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Dynamic Mixed Mode Ml Crack 
Kinking Under Oblique Stress 
Wave Loading in Brittle Solids 
The dynamic stress intensity factors of an initially stationary semi-infinite crack in 
an unbounded linear elastic solid which kinks at some time tf after the arrival of a 
stress wave is obtained as a function of kinking crack tip velocity v, kinking angle 
5, incident stress wave angle a, time t, and the delay time tf. A perturbation method, 
using the kinking angle <5 as the perturbation parameter, is used. The method relies 
on solving simple problems which can be used with linear superposition to solve the 
problem of a kinked crack. The solutions can be compared with numerical results 
and other approximate results for the case o/t f = 0 and give excellent agreement 
for a large range of kinking angles. The elastodynamic stress intensity factors of 
the kinking crack tip are used to compute the corresponding fluxes of energy into 
the propagating crack-tip, and these results are discussed in terms of an assumed 
fracture criterion. 

Introduction 
When dynamic loading is applied to a body with an internal 

crack, the stress gradually intensifies at the crack-tip and after 
some finite delay time, the resulting stress waves may cause 
the initiation of crack growth and continued crack propaga­
tion. A frequently observed fracture event is the kinking or 
bifurcation of an initially straight crack. The direction of prop­
agation, as well as the velocity of crack propagation, will 
depend on the local stress field around the crack-tip. To un­
derstand the observed bifurcation events in brittle material, 
the dynamic solution for cracks which suddenly branch or kink 
is required. The problem of a crack that is branching at an 
arbitrary angle with the primary crack is difficult to solve, and 
much of the analytical work is elastostatic in nature. A great 
deal of progress has been made recently in analyzing the prob­
lem of elastodynamic crack branching problems in homoge­
neous, isotropic elastic solids. One method which seems to 
have potential for analytic solutions was proposed by Ach­
enbach and Varatharajulu (1974). The method takes advantage 
of the self-similarity of the particle velocity of the diffracted 
field, which occurs when appropriate conditions on the incident 
wave and the crack geometry are satisfied. This method was 
used by Burgers and Dempsey (1982) to construct exact so­
lutions of symmetric crack bifurcation in antiplane strain for 
a specific angle. Subsequently, Dempsey, Kuo, and Achenbach 
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(1982) have used a conformal mapping to obtain the analytical 
solution for the mode III crack kinking problem for stress 
wave loading. The problem of symmetric and asymmetric crack 
bifurcation in mode III has been studied by Dempsey, Kuo, 
and Bentley (1986). The solutions in Burgers and Dempsey 
(1982) and Dempsey, Kuo and Achenbach (1982) verified the 
numerical method being applied by Burgers (1982). This method 
has since been used by Burgers (1983) and Burgers and Demp­
sey (1984) to provide numerical solutions to the plane-strain 
crack kinking and bifurcation problems, respectively. 

For an important range of kinking angles, the elastodynamic 
crack kinking stress intensity factors are affected more by the 
loading of the new crack faces than by the wedge geometry. 
This suggests that a suitable first-order approximation would 
be to ignore the wedge geometry and to compute the elasto­
dynamic stress intensity factors by considering a crack prop­
agating in its own plane provided, however, that the new faces 
are subjected to traction corresponding to those of the branched 
crack. This approximate method for both mode III and mixed 
mode I-II crack kinking under stress wave loading was inves­
tigated by Achenbach, Kuo, and Dempsey (1984). In all the 
results mentioned, the problems are restricted to being self-
similar; it is assumed that the new crack initiates out of the 
original crack-tip at an angle at the same time as the stress 
wave loading arrived at the crack-tip. 

It was observed by Achenbach (1970) that if a plane-stress 
pulse strikes a half-plane crack in an initially undisturbed me­
dium, instantaneous crack propagation can occur only if the 
stress pulse front carries a square-root singular stress. Hence, 
it will greatly improve the model by allowing a finite delay 
time in the initiation of the nonplanar crack. This finite delay 
time effect also observed in a series of paper by Ravi-Chandar 
and Knauss (1984a, b, c, d). But if we do so, the problem loses 
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its self-similar nature. The only solutions for the newly initiated 
crack propagating after a delay time have been first obtained 
by Freund (1973, 1974), and these solutions are restricted to 
the crack remaining straight. More recently, a finite delay time 
has been included in the initiation of the nonplanar crack by 
Ma and Burgers (1986), in which the approximate method in 
Achenbach, Kuo, and Dempsey (1984) has been used for ana­
lyzing the antiplane-strain case. Ma and Burgers (1987) ex­
tended the delay time effect to the in-plane case for incident 
stress wave which is parallel to the crack faces. 

The analysis undertaken here is the extension of the previous 
work in which both the incident longitudinal and transverse 
stress wave parallel to the crack faces was solved. We consider 
the dynamic crack growth out of the original semi-infinite crack 
at an angle to the original crack at some time after the oblique 
longitudinal (or transverse) stress-wave loading initially inter­
acts with the crack tip. The geometry for the kinked crack 
under consideration with the wavefront pattern for stress-wave 
loading is shown in Fig. 1. A perturbation method is used to 
obtain the first-order solution of the dynamic stress intensity 
factor near the kinking crack-tip. When the kinking angle is 
zero, the solutions obtained in this paper reduce to the results 
of Freund (1973, 1974), and reduce to the solutions of Ach­
enbach, Kuo, and Dempsey (1984) as the delay time tends to 
zero. The energy flux into the propagating kinked crack-tip 
can be obtained from the dynamic stress intensity factors, and 
those results are discussed in terms of an assumed fracture 
criterion. 

