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MEAN FIELD EQUATIONS, HYPERELLIPTIC CURVES AND
MODULAR FORMS: 11

CHING-LI CHAI, CHANG-SHOU LIN, AND CHIN-LUNG WANG

ABSTRACT. A “pre-modular form” Z,(c; T) of weight $n(n + 1) is intro-
duced for each n € IN, where (0,7) € C x H. Let E; = C/(Z + Z7).
Then the pre-modular form has the property that every non-trivial zero
of Z,(o; T), namely ¢ ¢ E;[2], corresponds exactly to the solution to the
non-linear mean field equation (MFE)

Au+ et =8mndy
on the flat torus E;. This paper is a sequel to [3], where the hyperellip-
tic curve X, (1) C Sym"E; associated to the MFE is constructed. Our
construction of Z, (c; ) relies on a detailed study of the correspondence

P! + X, (1) — E¢ where the former map is the hyperelliptic projection
and the latter map is induced from the addition law.

CONTENTS

Introduction

Geometry on X;, for p = 8nm

Pre-modular forms Z, (c; )

Explicit determination of Z,

A remark on the classical approach to Z,

. Future perspectives

Appendix A. A counting formula for Lamé equations
References

Gl WO
REERNREw=

0. INTRODUCTION

Consider the flattorus E = E; = C/A, T=a+bi,b >0and A = A; =
Zwq + Zwy with wq; = 1 and w, = 7. Let G be the Green function on E:

~AG =8)— —
0.1) O [E]

fEG:0,

onE,

With Appendix A written by You-Cheng Chou.
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where d is the Dirac measure at the lattice point 0 € E. In this paper, we
continue our study initiated in Part I [3] to study the equations

n
(0.2) nVG(a Z VG(a —a] i=1,...,n,
j=1,#i
with unknown a = (ay,--- ,a,), a; € EX = E\{0} and a; # a;if i # j. The
main theme is the connection between (0.2) and the followmg mean field
equation:

(0.3) Au+e"=pé onE, peR™.
Equation is originated from the prescribed curvature problem in

conformal geometry. It is also related to the higher dimensional complex
Monge-Ampere equation:
9w \4
0.4 =e® E .
04) det (E)ziazj)i,j:l ¢ on (E\{0})

For any solutions u;(z) to (0.3) corresponding to p = p;, i = 1,...,d, the
function

w(zy, -,z Zu zi) + (log4)d

satisfies with a logarithmic smgulanty along the normal crossing divi-
sor D = E%\ (E\{0})“. In particular, bubbling solutions to give exam-
ples of bubbling solutions to (0.4).

The above discussions indicate the fundamental importance to study
the concentration phenomenon of bubbling solutions to equation in
details. Indeed this is the heart inside the connection between and
which we would like to explore. Suppose that {u;} is a sequence of
bubbling solutions to (0.3) corresponding to p = px. Then it was proved
n [4] by PDE method that o, — 87tn with n € IN, and the blow-up set
{a1,---,an} of {ux} must satisfy (0.2). The PDE method actually applies
to a more general class of non-linear equations, but it is in general subtle
to treat the reverse direction to construct solutions from {ay,--- ,a,}. For
(0.3) with p = 87tn, it turn out that a sequence of bubbling solutions could
be straightforwardly constructed from a non-trivial solution {ay,--- ,a,}
to through the developing map f and the Liouville formula:

2/\ / 2
(0.5) ut(z) = log (1+e2Lﬁf(( ))|| 7 AER,

where f is a meromorphic function on C which has zeros precisely onz = a;
(mod A),i=1,...,n, and satisfies the type II constraints:

(0.6) flz4+w)=e"f(z), 6,eR, j=1.2.

The function f could be explicitly written down in terms of {ay,--- ,a,},

see e.g. (L.2) in Proposition 1.1}
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The aim of this paper is to develop a theory towards understanding the
structure of solutions to (0.2) and how it changes under deformations of
E: in the moduli space. Our starting point is the hyperelliptic geometry
developed in Part I [3] which encodes the essential algebraic constraints
among the n equations in . Based on it, the complete information turns
out depends on certain pre-modular forms, which is the main theme of this
paper. To be more precise, the main task of this paper is to prove that if
has a non-trivial solution for E = E., then this T must be a zero of
a pre-modular form Z,(c;7) of weight in(n + 1), with ¢ € E\E.[2] and
TeH={7t€C|Imt > 0}. Thatis, Z,(0;7) is a modular form of
weight 371(n + 1) with respect to I'(N) whenever ¢ € E;[N] (the N-torsion
points). Our function Z,(c; T) is holomorphic in T € H and real analytic in
o € E, therefore it also provides a tool to study the corresponding modular
form at any N torsion points via deformations in ¢. Recently, the idea of
deformations was successfully applied in [2] in the case n = 1 (p = 8m) to
provide a complete solution to (0.3). It is our hope that results of this paper
and Part I [3] will lay the foundation to extend the study to all n € IN.

Now we give the detailed descriptions. We start by explaining the notion
“non-trivial solutions” to (0.2). In [3] we proved the following result:
Theorem A. Let a = (ay,---,a,) € E" be a solution to , then either

{ar, - a0 {—ay, -, —an} = Qor{ay,---,a,} = {—ai, -, —an}.
Moreover, is equivalent to

0.7) ) VG(aj) =0,

and the following holomorphic system

08 Y @ai—a)+ia)—2@) =0, i=1---,n

j=1, #i

We remark that the Weierstrass { function has singularities only at the
lattice points and thus is meaningful only if a; # 0 for all i and a; # a;
for i # j (as points in E). From the system of equations we introduce a
hyperelliptic curve Y,, as follows. Let

Yy = {(ai,---,a,) | a; € E* foralli,a; # ajforalli # j,
and (a1, - - ,a,) satisfies }/Sn,

(unordered n-tuples), and Y, be the closure of Y, in Sym"E = E"/S,, the
n-th symmetric product of E. Then

Y, =Y, u{,---,0)}
Define the map B : Y;, — C by

n

a By=(2n—1)Y p(a),
i=1
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and let X, = {{ay, -+ ,an} €Yy | {m, - ,an} N {—-ay,--,—a,} = D}.
Then a classical result says that
(i) Y»\X, consists of 21 + 1 points (counting with multiplicities),
(i) B|x, : X, — C is a two to one map (onto its image),
(iii) X, = Y, is a hyperelliptic curve which can be parametrized by

Yy = {(B/C) | C*= En(B)}
where ¢, (B) is a polynomial in B of degree 2n 4+ 1. The branch
points of the hyperelliptic curve is precisely X, \X,. In particular,
the algebraic curve X, is smooth if ¢, (B) has no multiple roots.
A proof of the above statements with rigorous details can be found in
[3], which is based on a detailed study of the (integral) Lamé equation on E-

(0.9) w'" = nn+1)p+ B)w
from both the analytic and algebraic point of views. Indeed, let
V1 0(z — a;)
(010) wy(z) = ezzg(”t) = T
(2) g =5

be the classical Hermite-Halphen ansatz. Then w, and w_, are indepen-
dent solutions to with B = B, if and only if a € X,,. Historically X,, is
also known as the Lamé curve.

By Theorem A, it is natural to separate the study of into two stages.
We first study the algebraic geometry associated to the hyperelliptic curve
X, and then study the remaining single equation on Green functions
for a € X,,. Notice that, by the anti-symmetry of VG, (0.7) holds automati-
cally if a is a branch point of X,,. Hence the system ntains all branch
points of X, as its solutions. We say that a solution a to is non-trivial if
a is not a branch point of X;,.

We start by reviewing of the simplest case n = 1. Then X; = E and there
is no new hyperelliptic geometry. Also a is a solution to if and only if
VG(a) = 0, namely a € E is a critical point of G. The branch points of E
consist of all half periods %w]-, j = 1,2,3. Hence a non-trivial solution p is
simply a non half-period critical point of G. How many such points might
G have? This had been answered in [11]]:

Theorem B. For any T € H, the Green function G(z; T) on the flat torus E. has
at most five critical points.

Since G(z) is an even function, the extra critical points appear in pair +p.
The following result was announced in [11] and recently proved in [12]:

Theorem C. Suppose that the pair of non half-period critical points {£p} of G
exists, the £ p are the minimal points of G. In fact any solution to must be a
minimizer of the non-linear functional

—1 2 _ —87nG+u
Jsn(u) = 2/E|Vu\ 87rlog/Ee
onu € H(E)yN{u| f[pu =0}
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To proceed, we need the detailed analytic description of Green functions
in [11]]. Recall the theta function ¢ := ¢, where

° 1 . .
191(2; T) - g Z (_1)nq(n+§)ze(2n+l)mz’ g = 27T

n=—oo

Then the Green function is given by

L NN
(0.11) G(z; 1) = o log |8(z; T)| + T C(1),

where z = x + iy = tw1 +swa, 1; = 20 (%wi), i = 1,2, are quasi-periods and
C(7) is a constant so that fET G = 0. Using (log¥). = {(z) — 11z and the
Legendre relation 173w, — 12wy = 2711, we have

(0.12) G.(z;7) = —ﬁ(g(z; T) — t1(T) — sia2(7)).

For any z = twy + swy, t,s € R, we define the Hecke function Z(z;T) =
Zt’s(T) by

Zis(T) = Z(tw1 + swy; T) = {(twr + swy; T) — ti (T) — sy2(T).

Therefore z is a critical point of G(z; 7) if and only if Z;s(t) = 0. Since
Ziy1s = Zis = L1541, we may assume that 0 < t,s < 1.

We found Z; s(7) in [11]. But it first appeared in [9] where Hecke showed
that if z = tw; + swy is an N torsion point then Z;+(7) is a modular form
of weight one with respect toI'(N) = { A € SL(2,Z) | A= I, (mod N) }.
Z(z;7) is holomorphic in 7, but not in z. Z;s(t) = 0 for z a half-period,
thus we are interested in equation Z;s(7) = 0 with (t,s) & 1Z2.

Now we turn to and for general n > 1. A central issue is to
study the following

Conjecture 0.1. Under the deformations in T, equation has no bifurcations
at any non-trivial solution.

Forn =1, Conjecturecan be deduced from Theorem B (c.f. [12]). For
n > 2, we do not expect an extension of Theorem B to work.

Our approach to Conjecture 0.1 for n > 2 is to construct a pre-modular
form Z,(c; T) with 0 € E; which generalizes the Hecke function (Z; = Z),
and study this single analytic function Z, instead. The pre-modular form
Z,(0; T) is naturally associated to the family of hyperelliptic curves X, (7),
T € H. The goal is to show that any non-trivial solution a = (ar,--- ,a,) to
comes from the zero of Z,(c; T) with ¢ = Y} ; a;, and vice versa.

