=m[(Xo+d)'”“—X{)"“]/Q, m=0,1,2

a—0
(A7a)

2 ,m=0
lim R,= PL14+2(Xo/d)/Q(m=1) ,m=1 (A7b)
a0 28°1(1/3) + (Xo/d) + (Xo/d)?)/Q(m=2) ,m=2
. 1, j=1
lim S;=<." ° Alc
a0 J {2’ J=2 ( )

Therefore if & — 0 (uniform fixed charge distribution),
the value of N, corresponding to constant o, can be
determined through Eqgs. (la), (1b), and (A7a)-
(A7c).Itcanbe shownthat R, =1and R, =2 form=0
and m=1, and if (d/X;) <1, R,—1 and R, —2 for
m=2. Thus, if fixed charges are distributed uniformly,
constant V; is equivalent to constant o.

However, this is not true in general if the distribution
of fixed charges is nonuniform. In this case, one can
choose either constant M (amont of fixed charges) or
costant o, but not both at the same time.

The asymptotic values of N, as o — 0 are

2(X—Xo) (ZNNA/an) /d, m=0

6(X—X,)

lim N,= M(ZNONA/anS)Q(m= .m=1 (A8)
a—o 0
XX 0O i — -
JZ(GXZO+8X0d+3z{‘)(ZN°NA/ana)Q(m 2),m=2
. 0.X,<X<X,+d
lim N,=< %> 0" m=0,1,2 A9
m N { @ X=X, +d (A9)

Consider a differential volume of membrane 8V. The
corresponding differential area, 84, and the differential
amount of fixed charges contained in 6V, 8M, are

_2 .
8A={27TLK (Xo+8X/2) for cylinder (A10)

4wk~ *(X,+ 8X/2)*  for sphere
M= 2mLZe[NoNA/R,(m=1)]S;x*X8X for cylinder
47Ze[NoNa/R(m=2)1S,k">X?8X  for sphere
(All)

where X represents a differential distance in the r direc-
tion, and L is the dimensionless length of a cylinder.
The value of o, can be calculated by
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Xo+d

J’SM

=0 —=ZeN,Nnd/x, m
f o

Eqgs. (A2) and (A12) suggest that the average or
apparent density of fixed charges in membrane is inde-
pendent of the shape of a particle.

=lor2 (A12)

Appendix B

The values of w;; associated with Eq. (5) are

wio=M,(1+ad/2) +2M,c(Xo+d/2) (B1)
wy = —3Ma(X,+d/2)? (B2)
Wy =Ma(Xe+d/2)? (B3)

20=Ms[exp(d/2) + 1) + Myaexp(d/2) (Xo+d/2)
X [2+ (al2) (Xo+d/2)]
(B4)

51 = — Myaexp(d/2) (Xo+d/2)?[3
+a(X,+d/2)] (BS)

Wn., = Maaexp(d/2) (X +d/2)?[ 1
+(a/2)(X,+d/2)]  (B6)

Appendix C

Applying a similar procedure as that employed in the
derivation of the result for a planar surface, we assume
the following perturbation series:

dy/dX=H($.X)

=Y () /X for double layer (Cla)
i=0

dy/dX = H(,X)

i d, () /X' for membrane

i=0

(Clb)

Eq. (2) can be rewritten as

H oH H g+iN,
(f’_) +H(_) L g+, (2)
ax), \ow), X a+b

The boundary conditions Eqgs. (2a) through (2c¢)
reduce to

H—-0orc;—»>0as ¢y—0,i=0,1,2,.. (C3)
Hy \(xoray-=Hx o (xoray+ OTd;;=c;as
-, i=0,1.2,.. (C4)

Substituting Eq. (Cla) into Eq. (C2) and collecting
terms of the same order in X lead to a set of equations
in ¢;. Solving these equations successively subject to
Eq. (C3) yields Eq. (11). Similarly, substituting Eq.
(C1b) into Eq. (C2), employing Eq. (5), and collect-
ing terms of the same order in X lead to a set of equa-
tions in d;,. The first three of these equations are

diodio= (g +w;0)/(a+b) (C5)
diod +d; \dig+mdo=w;,/(a+b) (C6)
diodi2+d;\d;y +djpdio+ (m

—Dd;,=w;,/(a+b) (C7)

Expanding (d,¢d;,)’ and (d,.d,,)’, where the differ-

entiation is with respect to i, into power series of ¥
around Y,,, Egs. (C6) and (C7) become, respectively,

Wi n .
a-:-b—md ,-gouj'iY' (C8)
and
Wiz n2 )
+b —d; d - (m— 1)dj,1=i§)vj’,.Y' (C9)

where Y=exp(ay/2), Y,,= (Y. +Y,)/2, Y, and ¥,
being the value of Y evaluated at ¢, and ;, respec-
tively, and

Wi
uj'o_a+b
—m[dj,o,av - Yavd}.o,av + (ng/z)a;'/,o,av - (ng/6) ///0 av]
(C10a)
uj, [ 'j,0,av Yavd;'l,Oav ( /Z)JOav]

(C10b)
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uj,2=—m[(1/2)d;'/,0_av_(yav/2)d’03v (CIOC)
U= —m(1/6)d; (C10d)
Uj,0=a+b [ j.1.av jlav+(m_1) JldV]
+[ lavd;lav ( lav)2+(m
- 1) A av] av [ j,1,av jml av+3d},l,avd;,,l.av+ (m_ 1)
de"l.l.av]Yav