Required Fundamental Solutions 
Consider a stress-free linear elastic homogeneous isotropic 

infinite medium that contains a stationary semi-infinite crack, 
which will be referred to as the original crack, which lies along 
the negative x-axis with the origin of the coordinate system at 
the crack-tip. At time t = 0, a horizontally-polarized longi­
tudinal wave (or transverse wave) strikes the stationary crack-
tip at angle of incidence a. A short time later, at / = //, a 
crack referred to as the new crack propagates out of the tip 

Fig. 1 Stress wave front pattern for a planar stress-wave impacting a 
kinking crack 
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of the semi-infinite crack with a constant velocity v (less than 
the Rayleigh wave speed) making an angle 5 with the original 
crack, thus producing a kinked crack. 

The field solution for a kinked-crack geometry can be con­
sidered as the superposition of the field generated by diffrac­
tion of the incident wave by the stationary crack and the field 
from the new crack faces subjected to crack-face tractions, 
which are opposite in sign to the stresses computed from the 
stationary crack problem. The fields generated by kinking of 
a semi-infinite crack upon diffraction of a longitudinal or 
transverse stress wave are extremely difficult to analyze. The 
analysis involves coupled integral equations, which must be 
solved numerically. (See Burgers (1983) and Burgers and 
Dempsey (1984).) We use the first-order approximation of the 
dynamic stress intensity factor for a kinked crack, which can 
be expressed by the stress intensity factor for a straight crack, 
propagating in its own plane, subjected to the negative of the 
traction computed from the stationary crack problem along 
the line of the kinked crack. The solutions for the approxi­
mation method for the kinking crack under stress-wave loading 
can be separated into a number of different problems, all of 
which are relevant problems in their own right. By building 
up the so-called fundamental solutions of more basic problems, 
the solution of the final problem can then be solved. Some 
fundamental solutions needed for solving the dynamic stress 
intensity factor of the kinking crack will be presented. 

In a stationary coordinate x-z system, a homogeneous, iso­
tropic, linearly elastic medium is governed by the two-dimen­
sional wave equations 

V z 0-

vV-*V=o, 

(1) 

(2) 

where 

\\ + 2n 

a and b are the slowness of longitudinal and shear waves, 
respectively, /t and p are the shear modulus and the mass density 
of the material, and X is the Lame elastic constant. The dis­
placements are derived from the potentials according to u = 
cf>,x - \j/,z, w = <j>,z + \p,x, where u and w are the displacements 
in the x and z directions. The stresses can be written in terms 
of the potentials by means of Hooke's law. 

Diffraction by a Stationary Crack. Consider a special 
problem for a tensile stress loading applied uniformly on the 
stationary crack faces z = 0. The following mixed boundary 
conditions on z = 0 are considered: 

o{z(x,0,t)= -OoHit + xa*) for - o o < x < 0 , 

oxz(x,0,t)=0 for -OO<A:<OO, 

w(x,0,t)=0 for 0<.x<oo. 

(3a) 

Ob) 

(3c) 

where a* = a sin a and H represents the unit step function. 
The full field solutions of stresses for - T / 2 < 6 < ir/2 are 

A 

o'xz 

[' T r(2\2-&2)2$(s)i . 

- \br Im[4X2(a-X)1/2(Z>2-X2)1/2$(s)] 

- {arIm[2X(2X2-Z>2)( f l-X)1/2*(s)]x=V 

+ JirIm[2X(2X2-Z>2)(a-X)1/2$(5)] 

x=\Tds, (4a) 

ds 

ds, (4b) 
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A > 

where 

Im 
(2X2 - fe2)(2X2 + 62-2a2)$ 

ds 
\=\L 

(a + \)l/2 

+ j 6 r Im[4X 2 («-X) 1 / 2 (* 2 -X 2 ) 1 / 2 *] x =x r *, (4c) 

' * = - [ ' ! V Im[4\2(b-\)U2(a2-\2)l/2<f>(s)]x=x,ds 

Im 
(2X2-o2)2*(s) 

(b+\y \ = Xf 
ds, (lb) 

A=°_sAuntk=2(b2_a2)! B 
irk 

"°+(X) = (« + X)' 

JorIm[2X(6-X)1/2(2X2 + 6 2 -2c7 2 )$ ] x = X i * 

+ \br lm[2Mb-\)W2(b2-2\2)$]x=XTds, (7c) 

(c + A)S°+(A)' 

s (s2 \1/2 

A/, (S) = - - cos 0 + i I -2 - a2 J sin I (91, 

s (s2 \1/2 

\T(s) = - - cos e + i h - o 2 ) sin 101, 

where 

fl=fy*iOfM.+ ( X ) = ( 6 + X ) -
7rA: (c + A)S°+(A) 

S°±(X) = 

exp 

For r — 0, the leading two terms of the asymptotic expansion 
of (7) are 

2 /f\ ^2 ft ft ^ft 
<%** ~ ffX+ (a*) ( - ) cos - sin - cos — + o(l), (8a) 

IT \r/ I L L 

\ T J" tan 

$(*) = 

V ( / - g 2 ) 1 / 2 ( & 2 - / ) 

(b2-2y2)2 

d\/ds (X-a*)(X-c)S°_(X) 

c = \/vR is the slowness of the Rayleigh wave and satisfies 
the equation 

(2c2-b2)2 + 4c2(a2-c2)W2(b2-c2)l/2 = 0. 