Consider the Green function equation (0.7) in Theorem A. Let z,(a) =

(X ai) — X ¢(a;). f il q a; # 0 then
—471) VG(a;) = Y (C(tiwr + siwy) — L — si1p2)
=Z()_a;) — z(a).
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In §1lwe will show that in fact /' ; a; & E;[2] for any a € X, (7). Hence

is equivalent to
(0.13) z,(a) = Z( Zai).

i=1

This motivates us to study the map

n
c: Xy —E, a—o(a):=)_a
i=1

induced from the addition map E" — E. The algebraic curve X, (7) might
be singular for some 7, but it must be irreducible (c.f. Theorem[1.5[(3)). In
particular, ¢ is a finite morphism and degc is defined. The function field
K(Xj) is also defined and is finite over K(E) = C[p, ¢']. It is well known
that dego = [K(X,) : K(E)] = number of points for a general fiber.

Theorem 0.2. The map o : X, — E has degree In(n +1).

In §1} we will apply the Theorem of the Cube in the theory of abelian va-
rieties (see e.g. [15]) to prove it. From Theorem there is a polynomial
Wi (z) € Clg2, 83, 0(0), 9'(0)][z] of degree 3n(n + 1) which defines the cov-
ering map o between algebraic curves.

The major question is to find a natural primitive element of this cover-
ing map. Namely a rational function on X,, which has W, as its minimal
polynomial. This is achieved by the following fundamental theorem:

Theorem 0.3. The rational function z,, € K(X,,) is a primitive generator for the

field extension K(X,,) over K(E) which is integral over the affine curve E*.
Moreover, the induced map z, : X, — P! also has degree %n(n + 1), with its

fibration structure over oo € P! analytically isomorphic to o : X,, — E over 0.

This means that W, (z,) = 0, and conversely for general T and ¢ = 0y €
E., the roots of W, (z) = 0 are precisely those n(n + 1) values z = z,(a)
with o(a) = 0yp.

The proof is given in §2] Theorem [2.T|and A major tool used in the
proof is the notion of tensor product of two Lamé equations w” = Lw and
w' = Lw,where [ = n(n+1)p(z), [ = [+ B, and I, = [ + By. Indeed, for
given T with X, not necessarily being smooth, and for a given general point
0o € E, we need to show that the n(n + 1) points on the fiber of X, — E
above oy has distinct z, values. From the definition of z,, it is enough to
show that for c(a) = o(b) = 0y, the condition }_{(a;) = Y. {(b;) implies
B, = By and thena = b if oy & E[2].

If w{ = Lwy and wy) = DLw,, then the product g = w;w, satisfies the
fourth order ODE (tensor product) given by

(0.14) " —2(I; + L)q" — 6I'q’ + ((B, — By)* —2I")g = 0.
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We remark that if B, = By, then I} = I, and g actually satisfies a third order
ODE as the second symmetric product of a Lamé equation. This is a useful
tool in Part I [3] in the study of the Lamé curve.

If however a # b, by and addition law we find that ¢ = w,w_;, +
w_,wy is an even elliptic function solution to (0.14), namely a polynomial in
x = p(z). This leads to strong constraints on (0.14) in variable x and even-
tually leads to a contradiction for generic choices of oy.

Now we set

(0.15) Zn(0;T) = Wn(Z(0; 7))

Then Z,(c; ) is pre-modular of weight n(n + 1), by which we mean that
it is modular with respect to I'(N) whenever o € E;[N] being an N-torsion
point. From the construction and it is readily seen that Z, (c; T) is the
generalization of the Hecke function Z = Z; we are looking for. In fact, for
general n > 1, we establish the following correspondences in @]:

(1) Solution u to the mean field equation for p = 8mn.
!/
(2) Periods integral / j} € v —1R for any one cycle L (c.f. ).
L

n
(3) Green equation ) | VG(4;) = 0 on the hyperelliptic curve X,,.
i=1
(4) Coincidence equation z,,(a) = Z(c(a)) for a € X,,.
(5) Zero of pre-modular form Z,(c; ) := W,(Z) with o & E;[2].
(For more precise statements on (5) see Theorem )

For o being an N-torsion point, the modular form Z,(c; T) and Z3(0; 7)
were first constructed by Dahmen [6] in his study on integral Lamé equa-
tions with algebraic solutions (i.e. with finite monodromy group). In-
deed, for o € E¢[N],

Zs(0;1) = Z°(0) = Bp(o;T) Z(0) — ¢ (1),
Z3(0;7) = Z° — 150pZ* — 200/ Z% + (E g0 — 4507) 2% — 12p'pZ — 39"

The construction of Z, is based on the addition formula, and the construc-
tion of Z3 is based on the n = 2 case and a technical intermediate step: for
z3={(0) — Z?:l {(a;) with o = 213:1 a;, a classical cubic formula

(0.16) z3 =3(p(0) + Y _p(ai)zs + (¢'(0) = Y_¢'(a))

holds (c.f. Lemma . By eliminating terms involving a;’s, a degree six
polynomial equation W3(z3) = 0 is then achieved. The existence of a mod-
ular form Z, of weight %n(n + 1) is also conjectured in [6], though it is
unclear how his method would proceed for n > 4.

For all o and n, the existence of the (pre)-modular forms Z,(c; T) now
follows from Theorem [0.3]and (0.15). However the explicit construction is
still a challenging problem.
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In a different direction, the Lamé curve had also been studied extensively
in the finite band integration theory. In the complex case, this theory concerns
about the eigenvalue problem on a second order ODE Lw := w” — [w =
Bw with eigenvalue B. The potential I = I(z) is called a finite-gap (band)
potential if the ODE has only logarithmic free solutions except for a finite
number of B € C. The integral Lamé equations (with I(z) = n(n+1)p(z))
provide good (indeed earliest) examples of them. Using this theory, Maier
[14] had recently written down an explicit map 7w : X, — E in terms of
coordinates (B, C) on X;, (in our notations). It turns out we can prove

Theorem 0.4 (c.f. Theorem . The map 7t agrees with o : X, — E.

In principle this allows us to compute the polynomial W,(z) for any
n € N by eliminating variables (B, C), though in practice the needed calcu-
lations are very demanding and time consuming. §3|is devoted to this ex-
plicit construction. In particular the weight 10 pre-modular form Z,(c; 7) is
explicitly written down by a couple hours Mathematica calculations (c.f. Ex-

ample 3.10):

0.17
( z4)(o—,- 7) = Z"0 — 45078 — 1200'Z7 + (3P g, — 630p%) Z° — 5040’ Z°
— L2809 — 49,9 — 115¢3) Z* + 15(11g> — 249p*) o' Z°
— 7(140p* — 245¢,0* + 190g3 + 21g3)Z?
— (409 — 163829 + 125g3) 9" Z + 3(2582 — 3¢°) (')

One might be curious on the possibility to extend the more classical con-
struction of Z, (0;7) forn <3ton > 4. In we explain why no classical
formula like with degree n can exist for n > 4, and thus it is not
possible to derive the explicit expression of Z,(c; T) via a naive induction
for n > 4. For this purpose, and for the sake of completeness, we present
in an alternative treatment of Dahmen’s construction for n = 2,3 in a
format that is needed for our discussions in At this point, it might be
insightful to point out that K(X},) is in general not Galois over K(E) (under
the morphism ¢ : X,, — E, c.f. Example .

The existence and effective construction of Z,(c;T) opens the door to
extend our results on equations and for n = 1 (established in
[11, 12} 2]) to general n € IN. As a related example, the explicit expression
of Z4(0; T) can be used to solve Dahmen'’s conjecture on a counting formula
for integral Lamé equations with finite monodromy for n = 4 (c.f.
and Appendix [A). Further applications of our pre-modular forms will be
discussed in subsequent works. Some of them, especially those related to
equations and (0.3), are briefly described in
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1. GEOMETRY ON X, FOR p = 8n7t

We would like to extend some of the results proved in [11] for p = 87 to
the case p = 8nr for all n € IN. Especially we will generalize Hecke’s func-
tion Z to Z, whose non-trivial zeros again encode the structure of solutions
to the corresponding mean field equation
(1.1) Au+ e =8mndy in E = E..

We first recall the structural results from Part I [3].

Proposition 1.1 (Periods integrals and type II evenness [3]).

(1) If solutions exist for p = 8nrr, then there is a unique even solution within
each type 11 scaling family.
(2) The solution u is determined by the zeros ay, - - - , ay of its developing map

f (through expression with A = 0). In fact for g = f'/ f,

n

_ p'la) ¢ ,
80 =L o — oy — & @)

12) £(z) = f0)exp [ g(@)de
= O Texp [ Q@ a)de,
i=1

subject to the non-degenerate conditions a; ¢ E[2], a; # *a; fori # j.

The condition ord,—¢ g(z) = 2n leads to n — 1 equations for ay, ..., a,:
Under the notations (w, Xi,Yj) = (p(z), o(pi), p’(pj)),

8(z) F 1%1 x]-/w
n n n !
Y YjXj YiXj
=) ot a ottt
j=1 j=1 j=1

Since g(z) has a zero at z = 0 of order 2n and 1/w has a zero at z = 0 of
order two, we get x; # x; for i # jand

n n
Yyl =Y ¢'(a))p(a;) =0, 0<r<n-2
j=1 j=1

This gives the polynomial system describing the developing maps. Notice
that the condition y; # 0 follows automatically.

Theorem 1.2 (Green/polynomial system [3]). For p = 8nm, n € IN, then
equations for ay, - - - ,a, with a; # =a; for i # j are precisely

(1.3) O (a1)p" (a1) + - + ¢’ (an) o' (an) =0,
wherer =0,...,n— 2, and
(1.4) VG(a)+ -+ VG(ay) = 0.
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Indeed the Green function equation (1.4) is equivalent to the type II con-
dition (0.6). From Proposition [I.1] (2), this means that the periods integral
| 1, © € vV—1R for Ly, L, being the two fundamental periods of E. Let f be

given by (1.2). By evaluating the periods integrals (c.f. Part I [3, (5.4) and
(5.7)]), we have

fz+wr) = e L f(z),
flz+w) = eMHf(z),

where a; = tjwy + sjw;y fori = 1,...,n. Then by the Liouville theorem, we

obtain solutions u* to (1) by (0.5).
Note that the algebraic conditions in (1.3)) are equivalent to

(1.5)

3 ¢ (aj) + ¢’ (a:)

(0 L oa)) — play)

=0, i=1,...,n.

(See Part I [3, Theorem 0.6].) By the addition formula for g, (1.6) is identical

with provided that a; # =a; for i # j, or equivalently p(a;) # p(a;)
for i # j. Thus, a scaling family of solutions to corresponds exactly to
a non-trivial solution to (0.2)).

Proposition 1.3 (Hyperelliptic geometry, the Liouville curve [3]). For x; :=
o(a;) with x; # xj fori # jand y; := ¢'(a;), the first n — 1 algebraic equations

1.7) Zyixf:O, r=20,...,n—2,

defines a non-singular open algebraic curve X, C Sym"E, called the Liouville
curve. It has a hyperelliptic structure under the 2 to 1 map a — Y p(a;), or
algebraically:
n
Xn — ]Pl, (xi,yi)?zl — in.
i=1

This is closely related to (integral) Lamé equations: Write

f:eXP/gdZ:eXP/i@@(ﬂi)—C(ﬂi—z) —{(a;j+z))dz

7

= 622?:1 g(ul‘)z ﬁ U(Z _ al; = Wa
o a;

i—1 (Z+ i W—g

where
(18) ’Z,U(Z) = wa(z) = EZZ€(W)
i=1

is the Hermite-Halphen ansatz for solutions to integral Lamé equations
(see [16),3]).
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Proposition 1.4 (Explicit map a +— B, [3]]). a € X, if and only if w, and w_,
are independent solutions of the Lamé equation

d*w

T (n(n+1)p(z) + B,)w =0,

where B, = (2n — 1) Y1 p(a;).