(C10e)

—_[dj,l.avd;'/.l.av“’-( lav) +(m—1) J]av]

+2[ lavdjllav+3d,I,av‘{j'il,av+(m_1)X‘{j,l,av]yav
(C10f)

[ j,1,av! j 1 av T 3d 1 avd;'l,l.av + (m o 1)dj"/.l.av]
(Cl0g)

"

In these expressions, d;g ..y, doav’s di0av » A0 d; g 4y
are, respectively, d,, its first, second, and third derlv-
atives with respect to Y evaluated at Y,,, and 4, ,,,
dia'sdi1 ", and d, " are, respectively, d; ,, its first,
second, and third derivatives with respect to ¥ evalu-
ated at Y,,. Solving Eq. (C5) subject to Eq. (C4) gives

dio=1[2/(a+b)1'*{(1/b) [exp(by) — 1]

+(1/a)[exp(—ap) — 11 +w; (¢ (CI11)
-} 2= (2/aY) (f;, 1l)""*
where
ks 2 2
fa=1-75¥ +k_ Yo+ 2w, Pn(Y/Y,)  (C12)

Substituting this expression and (C8) into Eq. (C6)
and solving the resultant expression subject to Eq.
(C4), we obtain

2 y g )
: In| <)+ " iy — v
di, = a(f]' 27Y) [ Ujpo U(Yd) i; ; ( @)

.
+2mk3 (Yd+ Y, 2)] (C13)
a 2

Substituting Eqs. (C11), (C13), and (C9) into Eq.
(C7) and solving the resultant equation subject to Eq.
(C4) yield

diy= (f“Z/Y) { ,Oln(Yd)+ ;L(Y' Y)

[m(Yd— D/ (Y, + 1) ]2 —4m(m—1)Inf (Y2 —

Y;I/Z)/Z]}

k?(Yd d )
(Cl14)
In these expressions,
I k—2)k +2k,1/7k, ifk<4
ks = [2k,+ (k—2)k,1/k, ifk>4 (CI5)
where &k, =2/{k'2[(k/2)*>*=2—1]}, k,=2/k"?,

and k=2+2b/a. The parameter k is a measure of the
degree of asymmetry of the electrolyte.

Appendix D

As afirst approximation, Eq. (13) is solved by neglect-
ing d,, d,,... etc. The first-order approximate solution
thus obtained, ¢, is

Ya1 = Ypon+ (1/w;0) { (1/b) [exp(btfon)

=11+ (1/a)[exp( —ayp.,) — 11} (D)

Substituting Eq. (D1) into the second term on the left-
hand side of Eq. (13), neglecting d,, ds,... etc., and
solving the resultant equation, we obtain the second-
order approximate solution ¢, , as

l// ¢Don+(1/ O){(l/b)[exp(b%on)
— 11+ (1/a) [exp( —atpon) — 11— [(a (D2)

+b) /21 1d\(Ypon) 1/ X0 1%}

where d; (¥pon), 1S the value of d; (Yp,,) With i1,
replaced by i, ,. Substituting Eq. (D2) into d, and d,
in Eq. (13), neglecting d;, d,,... etc., and solving the
resultant equation, we have the third-order approximate
solution ¢, 5 as

Yy =Y53= thoon + (1/w;0) { (1/b) [exp(bifipon) — 1]
+(1/a)[exp( —aypon) — 1)1} —[(a

2
+b)/2] I:dl(l;Don)2+d2(ly)[/(IZon)2:|
0 0

(D3)
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where d; (Ypon)» and d, (Yp,,)- are, respectively,the
values of d, (Ypen) and d, (Yrp,,) with 7, replaced by
Waz-

Appendix E

The value of D, in Eq. (19) and the relevant properties
are defined by

Dy=ps+1

4t _mgu-1, 1 x{m—z[—l
e (Xot+d) ks qu (Xo"f'd)2 4k§

2 2 mm—1)| 2 [qs+1
-+ = | —
gn(ga+1) qa 2k§ da4 2

Je)
Z,—1

I

(El)

aI:els

oK

1 ang -2 2 2

=dk kBTaK 2In YDon+YDon+k___2YDon_ Don
_ 2 k—2]

k_2 Don

1
+dk~ ‘kBTnS[(EY,;o‘,, —2Ypo + 2Yf);,,3)

aYDon -3 k—3 aY’Don 2a-dlkBT

X——+2Ypen —2Vpon )~ |—
K IK ae
Y
X Vi ron (E2)
oK

anS/dk=2n/k (E3)
3Y, —Yion IN.(X,

Don= — D j( 0) (E4)
dk  kYpon+2Ni{(Xo) Ypon Ok
aYDon__ —Ygon aNj(XO), (ES)

Ik kYo +2Ni(Xo) Yooy 0K

INJ(Xo)/dk= —2N/(Xo)/ K (E6)
INJ(Xy)'/ dkc=—2N;(X,) '/ & (E7)

Nj(XO)'_N_é,_% 2ky€0€kpTesinh(as,/2) (E8)
N(X,) N, o, —Ze’NyN ad/ k

The reference state for the Helmholtz free energy is
chosen as the state of an uncharged surface. Here, N
is the average fixed space charge density defined by
Noo 4/ 0, and N;(X,)' is the value of N;(X,) based on

No.
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