The first two terms of the asymptotic expansion as r — 0 of 
the stresses are 

dy\ 
y±V' 

rid satisfies 

„ 2 / 'V / 2 0 
o £ « -ff0«°+(«*)(-) c o s - 1 

. 0 . 30" 
- sm - sm — 

2 2J 
-<J 0 + O(1), 

(8b) 
2 / A 1 / 2 0 

o S = - - o - 0 « + ( a * ) ( - ) s i n -
0 30" 

2 +cos - cos — 
2 2 

+ 0(1). 

(8c) 

a1, 
2 / A 1 / 2 

-<7 0 C0 0
+ ( « * ) ( j ; J CO 

<~^°+(**)(;) 

2 / A 1/2 

<4 = -ff0o)°+(a*)(-J co 

0 . 30 
1 + sin - sm — 

2 2 
-<x0 + o ( l ) , 

0 0 30 
cos - sin - cos — + o(l), (5) 

0 . 30 
1 - sin - sm — 

2 2 -<7 O Cxf+0( l ) , 

where 

= o 2 -2a 2 ^fa(2c2-b2) 
xx~ b2 + c2S°+(0)S'L(c)(a + c)' 

The second term in (5), which is O(l) in the asymptotic 
expansion, will play a significant role in the crack kinking 
analysis. 

For the shear loading applied uniformly on the crack faces, 
the deformation will occur in mode II. The mixed boundary 
conditions are then 

o£(x,0,t)=0 for -OO<A:<OO, (6a) 

o£(x,0,t) = -a0H(t + xa*) for -<x<x<0, (6b) 

u*(x,0,t)=0for0<x<oot (6c) 

where u* is the component of displacement in the x-direction. 
The full-field solutions for stresses evaluated for — 7r/2 < 0 
< 7r/2 are 

& f' 
B 

Point Moving Loads of Growing Crack. Consider a crack-
tip which is at rest at x = 0, and suppose there are no loads 
acting on the body for t < 0. At time t = 0, the crack-tip 
begins to move in the x direction at speed v and, simulta­
neously, a symmetric pair of concentrated normal forces ap­
pears at the crack-tip. For t > 0, the concentrated forces 
increase linearly in time and begin to move in the x-direction 
with speed u < v. The boundary conditions are 

(a^z)l(x,0,t) = (mt + n)A(x-ut)H(t) for -co<x<vt, 

(<fiz)i(x,0,t)=0 for - o o < x < o o , 

Wi(x,0,t)=0 for vt<x<<x>, (9) 

where A is the Dirac delta function and m and n are arbitrary 
parameters. The stress intensity factor of this problem was 
obtained by Freund (1973) 

(10) 
\fw(\-a/d)U2 (l-a/d)ul\f^i 

where 

«;w dco+(h) «+(X) 
dh ' l " + W (A + c2)S+(A)' 

S±(A)=exp(- - P ' 1 

\ 7T J°2,l 

x tan"1 V i a l 1/31 
. (2r/2 - b2 - oV/d2 T 2b\/d) \ 

dr\ 

r,±\ 

\arlm[2\(b2-2\2)(b-\)i/2$(s)]^Lds 

Jbr 

a(X) = (a2 - X2 + aW/d2 - 2a2\/d)1/2, 

/3(A) = (b2 - A2 + b2\2/d2 - 2b2\/d)1/2, 

a ± = [a±A(l=Fa/rf)]1/2, 

6 c 
«2 = 1-fl/rf'*2" 1-o/tf' c2 = l-c/d' 

Im[2X(62-2X2)(6-X)1 / 2*(^)]x = X r&, (7a) 

d = 1/v is the slowness of the crack velocity. The parameter 
h = \/(v - u) is the inverse of the relative speed between the 
moving load and the crack-tip. The other fundamental solution 
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needed is that produced by concentrated shear forces appearing 
at the crack-tip and then moving in the x direction with speed 
u. The boundary conditions are 

(o£)2(*,0,0=0 for - o o < x < o o , 

(a^z)2(x,0,t) = (mt + n)^(x-ut)H(t) for -<x<x<vt, 

u*(x,0,t)=0 for vt<x<oo. ( ' 

The stress intensity factor for this case is 

K\ •F _ 
2mh2u\ yflt \flnhu + (h) 

\Tn(\-b/d)m (1 - b/d)xn\[^t 
(12) 

where 

«+(X) = 
/3+(X) 

(X + c 2 )S + ( \ ) ' 

iS±(X)=[6±X(lTft/rf)]1/2. 

With these fundamental solutions at hand, we are now able 
to construct the solution of the stress intensity factor for the 
kinking crack. 

Crack Kinking Due to an Incident Longitudinal Wave 

Consider the incident longitudinal step-stress tensile wave 
of the form 

Ja^OoHO + arsmia-e)). (13) 

The stresses of the stationary crack problem can be obtained 
by superimposing the solutions of the symmetric and antisym­
metric problems proposed in the previous section. Relative to 
polar coordinates, 

Oee = °ee + OM, <4r=oer
+aen (14) 

where 
2 

l - 2 ( ^ ) sin2(a-0) ff«fl = On 

&0r=~<Jo\T) s m 2 ( a - 0 ) , 

(15) 

(16) 

4 , = - ( l - c o s 20)(&+ - (1+cos 20)<4-sin 2101(4. (17) 

a£ = 

and 

4 = 

- - s i n 2101(4+ - s i n 2l0l<4 + cos 20 c4 sgn(0) (18) 

' - ' J (-) sin2a 4 ~ ( l ) s in2«4sgn(0) 

// = XX,2Z,«, 

where 4 represents the incident field and age is the diffraction 
field. c4 . <4> a n d <4 a r e given in (4). The first-order approx­
imation of the dynamic stress intensity factor for a kinked 
crack with delay time tj can be expressed by the stress intensity 
factor for a straight crack propagating in its own plane sub­
jected to the negative of the traction given in (14) on the new 
crack faces. This approximation method is discussed more fully 
by Achenbach and Kuo (1985). The appropriate boundary 
conditions are: 

(1) for the mode I stress intensity factor 

oa=0 for i < 0 , (19«) 

°ii=-oeo(x/t,6 = 8) for 0<x<v(t-tf) (196) 

and 
(2) for the mode II stress intensity factor 

ffji = 0 for x<0, (20a) 

a* ;=-<4(* / f ,0 = 5) for 0<x<v(t-tf), (20b) 

where the i'-axis lies along the kinked crack line and 5 is the 
kinked angle as shown in Fig. 1. 