1.9)

The full information on the compactified hyperelliptic curve X,, — P!,
especially on the branch points added, is described by

Theorem 1.5 (Hyperelliptic geometry on X,,, the Lamé curve [3]).

(1) The natural compactification X,, C Sym"E coincides with the, possibly
singular, projective model of the hyperelliptic curve defined by

C2 = gi’l (B/ gZ/ g3)

(1.10) ) )
= 4Bs;, + 48351251 — 825n—15n — §35,-1/

in (B,C), where sy = sx(B,g2,83) = 1B*+--- € Q[B,g2,83], is a
recursively defined polynomial of homogeneous degree k with deg g» = 2,
deggs =3,and B = (2n —1)s;.

(2) degt, = 2n + 1 and X, has arithmetic genus g = n.

(3) The curve X, is smooth except for a finite number of T, namely the dis-
criminant loci of £,(B, g2, 83) so that £,(B) has multiple roots. X, is an
irreducible curve which is smooth at infinity.

(4) The 2n + 2 branch points a € X,\X, are characterized by —a = a. In
fact {—a;} N{a;} #0= —a=a. Also0 € {a;} = a=(0,0,---,0).

(5) The limiting system of at a = 0" is given by

n
2r+1
(1.11) 2@”‘:@ r=1,...,n—1
1=
under the constraints
(1.12) t; 75 0, and t; 75 —t]'.

Moreover, the system ([[.11) and (T.12) has a unique solution in P"~1 up
to permutations.

The point a = 0" € X, is referred as the point at infinity. For the other
2n + 1 finite branch points with a = —a, w, = w_, which is still a solution
to the Lamé equation. In the literature, these 27 + 1 functions are known as
the Lamé functions. Indeed, there are four species of them, depending on
the number of half periods contained in {a;}. We call them being of type O,
I, II, and III respectively. For n = 2k being even, a must be of type O or II.
For n = 2k 4 1 being odd, a must be of type I or III. There are factorizations
of the polynomial ¢, (B) according to the types:

Proposition 1.6. [8,[16] In terms of e; = p(3w;), we may write

£,(B) = 2ly(B)l1(B)l(B)I5(B),
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where ¢, > 0 is a constant, 1;(B)’s are monic polynomials in B such that

(1) For n = 2k, Iy(B) consists of type O roots with degly(B) = 3n+1 =
k+1. Fori = 1,2,3, I;(B) consists of type I roots a which does not
contain w;. Moreover, degl;(B) = in = k.

(2) For n = 2k +1, lo(B) consists of type III roots with deglo(B) = 3(n —
1) = k. Fori = 1,2,3, 1;(B) consists of type I roots a which contains }w;.
Moreover, degl;(B) = 2(n+1) = k+1.

We remark that both Proposition|l.6{and Theorem [1.5((5) will be used in

the proof of Theorem 0.2 (= Theorem later in this section). Here are
some examples to illustrate Proposition

Example 1.7. Decomposition ¢, (B) = c2lo(B)!1(B)l2(B)Il3(B) for 1 < n <5.
W)n=1k=0X =E,

3
C?=11(B) =4B° — B — g3 =4[ [(B—e)).
i=1

(2)n =2,k =1, (notice thate; + e, + e3 = 0)

C = 1a(B) = 4~ gaB + Lo+ 1B g
22 3

= 3—4(B2 — 3g2) H(B + 36,’).
i=1

B)n=3k=1,degli(B) =2fori=1,2,3,

1
C? =43(B) = WB(MBG — 504¢,B* + 2376g5B°

+ 418595 B* — 3645093 B + 91125¢3 — 3375¢3)
22 3 ) )
= WB [ [(B* —6e;B +15(3¢; — g»)).
i=1

@) n=4k=2 degly(B) =3,

2 1 3 NP 2
C? =14(B) = 3857474(13 —52¢>B +560g3)g(3 + 10e;B — 7(5¢7 + g2))-
(5)n=5k=2,degl;(B)=3fori=1,2,3,
2 _ _ 1 2
C" = 05(B) = Jpgragpa (B — 2782)

3
x [T(B® — 15¢;B* + (315¢? — 132g7)B -+ ¢;(2835¢7 — 540%>)).
i=1

Now we study the last equation (1.4) in Theorem namely the Green
function equation on X;:

(1.13) Zn; VG(a;) = 0.
i=1
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Definition 1.8 (Fundamental rational function). Consider the function on E":

n
zy(ay, ..., ay) :=C(a1 4+ +ay) — Zg(ai).
i=1
z, is a rational function on E" since it is meromorphic and periodic in each variable
a;, and E" is an abelian variety.
It satisfies the reduction property along half periods: If a = a’' U {3w;} then
z,(a) =z,-1(a").
Consider the identity (where a; = t;w1 + s;w»):
—4nY VG(a) =) Z(a;)
= Y (¢ (tiwr + siwn) — tiy — sitpa)
= a) — (L t)m — (Xsi)n2 — za(a)
=Z()_a;) — z(a).
Hence the Green equation (1.13) is equivalent to

(1.14) zu(a) = Z()_a;).

This motivates us to study the branched covering map
_ n
(1.15) 0: Xy~ E  amo(a):=)a
i=1

induced from the addition map E" — E.
Now we may move to the discussions concerning new modular func-
tions. We start by determining deg ¢

Remark 1.9. For the reader’s convenience we recall some definitions and
facts. The function field K(C) is defined for any irreducible algebraic curve
C. Two irreducible curves which are isomorphic outside a finite number of
points (birational) have the same function field. For a finite morphism of
irreducible curves f : X — Y, K(X) is a finite extension of K(Y) and the
degree of f is defined by deg f = [K(X) : K(Y)]. Geometrically deg f is
also the number of points for a general fiber f ~!(p), p € Y. Indeed, for any
L € PicY (line bundle), we have deg f*L = deg f deg L. Taking L = Oy(p)
with p a general smooth point of Y then gives the result.

A standard reference is [10, 1.6, Proposition 6.9], where nonsingular
curves are treated. The irreducible case is reduced to the nonsingular case
through normalizations X — X and Y — Y, since it is clear that the in-
duced finite morphism f : X — Y has the same degree as f. Furthermore,
the definition also extends to the case f : X — Y where X = (J*_, X; has
a finite number of irreducible components. We require that f|x, is a fi-
nite morphism for each i and then deg f := Y'¥_; deg f|x.. Since all curves
considered here are proper (projective), it is enough to require f|x, to be
non-constant to ensure that it is a finite morphism.
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Theorem 1.10. The map o : X, — E has degree 3n(n +1).

Proof. Theidea is to apply Theorem of the Cube [15} p.58, Corollary 2] for mor-
phisms from an arbitrary variety V (not necessarily smooth) into abelian
varieties (here the torus E): For any three morphisms f,g,h: V — E and a
line bundle L € Pic E, we have

(f+8+h)'L=(f+8)'Lo(g+h)'La(h+f)L

@f L 'e¢ L Toh L
We will apply it to the algebraic curve V = V,, C E" which consists of the
ordered n-tuples a’s so that V,, /S, = X,,.

Take L be any line bundle with deg L # 0. Using the fact that deg F*L =
deg F deg L for any finite morphism F : V — E, (1.16) implies that

deg(f+g+h) =
deg(f +g) +deg(g+h) + deg(h + f) — deg f — degg — degh.

We prove inductively that for j = 1,...,n the branched covering map
fj : Vu — E defined by

(1.16)

(1.17)

f](ll) =ap e a4

has degree 3j(j + 1)n!. The case j = n then gives the result since f, de-
scends to ¢ under the S, action. (Notice that the map f; can not descend
to a map on X, for all j < n.) Since the curve V, is not necessarily irre-
ducible, we need to make sure that f] is non-constant on each irreducible
component to guarantee that f; is a finite morphism. This will nevertheless
be clear during the following proof.

Assuming first that it has been proved for j = 1,2. To go from jto j + 1,
we let f(a) = f;1(a), g(a) = aj, and h(a) = aj;1. Then by (1.17), f;;1 has

degree n! times
(i FD+3+37(+1) = 3(-1D)j =1-1=3(+1)(+2)
as expected.

It remains to investigate the case j = 1 and j = 2.

For j = 1, by Theorem (4), the inverse image of 0 € E under f; :
V,, — E consists of a single point 0. By Theorem [L.5((5), the limiting sys-
tem of equations and has a unique non-degenerate solution in
P"~! up to permutations. From this, we conclude that there are precisely
n! branches of V,, — E near 0. For a point b € E close to 0, each branch will
contribute a point 2 with a; = b. Thus the degree of f; is n!.

For j = 2, we consider the inverse image of 0 € E under f, : V;; — E.
Namely V,, > a — a1 +a, = 0.

The point 2 = 0 again contributes degree n! by a similar branch argu-
ment: Indeed, over each branch near § we may represent a = (a;(t)) as an
analytic curve in . Then t — a1 (t) + a2(t) € E is still an one to one map for
t close to 0. Itis also clear that the same reasoning applies to any f; : V;, — E
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and the point 0 always contributes 7! to the degree counting. Notice that

fi is non-constant on each branch near 0, and every irreducible component
of V,, will contain at least one such branch, hence f; is non-constant along
each irreducible component of V,.

Otherwise, for a # 0 with f>(a) = 0, then a; = —a; and thus a = —a by

Theorem [1.5|(4).
If n = 2k, by Proposition (1) the degree contribution from type O

points a = {%ay, - - -, £ai} is given by
(k4+1) x (kx2x (n—2)!),
while the degree from the type II points {+ay, - - -, La;_1, %wi, %wj} is
3xkx((k—=1)x2x (n—=2)!).
The sum is 2(4k* — 2k)(n — 2)! = 2n!.
If n = 2k 41, by Proposition [1.6/(2), the degree contribution from type
Il points {+aq, - -, £ax_1, %wl, %wz, %(Ug,} is
kx ((k—1)x2x (n—2)!),
while the type I points {£ay, - - - , +ay, %wi} contribute
3x (k+1)x (kx2x (n—2)!).
The sum is again 2(4k? + 2k)(n — 2)! = 2n!.
Thus in both cases we get the total degree n! 4+ 2n! = 3n! as expected. [
During the proof we have actually shown that
Proposition 1.11. The map o is unramified at the infinity point 0" € X,,.

We want to emphasize again that both Theorem and Proposition
hold for all E;, T € H, regardless the smoothness of X,,.