Mode I Stress Intensity Factor. The stress intensity factor 
of the kinking crack due to the loading from the diffraction 
part of the stationary crack field can be constructed from the 
fundamental solution of equation (10) by choosing m = - 1, 
n = -1* = - htf/d, replacing t by t - t*, and integrating 
over the appropriate range of u = x/t. The mode I stress 
intensity factor for the propagating kinked crack is 

(Kf)d(t,v,5) = ] 0 Kf(m=-l,n=-t*,t 

-n4>(^,t) du 

-c d* f 7f "11/2 

2 %• 
i-wd(\-a/d)\ 

»+(ft)UF 

(21) 

where 

d* = 
vtf 

The integral in (21) is suited to integration by parts. It gives 
a more tractable form than (21) and allows us to get very 
simple closed-form results in some special cases. By careful 
analysis, we find that the function ogg has a square-root sin­
gularity at h = d. Hence, if integration by parts is applied, 
neither the integrated term nor the remaining integral will exist, 
even though the sum exists. To get around this difficulty, the 
method suggested by Freund (1973) is applied. The lower limit 
of integration in (21) is replaced by d + e, e < < d. It can be 
shown that those terms which are singular at e = 0 exactly 
cancel each other, and the desired result can be obtained by 
taking the limit as e -~ 0. 

Integration by parts of (21) and making use of the explicit 
expression for o$e yields 

(Kf)d(t,v,8) = lim2 
e - 0 

-d) 

2L 
'•!_ 

ird(l-a/d)_ 

2dVL 

o0u+ (d) (d* 

- E L + L7re1/2(c + a*)S°+(a*) 

\d^o>+(h)(d* -h)in(4e)hdh\+o(l) 

= 2a0 

+ 

r 2t.r 
_wd(l-a/d)_ 

du+ (d)TL 

(c + a*)S%(a*) 

X 

Mir 
\-o>+(d)(d*-d)y2LL 

d f"* (d*-h)U2 

+ ir(c+a*)S°+(a*) Jrf (h-d)1/2 

[co+(cOrL u+(h)d5'2 L i 

[ (h-d) k(h-d? (ofe)*J 
dh j + o(l), (22) 

where 

TL = l-2g)2sin2« 
SJ 

cos3 - (a + a*)U2 

- I - J sin 2a ( s i n - + sin y ) ( * + « ) . 
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1 - 21 - ) sin2a j (cos25 + C^sin2^) 

+ 1-1 sin 2a sin 25. 

The complete form of (ooe)t is shown in Appendix A. The 
stress intensity factor due to the incident field (15) can be easily 
obtained as follows 

(K$),(t,v,6)= J0 ' K?(m = 0,n=-l,t-t/-^\ai
Bedxo 

Crack Kinking Due to an Incident Transverse Wave 

Consider the incident transverse stress-wave of the form 

&ii = a0HU+brsm{a-6)). (28) 

The stress components in the polar coordinate for incident 
and diffracted fields of the stationary crack are 

ai
ee = a0sm2{a-e), (29) 

c4=ff0 cos 2 ( a -0 ) , (30) 

<4e= - ( l - c o s 2 0 ) o £ + - ( l+cos20 ) f f£ - s in2 l0 lo£ , (31) 

2-\f2a0tY
2o>+(d)(d*-d)1 

\jlr(\-a/d)U2dh 
l - 2 ( ^ ) sin2(a-5) 

(23) 

The first-order approximation of the mode I stress intensity 
factor, including the delay time effect for the kinking crack 
due to the normal loading on the original crack faces, is ex­
pressed in (22), and the solution for the step longitudinal stress-
wave loading is the sum of the contributions due to diffracted 
and incident fields given in (22) and (23), 

KJ=(Kf)d+(Kf), (24) 

Mode II Stress Intensity Factor. Following a similar anal­
ysis as in the mode I case, the mode II stress intensity factor 
due to the diffracted field (18) can be expressed as follows 

(K'!l)d(t,v,b) = ] 0 Kfj(m = 

Oflr 

where 

- - sin 2101 o%x+ - sin 2101 a[z + cos 2Qolz sgn(0), 

(32) 

a,y = sin 2a(«4)* + cos 2a(<j^)*sgn(0), ij = xx,zz,xz. 

Here (ajj)* and (ay)* are almost the same as ajj and ay, which 
are defined in (4) and (7), respectively, except that a* should 
be replaced by b* = b sin a. 

The analysis for the stress intensity factor due to the incident 
transverse wave on a kinked crack proceeds in a similar manner 
as discussed in the previous section for the incident longitudinal 
wave. We will not report the solution procedure and only 
present the results. 

Mode I Stress Intensity Factor. 