2. PRE-MODULAR FORMS Z,(0; T)

When no confusion should arise, we denote the restriction z, | x, also by
z,. Then z, is a rational function on X, with poles along the fiber o1 (0)
under the branch covering (summation) map ¢ : X,, — E. To avoid trivial
situation we assume that n > 2 (since z; = 0 by definition.)

Theorem [I.10]strongly suggests the following statement:

Theorem 2.1 (New pre-modular forms).
(1) There is a (weighted homogeneous) polynomial

Wi(z) € Clga,83,9(0), ¢ (0)][2]
of z-degree 3n(n + 1) such that for o = ¥ a;
Wi (zn(a)) = 0.

Indeed, no matter X, is smooth or not, z,(a) is a primitive generator of
the finite extension of rational function fields K(X,,) over K(E), which has
degree 3n(n + 1), and with Wy, (z) being its minimal polynomial.
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(2) The function Z,(c;t) := Wy (Z) is “pre-modular” of weight 3n(n + 1),
with Z, (o), ¢'(7), g2, g3 being of weight 1, 2, 3, 4, 6 respectively.
Here pre-modular means that it is modular in T for T (N) whenever we fix
o € E;[N] being an N-torsion point.

Proof. Since z € K(X,,), which is algebraic over K(E) with degree 11(n + 1)
by Theorem its minimal polynomial W, (z) € K(E)[z] certainly exists
with d := deg W, | in(n +1).

Furthermore, since z has no poles over E*, it is indeed integral over the
affine Weierstrass model of E* where

R(E) = Clx,y]/ (y* — 4x° — g2x — g3)
with x = p(0) and y = (7). Thus the major statement in Theorem[2.1](1)
is the claim that z, is essentially a primitive generator.

Notice that for oy € E being outside the branch loci of ¢ : X;;, — E,
there are precisely %n(n + 1) different points a = {ay,--- ,a,} € X, with
o(a) = Y a; = 0p. Thus for the rational function z, = {(}Ya;) — Y. {(a;) €
K(Xy) to be a primitive generator, it is sufficient to show that z, has exactly

3n(n + 1) branches over K(E). That is, }.{(a;) gives different values for
different choices of those a above ¢y. Indeed, for any given ¢ = 0y, the
polynomial W, (z) = 0 has at most d roots. But now z,(a) with o(a) =
0o gives 3n(n + 1) distinct roots of W, (z), hence we must conclude d =
in(n+1) and z, is a primitive generator.

Hence it is sufficient to show the following more precise result:

Theorem 2.2. Let a,b € Yy, and (ay,- - ,ay), (by, -+ ,by) € C" be representa-

tives of a, b such that
21) Y ai=) b, Y C(ai) =Y (by).
i=1 i=1 i=1

Suppose that Y p(a;) # Y o(b;). Then a,b are branch points of Y,, — P!
corresponding to Lamé functions of the same type.

n n

-

Il
—

We emphasize that X, is not required to be smooth.

Theorem [2.1] (1) follows immediately by choosing oy outside the branch
loci of X;, — E and 0y ¢ E[2]. Indeed, leta,b € Y, with o(a) = o(b) = 0y
and z,(a) = z,(b), or more precisely with conditions in satisfied. By
Theorem 2.2 we are left with the case }_ p(a;) = Y p(b;) buta # b. Then
a = —b by Theorem[1.5)(1), and in particular o'(a) = —0o(b). Together with
o(a) = o(b) we conclude that 0y = o(a) = o(b) € E[2]. This contradicts to
the assumption that 0y ¢ E[2]. Hence we must have a = b.

(2) follows from (1) and Hecke’s theorem that Z(c; 7) is a modular func-
tion of weight one whenever o = (kjw; + kowz)/N being an N-torsion
point [9]. O

We will give two proofs of Theorem The first proof is longer but
contains more informations.
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Recall that the Hermite-Halphen ansatz

Wiq(2z :eiZZé'(ai) s U(Z:':ai)
+ ( ) 11:{ O'(Z)

are solutions to w” = (n(n+1)p(z) + B;)w =: [Lw, and

. b;)
ib( ) g U'(Z)

are solutions to w” = (n(n +1)p(z) + By)w =: Lw. Then q, _ := w,w_;
and q_,, := w_,wy are solutions to the fourth order ODE formed by the
tensor product of the two Lamé equations. By assumption.

22) ooz =[] 25 jﬁg()z b

i=1

is an elliptic function since Y a; = Y_b;. Similarly q_,,(z) = q,_»(—2) is
elliptic. In particular there exists an even elliptic function solution

n . .
Q:= %(%,—b + q—a,b) = (—1)”Hi:1 Uz(frz)a(bl) + higher order terms.

Lemma 2.3. The fourth order ODE is given by

(23)  q" =2+ )"~ 6I'q + ((Bs— By —21")g = .
Here | =n(n+1)p(z), I} = [+ Byand I = I + By,

Proof. This follows from a straightforward computation. Indeed,

q' = wiwy + wyw),
q" = (L + L)q + 2wiwy,
q’” = leq + (11 + 12)(], + 2(11Z01w/2 + IzZU&ZUz).
Notice that if a = b (or just B, = Bp,) then I = I and we stop here to get
the third order ODE as the symmetric product of the Lamé equation.
In general, we take one more differentiation to get
q" =21"g+4I'd + (L + L)q" +2I'q + 2(I, + L)wjws + 411 g
=2(h + L)q" +6I'q + (21" — (I, — L)*)q.

This proves the lemma. O

Now we investigate the equation in variable x = p(z). To avoid confu-
sion, we denote f = df /dx and f' = 9f/9z.
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Let y> = p(x) = 4x> — gox — g3. Then ¢’ =y, p” = 69>

" =12pp" = 12xy, """ = 120" + 12pp" = 12p(x) + 6xp(x). Also

382 = 3p(x).
)-
9 =q9' =yq,
q" = ip” + 49" = p(x)ij+ 3p(x)d,
q" =" +34¢' 0" + 4",
" =G "+ 600" +30(p") + 4ijp " + ™"
= p(x)*q +3p(x)p(x) T + (3p(x)* +48xp(x))dG + (12p(x) + 6xp(x))4.

By substituting these into and get the ODE in x:
Lyqg:=p*q +3ppd + (3 —22(n* +n —12)x + B)p)§
(2.4) —(2(n*+n—3)x+B)p+6(n*+n—2)p)4
+ (> —n(n+1)p)q = 0.
where
(2.5) «:=DB;,—B, and p:=B;+ B.

For the rest of the proof, we want to discuss when Ly ¢ = O with & # 0 has
a polynomial solution. Here ¢, and g3 could be arbitrary, not necessarily
satisfy the non-degenerate condition g3 — 27¢3 # 0.

Suppose that g(x) is a polynomial in x of degree m > 1:

(2.6) g(x) =x" — s1a™ T fspx™T2 — o (—1) sy,
which satisfies
(2.7) deg, Ligq(x) < 1.

Then we can solve s; recursively in terms of &%, f and g2, g3.
Indeed, the top degree x2 in (2.4) has coefficient

16m(m —1)(m —2)(m —3) + 144m(m — 1)(m — 2) + 108m(m — 1)
—16(n® +n —12)m(m — 1) — 24(n*> +n —3)m
—24(n*4+n—2)m—12n(n+1)
= (m —n)(4m3+ (4n + 68)m> + (8n — 101)m+3(n—|—1)>,

which vanishes precisely when m = n. This we may assume that m = n.
The next order term x"*! without the s; factor has coefficient

—8n(n—1)B—12nB = —4n(2n +1)B,
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and the coefficient of —s;x"*!

is given by
16(n—1)(n—2)(n—3)(n—4)+144(n —1)(n —2)(n — 3)
+108(n —1)(n —2) —16(n* +n—12)(n —1)(n — 2)
—24(n*+n—-3)(n—1)—24(n* +n—2)(n—1) — 12n(n + 1)
=—-8n(2n—1)2n+1).

Hence
P
2.8 = —.
(@8) T 20 —1)
Inductively the x"+2~ coefficient in (2.4) gives recursive relations to solve

s; in terms of §5, a? and 9,93 fori=1,...,n Itimplies that
Lemma 2.4. Fori =1,...,n, there is a polynomial expression
S = Si([xzi ﬁ/g21g3) = Ciﬁi +---

which is homogeneous of degree i with dega = degf = 1 and deggr = 2,
deg g3 = 3. Moreover, C; is a non-zero rational number.

A much detailed description will be given in the proof of Lemma2.6/and
the precise value of C; can be determined (c.f. from (2.11)).

There are still two remaining terms in (2.7), that is,
(2.9) Lyg = Fi(a, B, 82,83)x + Fo(a, B, 82, 83)-

The basic structure of the consistency equations is described by the fol-
lowing two lemmas:

Lemma 2.5. We have
Fl(“/ IB) = ﬂCzGl(lX, ,B) = 0(2((—1)11_15”71(062, ﬁ,gzlgs.) + ... )’

Fo(a, B) = a®Go(a, B) = a*((—1)"sn(a% B,82,83) + - - ).
The remaining terms have either g» or g3 as a factor, hence with lower w, B degree.

Proof. Equation (2.9) gives
Fi(a,B) = (—=1)"'a®s,_; +termsinsy, - -+, 5, 2,
Fo(a,B) = (—1)”uczsn +termsinsy, - ,5,-1.

We note that if « = 0, then for any f there is a solution g(x) to Ls(q) = 0
which is a polynomial in x of degree n.

Indeed q(x) = [T 1(x — x;), with B = 2(2n — 1) Y1 ; x;, which comes
from the Lamé equation (see [3, 16]). Thus F; (0, 8) = 0 = Fy(0, B). Since F;
depends on a?, we have F;(a, B) = a?G;(a,B), i = 0,1, for some homoge-
neous polynomials Gy, G; in &2, B, g2, g3 of degree n and 1 — 1 respectively,
and G;’s can be written as

Gi(a,p) = (=1)" syt + -+,
Go(a, f) = (=1)"sn + - --
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To see the dependence of the remaining terms on g and g3, we let g» =

0 = g3, and then L4(q) = «*((—=1)""'s,_1x + (=1)"s,) (mod x?) because

both p(x) = 4x% and p(x) = 12x* vanish modulo x*>. Thus we have

Fi(a,B) = (=1)"ta?s, 1 and Fy(a, B) = (—1)"a®s, whenever ¢, = 0 = g3.
This proves the lemma. O

Lemma 2.6. The polynomials Gy and Gy have no common factors for any g», 3.
Proof. We consider first the special case g» = g3 = 0. Then becomes
16x°°G + 144x57 + (108x* — 8x3(2(n® +n — 12)x + B))§
(2.10) — (12x*(2(n* +n — 3)x + B) + 24x>(n* +1n —2))4
+ (> =12n(n+1)x*)g=0 (mod C & Cx).