Kj = (Kj)d+ (Kj)h (33) 

1 , 7 2 = - t •tt-n4r(\&\du (Kj)d(t,v,$)^2o0 
2t 

•L. 

ird(l-a/d) 

= 2<7„ 

where 

n,= 

2 ' / 
•Kd(l-b/d)_ 

\llr 
\u+(d)(d* 

-d)U2AL 
du+(d)UL 

(c + a*)S%(a*) 

d fd* (d*-h)U2 

+ Tc(c + a*)S°+(a*) id (h-d)yl 

u+Wd"* 1 
k(h-d? Mr)h\ 

" l - 2 @ 2 s i n 2 ; 

+ 

~u+(d)TLL 

I (h-d) 

rf*j + o(l), 

( • 5 • 36 \ 
I s m - +sin — Ua + a*yn 

1 M 2 . , / 5 „ 35\ " .., 
- - I - ) sm 2a( cos - +3 cos — Ub + a*)l/2 

)-2(ff si«2« 

>(S 
(C„-l)sin25 

) sin 2a c os 25. 

do)+(d)TT 

o>+(d)(d*-d)1/2LT 

d f" (d*-h)m 

(c + b*)S°+(b*) ir(c + b*)S°+(b*) 

~w+(d)TT w+(h)d5n 

frf (d^ 

i" (h-(h-d)1 

{h-d) k(h-d) 
3 (aee)h dh +o(l) , (34) 

where 

(25) 

r r = s i n 2a cos3 - (a + b*)U2 

sin y j (6 + 6*)1/2, 

E r =sin 2a(cos25 + C„sin25) - cos 2a sin25, 

3 „ / • S • - cos 2a 1 sin - + sin • 
4 V 2 

and 

A,= 

Details of (po^l a r e given in Appendix A. The mode II stress 
intensity factor due to the incident field (16) is 

(KfI)i(t,v,8) = j 0 ' KfI(m = 0,n = -l,t-t/-*z\o'lrdxo ' 

2sj2o0ty
2u+{d)(d*-dy/2/aY . ^ 

= r ( T ) s in2(a~5) . (26) 
\hrtt-b/d)1/2dU2 W 

trt i* « 2\l2<j0ty
2u+(d){d*-d)1/2 . 

(K})i{t,v,S)^ — -j± s m 2 ( a - 5 ) . (35) 
^t(l-a/d)[/2d[/2 

Mode II Stress Intensity Factor. 

(36) 

(Kj,)d(t,v,S) = 2a0 
2t, lL. 

ird( 1 - b/d)\ (. 

du+ (d)IlT 
+ (c + b*)S°+(b*) 

)u+(d)(d*-d)W2AT 

d ["* 
ir(c + b*)S°+(b*) id 

(d*-h)1 

d (h-d)l/ 
u+(d)UT 

L (h-d) 

Hence, 

Kn= (Kn)d+ (•#//)/• (27) 
u+(h)d5/ 

k(h-d)1 (<&)»* dh\ + o{\), (37) 
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where 

1 / 5 3S\ ,,, 
n r = - s i n 2 a ( s i n - +sin — I (a+b*)ln 

' 4 V 2 2 / 

c o s - +3 cos— \{b + b*yn, 
1 „ / 8 , 35^ 

+ - cos 2a I cos —1-3 cos — 
4 V 2 2 , 

A r = - sin 20(0^.— l)sin 25-cos 2a cos 25 

and 

tvTMf xx 2\[2a0ty
2u+(d)(d*-d)W2 

(K},)i(t,v,8)= jd cos 2(a~S). 
•sjw(l-b/d)mdi/2 

(38) 

Details of (aee)h ar>d (<rer)h
 a r e given in Appendix B. 

Special Cases and Numerical Results 

Some special cases are discussed to give simple closed-form 
results and can be used as a check for the numerical calculation 
of the general cases. For the kinking angle 8 = 0, the new 
crack propagates straight out of the original crack. The stress 
intensity factor can then be simplified as 

Kf = 2 P a0(\ - 2 ^ j < (a*)K,(d){t+v(t-tf)a*\m, 

(39) 

a0^-2sm2au0
+{a*)Kn{d)[t + v(t~tf)a*]W2 

IT b 

(40) 

Fig. 2 The normalized mode I stress intensity lactor versus kinking 
angle due to incident longitudinal stress-wave loading for f, = 0 and a 
= 0.375* 

K] = l I- o0 sin 2a w° (b*)n,(d)[t + v(t-tf)b*\ 
Fig. 3 The normalized mode II stress intensity factor versus kinking 

*n (41) angle due to incident longitudinal stress-wave loading for t, = 0 and a 
0.375* 

Kj,=2 P a0 cos 2a u°+ (b*)icrl(d)[t + v(t-tf)b*\xn, 

where 

(42) 

K,(d) = 

K„(d) = 

S+{d)(d+c2)(l-a/d)U2' 

S+(d)(d+c2){\-b/d) 1/2-

The functions a,{d) and Kn(d) depend only on the crack 
speed v = \/d and material properties. The values of K,{d) 
and Kn(d) decrease from unity at v = 0 to zero when the crack 
speed reaches the Rayleigh wave speed. It is worth noting that 
the solution in (39)-(42) provides exact results, without any 
approximation made in this case and reduce to the same results 
obtained by Freund (1974) for a crack propagating straight. 

If one wants to study the criterion for a crack kinking event, 
it is clear that the most significant time scale involved should 
be in the region when crack kinking has just occurred, in other 
words, t - tj << 1. The field quantities change very rapidly 
at this time period and it certainly plays an important role in 
the crack kinking events. The stress intensity factor just after 
the kinking occurs has the form 

2td 

w(l-a/d)l 

u+(d)TL 

(c + a*)S°+(a*)' 
(43) 

= 2(7, 
ltd 

ir(\-b/d) 

ltd 

ir(l-a/d) 

ltd 

_Tr(l-fe/d). 