The coefficient of x* %, k=0,--- ,n —2, gives recursive equation

(2.11) (= 1) (my sgpn + mPsisr + a’sg) =0,
where the constants m, and 1y are given by
me=16(n— (k+2))(n— (k+3))(n— (k+4))(n— (k+5))
+144(n— (k+2))(n— (k+3))(n — (k+4))
+ (108 — 16(n* +n —12))(n — (k+2))(n — (k+3))
—24(2n* +2n —5)(n — (k+2)) —12n(n+1)
=—4(k+2)2n—(k+1))2n— (2k+1))(2n — (2k+ 3)),
ne=8n—(k+1)(n—(k+2)+12(n— (k+1)))
=4n—(k—1))(n—(k+1)).

Since k < n — 2, we have my # 0 and ny # 0.

Let y(«, B) be a non-trivial common factor of both G; and Gy.

In the case ¢» = ¢3 = 0 we have G; = (—1)""s,_1 and Gy = (—1)"s,.
Then <y and & are co-prime, because if « = 0 then s, 1(0,8) = ¢, 18"}
and s,(0,8) = cup" for some non-zero constants ¢,_1 and c¢,. By
for k = n — 2, we have v | s,_2(«%,8,0,0) too. By induction on k for k =
n—3,---,0 in decreasing order we conclude that 7y | sy = 1, which leads
to a contradiction.

For 92,43 € C, we see by Lemma that the leading terms of Gy, Gy, as
polynomials of & and B, are (—1)""1s,_1(a?,B,0,0) and (—1)"s,(a?,B,0,0)
respectively. Since s,_1(a?,B,0,0) and s,(a?,B,0,0) are co-prime, we con-
clude that Gi(«, B, £2,43) and Go(«a, B, g2,83) are also co-prime. The proof
is complete. 4

Proposition 2.7. The common zeros of Gy = 0 and Gy = 0 are precisely given by
the pair of branch points (a,b) corresponding to Lame functions of the same type.
If X, is non-singular, there are exactly n(n — 1) such ordered pairs (a, b)’s.
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Proof. 1t suffices to prove the (generic) case that X, is non-singular, namely
the case that all the Lamé functions are distinct. The general case follows
from the non-singular case by a limiting argument.

For any two Lamé functions w,, w;, of the same type, it is easy to see that
we may arrange the representatives of 2 and b so that holds. It follows
thatg :=q, p = q_,p (see 2.2)) is an even elliptic function solution to (2.3),
or equivalently g(x) is a polynomial solution to Ls g(x) = 0.

From the above discussion, («, ) must be a common root of G; and Gy
(where & = B, — By, p = B; + Bp). By Lemma[2.4and 2.5, we have deg G; =
n — 1 and deg Gp = n and Gy, Gp are co-prime to each other by Lemma
Hence by Bezout theorem there are at most 7(n — 1) common roots.

On the other hand, the number of such ordered pairs can be determined
by Proposition Indeed, if n = 2k is even, then we have

(k+ 1)k +3k(k—1) = 4k* — 2k = n(n — 1)
such pairs. If n = 2k + 1 is odd, the number of pairs is given by
k(k—1) +3(k+ 1)k = 4k* +- 2k = n(n — 1).

Hence in all cases the number of ordered pairs coming from the Lamé func-
tions of the same type agrees with the Bezout degree of the polynomial sys-
tem defined by G; = 0 = Gy. Thus these n(n — 1) pairs form the zero locus
as expected (and there is no infinity contribution). 4

The above discussions from Lemma [2.3| to Proposition [2.7] constitute a
complete proof of Theorem 2.2l Here is a summary: We already know that
Q is an even elliptic function with singularity only at 0 € E. Thus

Q(x) = C f{m(z) ~ole) = cfyx _x)

is a polynomial solution to the ODE (2.4) with « = B, — By, B = B, + By

Since « = B, — By # 0, by Lemma (a, B) must be a common root of
Gi(, ) = 0 = Go(a,B). Then Proposition 2.7 says that («, B) is pair of
Lamé functions of the same type. This proves Theorem

For future reference, we combine Theorem and Proposition into
the following statement on a fourth order ODE which arises from the tensor
product of two different (integral) Lamé equations with the same parameter 7.

Due to its importance, we will give a second (shorter and more direct)
proof of the part corresponding to Theorem

Theorem 2.8. Let I(z) = n(n+ 1)p(z). The fourth order ODE
@12 ¢"()—20+B)g"(z) - 61'7'(2) + (a2 —21")q(z) = 0

with o # 0 has an elliptic function solution if and only if («, B) is a pair of common
root to Go(w, B) = 0 and Gy(«, B) = 0. Moreover, this solution must be even.
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Second Proof to Theorem Following the definition of g, _(z) in (2.2), we
now consider the odd elliptic solution to (2.12) (= (2.3)) instead:

9(2) = 3(q0,-6(2) = 1-0(2)),
which has a pole of order 3+ 2l at0 € E with I < n — 2. Thus q(z)/¢'(z)
= 0 f

is an even elliptic function with the only pole at 0 since q(%wi)
1 <i < 3.1If g(z) does not vanish completely, then

I
q(z) = C¢'(2) 1—! =: Co'(2) f(p(2)),
where f(x) = [T (x — p(c))) = 2 — sy~ + -+ (~1)s;.
By Lemmal[2.3] 4(z) satlsfle

q""(z) = 2(B+2n(n+1)p(z))q"(2)
—6n(n+1)p'(2)4'(z) + (a* —2n(n +1)p" (2))q(z) = 0.

By straightforward calculations, we can compute all derivatives of 4 in
terms of derivatives of p(z) and f'(x). For example,

)-
7(2) = 0" (2)f(x) + ¢/ (2)*f (%),
‘7”( ) =¢"(2)f(x) +3¢"(2)'(2)f (x) + ¢/ (2)°f" (), ete.
Then (2.13) is equivalent to

f(x) ((360 — 961 (1 +1))x® — 24Bx + (4n(n+1) — 18)go + 0c2>

(2.13)

Hf(x) ((1320 —96n(n +1))x® — 368>
+ (12n(n + 1) — 150)gax + (61(n1 + 1) — 60)g3 + 3,Bg2)
7 (x) ((1020 —16n(n +1))x* — 88x° + (4n(n + 1) — 210)gox>
+ (2Bg2 + (4n(n+1) — 120)g3)x +26gs + 3
+f""(x) (60x* — 30g2) (4x° — g2x — g3)
+f""(2) (4% — gox — g3)* = 0.
By comparing the coefficients of x'*2, we obtain
(360 —96n(n +1)) 4+ 1(1320 — 96n(n+1)) + (I — 1)(1020 — 16n(n + 1))
+2401(1 - 1)(I—-2)+16I(I —1)(I —2)(I1 - 3) = 0.
After simplification, this is reduced to

4n(n+1) = (21 +3)(21 +5),

which obviously leads to a contradiction since the RHS is odd. Therefore
we must have g = 0 from the beginning. That is, {a;, —b;} = {—a;, b;}.
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If one of a,b does not correspond to a Lamé function, say a € X, then
{ay, -+ ,an} N{—ay,---,—a,} = @ and we conclude that {4;} = {b;}.
Otherwise a and b correspond to Lamé functions of the same type. O
Theorem 2.9. The map z, : X, — P! has degree in(n + 1), with its fibration
structure over co € P analytically isomorphic to o : X,, — E over 0.

Proof. By definition, z,!(c0) = ¢~1(0) as sets. So the crucial point is to
compare the fibration (ramification) structures of X, — E at 0 € E and
X, — Platoo € PL. Leta € X, with o(a) = 0. Then for b = {b;}"_, € X,
in a small analytic neighborhood of @ we have b; # 0 all i. Moreover,

o(b) =by+---by,
and

2a(b) = {((b)) — ié(b» - (1+0(e (b)),

b+ + by
In the local coordinate of IP! at co, the map z,, is then represented by

(zn(b)) ™" = (b1 + - +bn) (1 + O( (b)),
which is clearly analytically equlvalent to o (b).
In particular, deg z, = dego = in(n+1) by Theorem. O

Example 2.10. Forn =2, = B, + Bb, « = B, — B, we have

1 12, 1.2 1
s1=2gB, $2 = 3eB° + 70" — 182

The first compatibility equation from xlis

s1(a? +36g2) — 6Bg2 = 0.
After substituting s; we get
(2.14) ta?p =0.

The second compatibility equation from x° is
s2(a® +6g2) — s1(Bg2 +24g3) +4Bgs + 3¢5 = 0.

By substituting s1, s, and noticing the (expected) cancellations we get
(2.15) 0 (A B+ Ha® — 1go) =
If B; # By then (2.14) implies that B, = —B, and then (2.15) leads to

B, —382:@(ﬂ1)+@ az) = £1/82/3.
By Example u (2), such a € X; lies in the branch loci of the hyperelliptic
(Lamé) curve. In particular, a,b € ¢~1(0) and they are excluded by the
assumption in Proposition 2.2l Denote by p(+g+) = *./92/12. Then

a:={q+,—q+} #b:={q-,—q-} unless g = 0. When g2 # 0, z; fails to
distinguish the two points a and b. When g, = 0 (equivalently T = ¢™/3),
a = b becomes a (singular) branch point for o : X, — E.
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Example 2.11. Forn = 3, B = B, + By, « = B; — By. Then
s1= 158,
$2 = g (4B% + a® — 150g,),
55 = 5a00 (28” + 3a°p — 120Bg2 + 900gs).
The two compatibility equations from x! and x” are
0 = g2’ (4B° + a* + 60g2),
0 = 545507 (2B° + 3a°B — 90Bg> + 54083).
If « # 0 then a?> = —4p% — 60g, and the second equation becomes
B3 +27¢28 — 5493 = 0.

It is clear that there are only finite solutions (B,, By)’s to this, though it may
not be so straightforward to see that these 6 solution pairs (for generic tori)
come from the branch loci as proved in Proposition

We summarize the key points of our discussions:

We start withn = 1, Z; = Z = —47VG which is essentially the Hecke
modular function. The non-trivial solutions, i.e. non half periods, to the
critical point equation (<= solutions to the mean field equation for
p = 8m) is transformed into zeros of pre-modular form Z (which is modular
for o € E being an N torsion point).

For general n > 1, we consider the following statements:

(1) Solution u to the mean field equation for p = 8mn.
(2) Periods integral / g€ V—IR (cf. ).
Lj

n

(3) Green equation Y | VG(a;) = 0 on the hyperelliptic curve X,,.
i=1

(4) Coincidence equation z,(a) = Z(c(a)) fora € X,,.

(5) Zero of pre-modular form Z,(c; ) := W, (Z) with o & E[2].

We have proved the equivalence of (1), (2), (3) and (4).

As in the case n = 1, we call the 21 + 1 finite branch points 2 € X, \ X,
the trivial critical points (since 2 = —a and the Green equation (3) holds
trivially). They satisfy a nice compatibility condition with the case n = 1
under the addition map:

Lemma 2.12. Let a = (ay,--- ,a,) € Yy be a solution to the Green equation
" 1 VG(a;) = 0. Then a is trivial, i.e. a = —a, if and only if 0 (a) € E[2].

Proof. If a is trivial, then o (a) € E[2] clearly. If a is non-trivial, i.e. a € X,
by Proposition[I.Tjand (L.5), it gives rise to a type II developing map f with

f(z+w1) _ ef4m'zisif<z)’ f(Z—I—a)z) — €4ﬂi2itif(z)_
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Here a; = tjwq +sjwyr fori=1,...,n.