1/2 u+ (d)IlL 

(c + a*)S°+(a*)' 
1/2 u+(d)TT 

(c + hnSKb*)' 
1/2 u+(dWT 

{c + b*)S°+(b*)~ 

(44) 

(45) 

(46) 

Just before kinking, the crack is stationary and the stress 
intensity factor can be obtained by taking the limit t — tf and 
d — oo in equations (39)-(42) or by taking the limit 8 — 0 and 
d — <x in equations (43)-(46). 

(Kf)s = la0[l -2(a/6)2sin2a](2?/7r)1/2co0
+ (a*), 

(Kjj)s= -2a0(a/b)2sm 2a(2f/7r)1/V+ (a*), 

(Kf)s = 2(T0sin 2a(2*/7r) 1/2w°+ (b*), 

{Kl)s = 2er0cos 2a(lt/w)W2u°+ (b*). 

(47) 

(48) 

(49) 

(50) 

, Because the crack-tip speed changes discontinuously at t = 
tj-, the stress intensity factor just before and after the kinked 
crack has a jump, whose magnitude depends on the crack speed 
v, the incident angle a, and the kinked angle 5. 

If we examine the special case of no finite delay time, that 
is the crack kinks at the instant the incident stress wave strikes 
the original crack-tip, the solution of (24), (27), (33), and (36) 
will reduce to the result of Achenbach, Kuo, and Dempsey 
(1984). Figures 2 and 3 show the dimensionless mode I and 
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Table 1 Comparison of numerical results according to Burgers 
(1983): (1) Achenbach, Kuo, and Dempsey (1964); (2) and this paper; (3) 
for an incident longitudinal stress wave a = 0 and I, = 0 

ftf 

0„(V,t) V1 

K-i, 

ao ( V;t)
 1/2 

\. 5 

0. 1 

0. 3 

0.5 

0.7 

0.1 

0. 3 

0.5 

0.7 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

0 

1.0070 

.9991 

. 9997 

. 8484 

.8625 

. 8623 

. 7078 

. 7023 

.7019 

.51.'»9 

.5043 

.5040 

0 

0 

0 

0 

0 

0 

0 

0 

0 

e 

0 

0 

.0625 

.9870 

.9797 

.9808 

. 8295 

. 8435 

. 8434 

. 6911 

. 6856 

.6853 

.5011 

.4916 

.4913 

. 1287 

. 1257 

.1251 

.1342 

.1276 

.1271 

.1245 

.1197 

.1192 

.•1069 

.1029 

. 1025 

. 12 5 

.9291 

.9234 

.9247 

. 7747 

.7884 

. 7884 

. 6427 

.6373 

.6372 

.4644 

.4549 

.4548 

.2465 

.2410 

.2397 

.2564 

.2436 

. 2427 

.2373 

.2277 

.2268 

.2031 

.1951 

.1943 

.25 

..7241 

. 7219 

.7239 

.5818 

.5937 

.5945 

. 4744 

.4695 

.4701 

.3385 

. 3294 

. 3299 

.4131 

. 4047 

.4030 

. 4260 

.4023 

. 4009 

. 3909 

.3711 

.3697 

.3301 

. 3136 

. 3123 

.375 

.4625 

. 4610 

.4622 

. 3387 

.3481 

.3495 

.2674 

.2637 

.2650 

. 1895 

. 1810 

. 1821 

. 4564 

.4458 

.4439 

. 4636 

. 4299 

.4285 

.4202 

. 3887 

. 3874 

. 3479 

. 3220 

.3209 

. 485 

.2482 

.2829 

.2448 

.1435 

. 1932 

.1537 

. 1068 

.1356 

.1069 

.0805 

.0899 

.0738 

. 3952 

. 3848 

. 3787 

.3962 

.3565 

.3514 

. 3551 

.3155 

.3115 

.2890 

.2570 

.2543 

mode II stress intensity factor which is valid for tf = 0 and used which gives a ratio of wave speed i>, = \l^vs, V/ = 1.884^. 
incident longitudinal stress wave angle a = 3TT/8. Note that The numerical results of the mode I and mode II stress intensity 
for all calculations in this paper, a Poisson's ratio of 0.25 is factor due to incident transverse stress wave for tf = 0 are 
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Table 2 Comparison of numerical results according to Burgers 
(1983): (1) Achenbach, Kuo, and Dempsey (1984); (2) and this paper; (3) 
for an incident transverse stress wave a = 0 and t, = 0 

K,T 

a„(y ,t)V' 

KT„ 

a,( V,t)i2 

0. 1 

0.3 

0. 5 

0.7 

0. 1 

0. 3 

0.5 

0. 7 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1.3369 

1.3485 

1.3436 

1.2351 

1.2247 

1.2227 

1.0823 

1.0784 

1.0770 

. 8920 

.8817 

. 8807 

. 0625 

- .381-4 

- .3840 

- .3836 

- .3179 

- .3322 

- .3319 

- .2648 

- .2710 

- .2708 

- .1938 

- .1950 

- .1949 

1.2940 

1.3005 

1.2954 

1.1897 

1.1755 

1.1736 

1.0369 

1.0299 

1.0285 

. 8493 

. 8373 

.8363 

.125 

- .7365 

- .7397 

- .7395 

- .6086 

- .6347 

- .6343 

- .5021 

- .5133 

- .5129 

- .3622 

- .3656 

- .3653 

1.1695 

1. 1610 

1.1575 

1.0590 

1.0339 

1.0320 

. 9070 

. 8910 

.8897 

. 727E 

.7110 

. 7100 

.25 

-1.2803 

-1.2693 

-1.2690 

-1.0231 

-1.0558 

-1.0551 

- .8104 

- .8229 

- .8222 

- .555! 