If o(a) € E[2], then both exponential factors reduce to one and we con-
clude that f(z) is an elliptic function on E. Notice that the only zero of f’(z)
is at z = 0 which has order 27, and the only poles of f'(z) are at —a; of order
2,i=1,...,n. This forces that ¢(a) =0 (mod A) and

f(z) = ;.1:1 Eip(z+a;) +C
for some constants Ej, ..., E, and Cy, since f’ is residue free. Then
f(Z) = — 27:1 E]§(z + lz'li) + C12 + C;)_

for some constant Cy. But f(z) is elliptic, which implies that C; = 0 and
Y4 Ej = 0. Now f%*71(0) = 0 for k = 1,...,n leads to a system of linear
equations in E;’s (c.f. [3, Lemma 2.5]):

2?21 0" (a))E; =0, k=1,...,n

But then p(a;) # @(aj) for i # j forces that E; = 0 for all j. This is a
contradiction and so we must have o(a) ¢ E[2]. O

Now the following theorem completes the analogy with the case n = 1.

Theorem 2.13 (Extra critical points vs zeros of pre-modular forms).

(i) Given oy € Ex\E+[2] with Z,(00;T) = 0, there is a unique a € X,, such
that o(a) = 0p and z,(a) = Z(0p).

(ii) Conversely, ifa € X, and z,,(a) = Z(c(a)), then Z,(c(a);T) = 0 and
o(a) & E-[2].

Proof. (i) For any given oy, by substituting o by op in W, (z), we get a poly-
nomial W, (z) of degree 1n(n + 1). Since W,(z) is the minimal polyno-
mial of the rational function z,, € K(X,,) over K(E), those z,,(a) witha € X,
and o(a) = oy give precisely all the roots of W, (2), counted with multi-
plicities.

Now Z(0p) is a root of W, 4, (z) with 0y ¢ E[2], hence there is a point
a € X, corresponds to it, i.e. Z(op) = z,(a) with o(a) = op, which is
unique by Theorem Notice that if 2 € X,,\X,, then a = —a and then
o(a) € E[2]. So in fact we must have a € X,,.

(ii) It is clear that Z,(c(a)) = W,(Z(c(a)) = Wyu(zn(a)) = 0. Since
a € X,, we know that } /' ; VG(a;) = 0 by the above equivalence of (4) and
(3). But since a is non-trivial (2 € X,; by assumption), Lemma implies
that o(a) & E[2]. O

Remark 2.14. For o = kﬁlwl + %wz, Z, is T(N) modular. This corresponds
to the finite monodromy problem of integral Lamé equations (c.f. [1, 6], see

also and Appendix[A).
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3. EXPLICIT DETERMINATION OF Z,

We have studied extensively the Hermite-Halphen ansatz

VT o(z — ay)
@ wa(z) i= SRy
with a € Y, to represent solutions to the integral Lamé equation

(3.2) w" = (n(n+1)p(z) + B)w.

There is another ansatz, the Hermite—Krichever ansatz, which can also be
used to construct solutions to (3.2). It takes the form

o (Ut @)+ 9 (30) ) 72 = 80) (160010
63) 9(z) = (Ulp(2) + V() =) = ,

where U(x) and V(x) are polynomials in x, ap € E*, and x € C is a con-
stant. As usual, we set (x,y) = (p(z), 9'(z)) and (x0,y0) = (p(a0), ' (a0))
to be the corresponding algebraic coordinates.

Notice that makes sense since ¢ only has poles at z = 0 (the one
at z = ag from (p(z) — p(ap)) ! cancels with the zero from o(z — ay)).
Moreover, in order for ord,— ¢(z) = —n, we must have

Lemma 3.1 (Degree constraints).

(i) Ifn =2m withm € N thendegU < m —1and degV = m — 1.
(i) Ifn =2m+1withm € NU{0} then degU = mand degV < m — 1.

By an obvious normalization, in case (i) we may assume that U(x) =
Z;”:_Ol ux', V(x) = }”:_01 vix' with v,,_1 = 1, and in case (i) U(x) =
" ouix! with u,, = 1and V(x) = 2?161 v;x'. In both cases, the require-

ment that ¢(z) satisfies leads to recursive relations on u;’s and v;’s. In
doing so, it is more convenient to work on the algebraic coordinates. This
had been carried out by Maier in [14), §4]. The following is a summary:

In case (i) the recursion determines v; (v,,_1 = 1) and then u; for i =
m—1,m—2,--- in decreasing order. In case (ii) it starts with u,, = 1 and
determines v; and then u; fori =m —1,m — 2, - -. There are two compati-
bility equations coming from u_1 (B, «, x9, o) = 0 and v_1(B, x, xo, o) = 0.
The two parameters xo, y satisfy y3 = 4x3 — goxo — g3. Hence there are four
variables (B, x,xo,10) € C* which are subject to three polynomial equa-
tions. By taking in to account the limiting cases with (xo, o) = (o0, c0), this
recovers the Lame curve Y,,, which was denoted by I'; in [14] with ¢ = n.

There are four natural coordinate projections (rational functions) Y,, —
P!, namely B, x, xop and yo respectively. The first one B : Y, — P!is sim-
ply the hyperelliptic structure map. The main result in [14] is an explicit
description of the other 3 maps in terms of the coordinates (B, C) on Yy:
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Theorem 3.2 ([14, Theorem 4.1]). Foralln € Nandi € {1,2,3},
4 L(B)It(B)?

n?(n+1)21y(B)Ilty(B)?’

16 CIti(B)lta(B)lt3(B)

n3(n+1)3c, Ip(B)3Ity(B)3 '

(n=1)(n+2)C _ I(B)
nn+1) ¢, lo(B)ltg(B)’

The formula for xo(B) is independent of the choices of i.

xo(B) =e; +

(3.4) yo(B,C) =

x(B,C) = —

In the above formulas, ltj(B), j = 0,1,2,3, are the twisted Lamé polyno-
mials whose zeros correspond to solutions to the Lamé equation given by
the Hermite—Krichever ansatz with ¥ # 0 and ag = 0, %a)l, %wz, %CU3 respec-
tively, i.e. (xo,y0) = (00,00), (e1,0), (e2,0), (e3, 0) respectively. The polyno-
mial lp(B) is the theta-twisted polynomial whose roots correspond to the case
k = 0and ayg ¢ E[2]. (For x = 0 and a9 € E[2] they correspond to the ordi-
nary Lamé polynomials /;(B)’s.) All the polynomials are taken to be monic
in B. They are indeed homogeneous by setting the weights of B, ¢;, g2, g3 to
be 1,1, 2,3 respectively.

Remark 3.3. In [14] v = C /¢, is used instead. Also ly(B), I;(B), lto(B), It;(B),
and ly(B) (i = 1,2,3) are written there as Lé(B;gz,gg), LéI(B; €, 92,83),
Lté(B; 22,93), LtéI(B; ei,82,83), and LO,(B; 2, g3) respectively, where ¢ = n.

The compatibility equations from the recursive formulas for these special
cases give rise to explicit formulas for It;(B)’s and l¢(B)’s. Tables for lto(B),
lo(B) up to n = 8, and for It;(B) up to n = 6, are given in [14] Table 5, 6].

Example 3.4. For later usage, we recall Maier’s formulas for [t;(B) and l4(B)
forn < 4.
(1) First of all, [4(B) = 1 for n < 3. For n =4,

lg(B) = B2 — 1273g2

Also forn =1, It;(B) = 1 for all j.
(2yn=2:1ty(B) =1,1t;(B) = B—6e; fori =1,2,3.
(3)n = 3: Ity(B) = B> — 2¢,,and fori = 1,2,3,

It;(B) = B* — 15¢;B + 22 g, — 225¢7.
(4)n =4:Ito(B) = B> — 3 g,B— 15¢5 Fori =1,2,3,
It;(B) = B* — 55¢;B° + (332 ¢, — 945¢7) B
+ (1960e;g, + 2450g3) B + 61740e?g, — 68600e;g3 — 9261g3.

To apply Theorem [3.4] we need to compare the projection map 7 : Y, —
E defined by a ~— 4y, or equivalently (p(ao), 9'(a0)) = (x0(Ba),y0(Ba)),
with the addition map ¢ : Y,, — E. They turn out to be the same!
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Theorem 3.5. 7t(a) = o(a) = Y} ; a;. Moreover, k(a) = —z,(a).

Proof. During the proof we view a; € C instead of its image [4;] € E.

Let a € Y. The two expressions (3.1) and (3.3), which correspond to
8.2

the same solution to the Lamé equation (3.2), must be proportional to each
other by a constant. Hence we get

x(a) = iaai) ~ Z(ao).

Recall that z,(a) = {(c(a)) — Y11 {(a;). Then

(3.5) zu(a) + x(a) = {(o(a)) — C(ao).

As a well defined meromorphic function on Y,,, we conclude that
ap(a) =o(a)+c

for some constant ¢ € C. Consider a point a € Y\ X, with o(a) = Jwi,
i.e. [1(B;) = 0. Such a exists by Proposition Then z,(a) = 0 trivially.
We also have «(a) = 0 by Theorem [3.4since

C2 = 21y(B,)11(Ba)l2(By)13(B,) = 0

(again by Proposition. So implies 0 = 1171 — {(3w1 +¢), and hence
¢ = 0. This proves c(a) = ag, which represents 7t(a) in E, and also x(a) =
—2,(a). The proof is complete. O

Now we may describe the explicit construction of the polynomial W, (z)
in Theorem based on Theorem It is indeed merely an application of
the elimination theory using resultant.

By Theorem [3.2]and 3.5, we may eliminate C to get

(3 6) ﬂ - 16 ltl(B)ltz(B)ltg(B)
' z, n2(n+1)2(n—1)(n+2) lo(B)lto(B)2ls(B)’
which leads to a polynomial equation g = 0 for

67 gz [(B) -y D2 gy sy )

On the other he;uli, the 3 rational expressions of x( lead to f = O for
= 1L,(B)It(B)? — (x0 — ez-)”z(”‘j1)210(13)”0(13)2

o - ;ig 1(B)1(B)? xOWZO(B)ltO(B)Z.

Il
—

Notice that f, g are polynomials in g, g3 (and B, xo, o) instead of ¢;’s.
Let R(f, g; B) be the resultant of the two polynomials f and g arising
from the elimination of the variable B.

Proposition 3.6. R(f,g; B)(z) = AyWy(z) € C[g2, g3, X0, Yo][z], where A,, =
A (82,93, %0, o) is independent of z and with y% | A
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Proof. From the explicit rational expressions in Theorem 3.2} the resul-
tant of f, g, defined in (3.8), gives rise to the equation of the branched
covering map ¢ : Y,, — E over the loci outside E[2]\{0}.

More precisely, if C # 0 then the formulas for yy and x = —z, are equiv-
alent to ¢ = 0. However, if C = 0 we have [;(B) = 0 for some 0 < i < 3
by Proposition[1.6] From (3.8), we get 1 < i < 3 in order to have f = 0.
Hence Ip(B)Ito(B) # 0 and then z, = 0 = yo in (3.4). But the equation
g =10in gives extra solutions. Indeed by we conclude only that
Yo = 0 and z, could be arbitrary. In conclusion, the additional solutions
consist of (xo,y0) = (e;,0), i = 1,2,3, with z = z,, being arbitrary. Thus
the additional solutions contribute a factor to R(f,g; B)(z) which divides
[T} (x0 — ;) = y2/4 and is independent of z.

In particular R(f, g; B)(z) has degree 11(n+ 1) in z. Also by construction
R(f,g;B)(zx) = 0, hence it must be a multiple of the minimal polynomial
Wi (z) of z,. Since degW,, = 3n(n + 1), the full multiplier A, is indepen-
dent of z, and with i3 | A,. O

Proposition 3.7. The pre-modular form Z,(c;7) = Wy (Z) can be explicitly
computed for any n € IN.

In practice, such a computation is very time consuming even using com-
puter. In the following, we apply it to the initial cases up ton = 4. As
before we denote xp = p(0) =: pand yy = p/(0) =: ¢’

Example 3.8. For n = 2, it is easy to see that
f =B =998+ 27(20 + g5),
g =2B% —9¢/B* — 92¢,B 4+ 27(g2¢ — 22g3).
The resultant R(f, g; B) is calculated by the 6 x 6 Sylvester determinant:

1 -9 0 27(g20 + g3) 0 0

0 1 —9p 0 27(g26 + 83) 0

0 0 1 —9p 0 27(g20 + 83)
z =99 —92¢0 27(g2¢" —2243) 0 0

0 z -9 —92¢> 27(820" — 2283) 0

0 0 z —9¢’ —9z¢> 27(g2¢" — 22g3)

A direct evaluation gives

R(f,8;B) = —3"A(p')*(2° —3pz — ¢').
Here A = g3 — 2743 is the discriminant. This gives Wy(z) = 2% — 3pz — ¢’
and Z,(0;7) = Wo(Z) = Z3 — 3pZ — ¢'.
Example 3.9. For n = 3, we have
f =16B°® — 576B°p + 360B*g, + 5400B°(5¢3 4 4£2¢)
— 3375B2¢5 — 84375A — 101250B¢>(3¢3 + 2829),
¢ = 16B°z — 1440B° o' — 1800B*¢>z + 54000B% (320" — g32)
— 16875B%¢3z — 506250Bg3 ' + 421875Az.
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It takes a couple seconds to evaluate the corresponding 12 x 12 Sylvester
determinant (e.g. using Mathematica) to get
R(f, g B) = 237505 (o' Ws(2),
where W;3(z) is given by
Ws(z) = 20 — 15pz* — 200'2% + (F gp — 45¢°)2* — 12pp'z — 20"
It seems impractical to evaluate this resultant by hand. .

In §4 we will discuss a classical approach, namely a “two-steps” proce-
dure, to construct Z,(c; 7). It is essentially the method used in [6] which
works well for n = 2,3 and can allow computations by hand. The above
two examples agree with Example 4.T] and Example 4.2]in 4 respectively,
which appeared in [6] already. Unfortunately this classical approach fails
for all n > 4 (see Proposition[4.5). Hence Proposition[3.7)is the only general

method to construct Z,(c; 7).
Here is a new example:

Example 3.10. For n = 4, the expansions of the polynomials f and g, as
given in (3.8) and (3.7) by a direct substitution, are already too complicate
to put here. Nevertheless, a couple hours Mathematica calculation gives

R(f, < B) — —280363560763A18(p/)8W4(Z),
where W,(z) is the degree 10 polynomial:
Wy(z) = 210 — 4502° — 1200'2" + (3P g2 — 630p%)2° — 5040/
— 15(280p° — 49g2p — 115g3)z* +15(11g, — 240%) /2
— 3(140p* — 2458, 0% + 190g3 + 21¢3)z*
— (40p° — 163g2p + 125¢3)p'z + 3 (252 — 3p°) (¢')*

The weight 10 pre-modular form Z4(c; T) is then obtained.

(3.9)

Applications of these explicit pre-modular forms will be discussed in a
subsequent work.

We end this section with a brief discussion on the rationality property. We
have constructed two affine curves from X;,,. One is the hyperelliptic model
Y, = {(B,C) | C*> = £,(B)}, another one is Y}, := {(x0, Y0, 2zn) | y3 = 4x3 —
X0 — g3, Wy(x0,Y0;Z4) = 0} which is understood as a degree %n(n +1)
branched cover of the original curve E = {(xo,0) | ¥3 = 4x3 — g2x0 — g3}
under the projection ¢’ : Y;, — E with defining equation W,(z,) = 0.

Y, is birational to Y}, over E, namely the addition map ¢ : Y, — E is
compatible with ¢’ : Y;, — E. Notice that both ¢, and W, have coefficients
in Q[g2,93]. The explicit birational map ¢ : (B,C) --» (xo,Y0,2x) (given
in Theorem [3.2)and [3.5|via z, = —«) also has coefficients in Q[g», g3]. This
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implies that ¢ is defined over Q. Moreover ¢ extends to a birational mor-
phism

1%

Xy —

\ 7
E

by identifying ¢~1(0g) with z, !(c0) via Theorem From (the proof of)

Proposition the morphism ¢ is an isomorphism outside those branch

points for Y;, — P! lying over E[2]\{0}. In particular, the non-isomorphic
loci lie in z, = 0 by and Theorem 3.5

Remark 3.11. In contrast to the smoothness of Y, (7) for general 7, for all
n > 3 the model Y}, (7) is singular at points z, = 0 = y, (and hence xo = ¢;
for some 7). Indeed from this is equivalent to C = 0 and I;(B)It;(B)? =
0 for some 1 < i < 3. For n = 2, there is only one solution B for each fixed
i (c.f. Example . However, for n > 3 there are more than one solutions
B. These points (B,0) € Y, are collapsed to the same point (xo, yo,z,) =
(e;,0,0) € Y; under ¢, thus (e;,0,0) is a singular point of Y;,.

For n = 3,4 this is easily seen from the equation W, (z) = 0 given above
since it contains a quadratic polynomial in (z, ') (i.e. in (z,, yo)) as its low-
est degree terms.

Y, y/

In particular, the birational map ¢! is also represented by rational func-
tions B = B(xg,Yo,2,) and C = C(xg,yo,z,) with coefficients in Q[g2, g3]
and with at most poles along z, = 0. In principle such an explicit inverse
can be obtained by a Groebner basis calculation associated to the ideal of
the graph I'y.

Example 3.12. For small n, these formulas can be obtained from Example
For n = 2,3 they can also be obtained from the intermediate step of the
classical construction of W, (z) in For n = 2, from 4.1) we have

(3.10) B =3(z3 — x),
and then C is obtained from z, (B, C) by substituting B. We get
(3.11) C= Zz(%B2 — %gz) = 622(23 — ZXOZ% + X% — %gz)
Forn =3, easily gives
(3.12) B=3 <z§ - yo) — 5,
z3

and then C = 53z B(B? — 2¢,)z3 accordingly.
The following statement is clear from the above description:

Proposition 3.13. Let E be defined over Q, i.e. g2, g3 € Q. Then the Lamé curve
Y, is also defined over Q for all n € IN. Moreover, Y, and all the morphisms
o, 0, ¢ are also defined over Q.
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A rational point (B,C) € Y, is mapped to a rational point (xo,Yyo,2,) € Y,
by ¢. For the converse, given (xo,yo) € E(Q), a point (xo,Yo,2,) in the o’ fiber
gives a unique (B,C) € Y,(Q) if z, € Q and (xo,yo,zn) # (€;,0,0) for any i.

Remark 3.14. It is well known that there are only few (i.e. at most finite) ra-
tional points on a non-elliptic hyperelliptic curve. This phenomenon is con-
sistent with the irreducibility of the polynomial W, (z) over K(E) in light of
Hilbert’s irreducibility theorem that there is a infinite (Zariski dense) set of
(92,93, %0,y0) € Q* so that the specialization of W, (z) is still irreducible.
Nevertheless, it might be interesting to see if z,, plays any role in the study
of rational points.

4. A REMARK ON THE CLASSICAL APPROACH TO Z,

A “two stpes” approach to the determination of Z, and Z3 based on the
addition law and a classical cubic identity of elliptic functions was
developed in [6]. One might hope that a more sophisticated application of
the Frobenius—Stickelberger type identities (e.g. [16, p.458]) may lead to a
construction of Z, for n > 4. The purpose of this appendix is to show that
this classical approach fails for all # > 4 (see Proposition [4.5).

4.1. Explicit constructions for n = 2,3. We describe the first two cases
n = 2,3 in this subsection using a “two steps” procedure.

Example 4.1 (n = 2). For z = z3(ay,a2), we have on X:
Wa(z) = 28 — 3p(a; +ax)z — ¢ (a1 +a2) = 0.
This is essentially equivalent to the addition law:
4.1) z = p(ay + ) + p(a1) + p(a2).
In particular, the weight 3 pre-modular form is
Zy(0;7) = Wa(Z) = Z°(0) = 3p(0) Z(0) — ¢/ (o).
We start by applying the symmetrized operator § := (95, + 94,) to z :=
C(0) — ¢(a1) — (az) sucessively to get
bz = 3(p(a1) + p(a2)) — p(0),
0’z = 3(¢' (1) + ¢'(a2)) — ¢/ (0).
We rewrite in the following admissible form:
(4.2) 22 = Ay(6z) := 3p(0) + 20z.
Then 226z = 3¢/ (0) + 28°z = @' (0) + 3 (¢’ (a1) + ¢’ (a2) ). Hence
z° = 3p(0)z + 226z = 3p(0)z + ¢'(0) + (' (1) + ¢ (a2)).
On X; this reduces to W(z) = 0. We emphasize that only is used.
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Example 4.2 (n = 3). For z = z3(a), we have on X:
Ws(z) = z° — 15pz* — 200'2> + (% g2 — 45¢%)2* — 129 pz — 30/* = 0.

Here p and ¢’ are evaluated at o = Y5, a;.
Hence, Z3(0; T) = W3(Z) is of weight 6.

The derivation of W3(z) is more involved. It consists of two steps. The
first step is the following classical identity. We supply a detailed proof of
it since a variant of the proof will be used for our later discussions on the
general cases n > 4.

Lemma 4.3 (c.f. [16, p.459]). Forz = {(0) — Y3, {(a;) witho = Y3, a;,
(4.3) 2> =3(p(0) + ) _p(a;)z+ (¢'(0) = Y ¢'(a:))

Proof. We will prove it by viewing both sides as functions of s = a3 and
by comparing the principal parts on both sides. In doing so we emphasize
that the case n = 2 is used in an essential way.