- .5597 

- .5592 

. 7321 

. 6680 

.6648 

.6119 

.546! 

.5453 

. 4725 

. 425E 

. 424E 

. 3297 

.2972 

.2965 

. 375 

-1.5241 

-1.4607 

-1.4607 

-1.1571 

-1.156C 

-1.1552 

- .847! 

- .845; 

- .844: 

- .524! 

- .523? 

- .523: 

. 183: 

.046( 

. 044] 

.087] 

- .029! 

- .030; 

- .009! 

- .090f 

- .091( 

- .084' 

- .1311 

- .131! 

. 485 

-1.4983 

-1.3524 

-1.3431 

-1.0589 

-1.0130 

-1.0043 

- .7102 

- .6830 

- .6781 

- .3790 

- .3699 

- .3680 

- .2586 

- .5429 

- .4392 

- .2986 

- .5266 

- .4372 

- .3290 

- .4656 

- .4160 

- .3199 

- .3791 

- .3626 

shown in Figs. 4 and 5. These results agree very well with the 
numerical results presented by Achenbach, Kuo, and Dempsey 
(1984). A comparison with the numerical results with Ach­
enbach, Kuo, and Dempsey (1984) and Burgers (1983) is shown 
in Tables 1 and 2, for both incident longitudinal and transverse 
waves with a. = 0. It shows that the first-order approximation 
method used in this paper agrees quite well with the numerical 
results of Burgers (1983). For the important range of kinking 
angles 0 < 5 < w/4, the error introduced by using this ap­
proximate method is within 3 percent for mode I stress intensity 
factor and 5 percent for mode II stress intensity factor due to 
incident longitudinal wave. For incident transverse wave, the 
error is within 3 percent for mode I and 10 percent for mode 
II. This good agreement suggests that the wedge geometry of 
the kinked crack has only a minor effect on the calculation of 
the dynamic stress intensity factor. 

In order to investigate the stress intensity factor for the whole 
propagation event of the kinked crack, the normalized time 
t/t is chosen as the parameter. The instant of initiation of the 
kink is at t/t = 1, while tf/t = 0 corresponds to the time 
when the kinked crack has propagated for an infinite time 
compared to the delay time. The nondimensional stress inten­

sity factor for mode I and mode II versus t/t for incident 
longitudinal wave (or transverse wave) for incident angle a = 
0.375-7T, and kinking angles 5 = ±0.1257r are calculated and 
plotted in Figs. 6-9. As we can see from these figures, the 
dimensionless stress intensity factor is significantly different 
for t/t — 0 and t/t = 1 for some cases. The mode II stress 
intensity factor has a stronger dependence on delay time effect 
than mode I case. 

Energy Fluxes and Kinking Criterion 
For mixed mode I-II fracture, the energy flux into the prop­

agating crack-tip can be written in terms of the corresponding 
dynamic stress intensity factors in the form 

E=-
/ « V / 2 , / b2\W2 

2ii(PR{d) 

tit > 
2,xb2 ' (51) 

where 
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In the following calculations of E*, the stress intensity factor 
might show a negative value. A negative mode I stress intensity 
factor would correspond to the contact of the crack faces near 
the crack-tip. Hence, we would set K, identically equal to zero 
whenever the calculations show it to be negative. The effect 
on the negative mode II stress intensity factor may be ignored 
under the smooth, frictionless crack faces assumption. If the 
maximum energy release rate criterion is accepted as the kink­
ing condition, then the combination of the kinking angle and 
the crack speed can be determined at which the energy flux 
into the propagating crack-tip achieves a maximum value. For 
an incident longitudinal wave, Fig. 10 shows the kinking angle 
and the crack-tip speed at which E* attains its maximum value 
for various values of a for tf = 0. The predicted kinked crack 
speed increases as the incident angle a increase. For the general 
case, the delay time is not zero, it is shown in Fig. 11 for 
incident angle a = v/4 that the kinking angle and crack tip 
speed for E* to achieve its maximum value E^ax of the whole 
time history. 

Conclusion 
With the inclusion of a delay time, the solution of the frac­

ture problem becomes a great deal more realistic physically 
and more closely models real material response. An approx­
imate method that ignores the corner geometry of the kink 
angle is used to construct the mixed-mode stress intensity factor 
for incident longitudinal and transverse stress-wave loading. 

A very satisfactory result is obtained when compared with the 
numerical results with no delay time effect. This good agree­
ment suggests that the wedge geometry of the kinked crack 
has only a minor effect on the calculation of the dynamic stress 
intensity factor. Hence, for important range of kinking angles, 
the elastodynamic crack kinking stress intensity factors are 
affected more by the loading of the new crack faces than by 
the wedge geometry. 

The influence of the delay time effect on the calculation of 
the dynamic stress intensity factor for kinking crack can be 
obtained from Figs. 6-9. The figures show that the mode I 
stress intensity factor is weakly dependent on delay time, while 
the mode II stress intensity factor has a stronger dependence 
on delay time. For the kinking angle 5 = 0, the crack prop­
agates straight out of the original crack, the stress intensity 
factors are expressed in (39)-(42). An interesting result is that 
Kf and KT

n are independent of the delay time for a. = 0. 
Frequently, an energy-based fracture criterion is used to look 

at the initiation of crack-tip motion. The criterion is based on 
the assumption that the energy release rate at initiation of 
fracture is a material parameter. For static fracture under 
small-scale yielding conditions this is well established, but for 
dynamic fracture, it is not clear that this is a suitable criterion 
beyond the initiation phase. It is unfortunately not yet clear 
from experimental results what is a suitable criterion for a 
bifurcation event. Recent attempts have been made to deter­
mine the condition for crack branching from theoretical anal­
ysis of the elastodynamic field quantities near the tips of the 
branches. With these theoretical results for the stress intensity 
factor of the kinking crack, an attempt can be made to de-
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termine the kink angle and the new kinked crack speed using 
different fracture criteria and to compare them with the ex­
perimental results available. For this paper, the maximum en­
ergy release rate is adopted for the kinking criterion. This 
energy criterion suggests that the crack will choose to propagate 
in the direction and at velocity for which the energy flux into 
the crack tip has a maximum value. For the special case tf = 
0, the general features are that the kinked crack speed v in­
creases as the incident stress wave angle a increases for E* to 
achieve its maximum value E^x, and the kinked angle 5 is just 
slightly larger than a. For the general case, the kinking angle 
5 is approximately constant until t/t reaches 0.8. In general, 
v and 5 are slightly smaller than the corresponding values 
obtained by assuming no delay time. For incident stress-wave 
parallel to the crack faces (a = 0), the energy criterion predicts 
that the crack will tend to propagate straight ahead of the 
original crack which has been observed in experiments, see 
Ravi-Chandar and Knauss (1984a, b, c, d). 

The complete solutions available for the kinked crack ge­
ometry that include the corner effect are still restricted to no 
delay time. There are no other results that can be used to judge 
the accuracy of the approximation in this paper when the delay 
time effect is included in the whole kinking angle range. It has 
been shown, that for 5 = 0, the results are exact. It is believed 
that this approximate method still gives a quite good accuracy 
for small kinked angles. 
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(«4)** = Im 
[2G2

a-b
2(vh-l)2]2Qa 

v. *„[</(!;/!-l) + 0 a]1 / 2 

46^[g( i ; / i - l ) -e f , ] ' / 2 [ fe 2 ( i ; /? - l ) 2 -e | ] 1 / 2 n^ 

,„/ » i f 2 e a [ g ( ^ - l ) - 9 a ] ' / 2 [ 2 9 2 - & 2 ( i ; / ; - l ) 2 ] n a 

(Oft = Im ~r + 

2Qb[a(vh-l)-Qb]
,/2[2Ql-b2(vh-l)2)Qb 

tj « T (2e2-b2(vh-l)2][2e2
a+(b2-2a2)(vh- l)2]Ra 

4ella(vh-l)-Qbl
l/2[b2(vh-l)2-e2

b]
1/2Qb 

and 

f 2 9 a [ & ( ^ - i ) - e a ] 1 / 2 [ f t 2 ( i ; f t - i ) 2 - 2 9 2 R 
(<4)ft=Im[ 

_ 2eb[b(vh-i)-eb\
w2[b2(vh-i)2-2e2

b]Qb) 
n y 

(<4)* = Im 
4 e 2 [ ^ ( ; ; / i - l ) - 8 a ] ' / V ( t ; / ; - l ) 2 - e 2 ] 1 / z n , 

_ [292,-&2(^-imv? 
*6t^(^-i)+e6]1/2J' 

f 29g[ft ( ^ - 1) - 6a]
1/2[292

a + (fr2 - 2a2) (vh - 1 ) 2 R 
WxxYh = Imi 

29 6 [6 ( i ; / i - i ) -9 f c ] 1 / 2 [ fe 2 (^ - l ) 2 -29 2 , ] lV) 
+ ** J 

where 

Qa= -[ / ! 2 -o 2 (y/! - l ) 2 ] 1 / 2cos 8 + /A sin 151, 

fife=-[/*2-62(^-i)2]1/2cos5 + (/!sin 151, 

9 a = -h cos 5 + i[ / i2-a2(! ;A-l)2]1 / 2 sin 151, 

eb= -h cos 5 + i[h2-b2(vh- 1)2]1/2 sin 151, 

^ a = [ / ! 2 - a 2 ( y / i - l ) 2 ] 1 / 2 [ 9 a - a ( ^ - l ) s i n a ] 

[9 a - c (u / j - l ) ]S°„ (9 a / ( ! ; / i - l ) ) , 

* 6 = [h2 - b2 (y/i - l)2] 1/2[0A - a (vh - l)sin a] 

' [Qb-c(vh-l)]S°„(Bb/(vh-\)). 

A P P E N D I X B 

(a£)jf = (a + 6*) 1/2sin 2a(ofc)jJ + (6 + b*) 1/2cos 2a(oS)jfsgn(fi). 

(ajM = (a + b*) 1/2sin 2a(<^)A* + (6 + b*) 1/2cos 2a(<rS)*sgn(5). 

(<&)** =\<\~ c o s 25)(<&)A* + ^ (1 + cos 25)(<£)jJ 

(<&)** = 

- s i n l 2 5 l ( 0 A * , p = / o r / / 

^ sin 125 ! « ) „ • + isinl25l(afz)A* 

+ cos25«)A* sgn(6), q = I or 77, 

where (<»»»)£, (O^)*, (099)* and (a$)j? are exactly the same as 
Appendix A except changing a(vh - 1) sin a in ~ia and ~ib to 
6(yft - 1) sin a, that is 

ya=[h2-cp-{vh-\)2}y2[Qa-b(vh 

- l)sin a ] [ e a - c ( i ; / i - 1)]S°_ (Qa/(vh-Vj), 

yb=[h2-b2(vh-l)2]W2[Bb~b(vh 

-l)sma][eb-c{vh-l)]S°-(Gb/(vh-l)). 
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