For a better presentation on signs we work on f = —z3. Let 0, = a1 +
ay and f, = —zp, = ((a1) + {(a2) — {(02). In the following, all elliptic
functions are evaluated at s = o if not written explicitly. Then

£=2(0) +4(0) +2(s) ~L(a+5) = - + ot 05+ b/ + O(),

by noting {(s) = 1/s + O(s®).
We want to compare

1  3f, 3f5+3p

f3:5—3+s—2+7s + £+ 6f20 4+ 30"+ O(s)

with (all summations are fori = 1,2)

3( L o@) + o(s) + p(oz +35) ) £+ (L ¢/ (@) + /() = 9/ (02 +5))
( Zp )+ ©) +ps)(1+f2+ps+§p’sz)
+ ()¢ () — ') +O(s)
1+37fz+ 3(Lp(a z)+@)+3@
+3( Zp +pfzs+2p’+ ) _¢'(a;) — ') +O(s).

Now the case for n = 2 in (4.1) says that f% =) p(ai) + ¢. Thus the s—!
terms match and the equality for the constant terms is equivalent to

(4.4) £5=3pf— (¢ +3) ¢ (a))

By symmetric differentiation, the n = 2 case implies also

(4.5) o + 1Y 9/ (a;) = 6(£3) = 2£0F, = 2F2(p — 3 Y p(a
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Thus the right hand side of equals

f20p+ Y p(a)) =6,

which is precisely the left hand side.

This identifies the principal parts at the pole s = 0. For the other pole
s = —(a; + a2) the comparison follows from the case s = 0 under the
symmetry s — —(a; + a2) — s. This proves the lemma. O

The important thing we learn from the above proof is in the last step: The
formula (4.5) is a non-monic polynomial relation for f, which has lower
degree than the monic one (wWhose minimal degree is 2). Though is
merely a symmetric analogue of the addition law for {:

L' (a) — o' (a2)
{0 =2 o)~ olan)
it allows us to deduce higher monic polynomial relations like (4.4).
In the same way, by applying J := 3 Ly? 19, to , we may compute
6z% = 3226z in both ways to get a non-monic degree 2 relation

(=3 )22 =—(¢' =3 phz— 20" =30+ (p+ Y i) (p—3Y o)

Here p; := p(a;) and the sum is from 1 to 3.

By multiplying z to and replace z? terms which involve }_ o, by the
above relation, we get a degree 4 monic relation

2t =12p2% + (100 —2Y D)z +3(p" — 1Y o) = 9o+ Y o) (p — 1 Y o).

It is unclear if we may proceed in this way to eventually get an expression
involving ¢ only. Our second step towards the proof of Example (4.2 is a
more systematic usage of the symmetrized derivatives.

2y = {(ay +az) — {(a1) —

Proof of Example[4.2] Before we apply ¢ := %Z?:l 9y, to 1i successively,
we need to first have a good sense about the expression 6"z for r € IN. We

compute
oz = %Zp(az> -
5z = %E@/(al) -
Fz=23Y 0%(a;) — 5582 — 9" (0),
S'z=2Y pla)p'(a) — " (0).

The key observation is that, >z and §%z are good terms (which depend on
o only) allowed in our calculations, while 6z and 8%z are terms not allowed
in our final formula which need to be replaced by known terms.

Now, in terms of 6"z in (4.6), we rewrite {@.3) as

(4.7) 23 = A3(6*z) := 12pz + 926z — 89’ — 95°z.

Here, and in the following, all p and its derivatives are evaluated at ¢. This
implies that zJz is indeed a sum of good terms.

(4.6)



MEAN FIELD EQUATIONS AND MODULAR FORMS II 35

By applying J to we get
(4.8) 3z%0z = 12’z 4 126z + 9(0z)? + 926z — 8" — 95°z.

By multiplying z2 to , it follows that z26%z is a sum of good terms.
By applying J to we get
6z(0z)? + 32°0°z = 129"z + 24¢ 5z + 1206°z

49
*9) + 27628z + 925°z — 8¢ — 96*z.

By multiplying z to we find that all the terms appeared are now good
terms. Hence it give rise to the polynomial W3(z) by explicit substitution.

In fact in this last step we have 6’z = — ¢’ and 6*z = —p"” on the curve
X3. Thus we have

926z = z° — 12pz — ¢,
92228%z = —22° + 24p2* + 2892 — 7292 + 1209z + .
Then we get W3(z) by a straightforward manipulation with {&.9). U

Example 4.4. The branched cover X,, — E is in general not a Galois cover.
Namely, W, (z) does not split into product of linear factors in K(Xj,).
Indeed, for n = 2 we may factorize W,(z) by division to get

Wa(z) = (z — 22)(2* + 222 + (23 — 3p(0))).

Thus the other two roots of W, (z) are given by

Wi = %( 2+ \/3(40(0) ).

We will show that w are not single valued on X; for general tori.

The rational function (a) := 4p(c(a)) — z3(a) has poles of total order
six by Theorem[2.9] By Example if g» # 0, they consists of 3 poles with
each of order 2, and for g, = 0, 0* € X; is of order 2 and (g, —¢q) € X, with
©(£q) = 0is of order 4. In order for w. being single valued, the zeros of h
must also be of even order.

If h(a) = 0 but p(c(a)) # 0 for some a € X;, then it is easy to see
that there must be some zeros of 1 with odd order. Thus we only need to
consider the case that all zeros of h are also zeros of p(c(a)). Since

h(a) = 3p(a1 + az2) — (p(a1) + p(a2)),

we have p(a1) + p(a2) = 0 too. The addition theorem then implies that
©'(a1) = p'(az). But the equation for X; is given by ¢'(a1) + ©'(a2) = 0,
hence ©'(a1) = 0 = p/(ap). Thatis, ay = %wi, ay = %w]- and @y +a, = %wk
is the third half period. Then we get the non-trivial equation e, = 0. Thus
for general E = E., W,(z) does not split into product of linear factors.
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42. A remark on n > 4. A closer look at the proof of Example 4.2/ shows
that the overall important equation to start with is not the classical polyno-
mial identity in z. Instead, the polynomial equation on z and 4z
with admissible coefficients (depending only on ¢) is what we really need for
the proof. (For simplicity we use the notation A(6*z) for it.)

To the authors” knowledge, historically a reasonably clean polynomial
identity of degree n with symmetric coefficients in 4;’s like and
was unknown for n > 4. For n = 4, naive generalization of the proof
of Lemma to get a degree 4 polynomial fails immediately. Thus we
try to get an admissible equation in z and 6'z’s instead. (These two type of
expressions are equivalent by below.) As a result, we will be able to
prove that the degree 4 polynomial indeed does not exist.

Notice that while z = (Y a;) — }_{(a;) is symmetric in the last variable
s =a,unders — —0, = —0,_1—35,

b2= Y ola) — o(0n)

breaks such a symmetry. It thus distinguishes the two poles s = 0 and

s = —0,—1 which is a key property we shall use.
As usual, we have wt(p!)) = j +2, wt(z) = 1 and wt(dz) = 2. Since
1
(4.10) 5tz = T Yo o (@) — o (ow),

wesee that Y- o) (a;) = (62 + () (0;,)) is admissible of weight r +2
for all r > 0. By the elementary properties of p function, this is equivalent
to that Y o/ (a;) (of weight 2j) and ¥ ¢/ (a;) ' (a;) (of weight 2j +1),j > 0,
are all admissible. (We notice that admissible terms of odd weights are good
terms when we restrict to X;,.) As before, we denote by o (without variable)

the admissible term (o), and similarly for other elliptic functions.
We have already shown in and that

Z% =202y + 3@((72),
z3 = 9236323 — 95525 + 12p(03) 23 — 8¢’ (03).
However, a naive generalization of this is not true for n > 4:

Proposition 4.5. For all n € N>y, there is no admissible polynomial equation

z" = A,(0"z).

Proof. Letn > 2,z = z,, 0 = 0y, 0 = 0y, and s = a,41. We omit the
argument in a function if it is evaluated at ¢. Near the pole s = 0,
Znp1 = 2= §(s) + (0 +5s) = (o)

1
= -tz ps— 30’8~ (0" — 582)s + -
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Since 6,11 = ;470 + n%las, we have fork > 1

5}1;“2”“ (n+1) (5kz + p( )) + s 11)kp(k71)(5) _ p(kfl)((ﬂrs)

(- 1 k k—1) | (k—1)!
(n+1)F gk+1 + ((n+1) o'z + ((n+1) 1) p( ) + (n+1)kck—1)

k 1 k+j—1 i
-Y. (ﬂp( +H-1) _ ((nﬂn ]).CkJr] 1)1

where p(z) = z72 + Vs ¢jzl, c2 = 3582, €4 = 3583, and cpi1 = O for all i.
Notice that the principal part has only one term.
Now let n = 3, and we will prove the case for n + 1 = 4. We have

1 2
Zizf—;z+(zz+2@)+(p’—2m)s
+ (9" — p'z+ 39" — 582)s” + O(s%),
1
dazs = 15+ (302 1p) — ¢'s = (39" — @g2)s* + O(s"),

1
G1zs = — 3=+ (502 — %p') — (¢ — 15582)s + O(s?)
03zy = o + (%(532 — %p“ + %gz) + O(s).

Hence (we still denote d4 by J for simplicity)

1 z 1
zﬁéz4:4—#—2—53)+( 5z—i—1z2—|—4p) — (3’ + z&z)s
—|— Z(SZ—F p(SZ—*pZ +7 'z (12@ + 3 50 _24032)+O<S)’
1 ©
2
Z4(S Zy = 87—@‘{’852‘}‘(2@ _16(5 )

z(Szz - *p z+ (429” - 120g2) +0(s),

1 3z—p ¢
(5Z4)2=16S4+ s 5o T (1927 10)" — (36" — 15082) + O(s).

We would like to represent

2421—4—2 6zz+4p_4z3+12pz—2@/
44 g 52 s

+28 4+ 12027 + 6(p” — p'z) + (30" — 582) +O(s).

by A4(6*z), whose general form is

125074 + b230%24 + c6°24 + d(024)* + ep 25 + fpdzs + g9'z4 + (hp" +ig2).



38 CHING-LI CHAI, CHANG-SHOU LIN, AND CHIN-LUNG WANG

The equations for s, 572,572 in zi = A4(0*z) read as
1=gia+gb+5c+&d (forl/s%),
4 = %a + %b (for z/s3),
6=1a (forz?/s?),
0= %a + %d (for 6z/5?),
4 = }La%— %b— %d+e+ %f (for /s?).

The middle 3 equations give a = 24, b = —64, d = —48. The first equation
then gives ¢ = 64, an the last equation reduces to

e+3f=0.
The equation for s ! then reads as —4z> — 12pz +2p’ = (—18¢p’ — 3624z) +
(—32¢' +366%z) + 249’ — 2epz — gg'. By collecting terms we get
2’ =926z — 95°z + (e — 3)pz + (7 + 19)¢.

Now we plug in the result for z*. By comparing with (4.7) we get e = 30,
g = —60. Hence f = —120.
The final equation for the constant term is given by

2t +12p2% + 6(p* — p'z) + (30" — (522)
=24(32%0z+ 3péz— Lp2* + 7o'z — (S0 + 10 — 75582))
— 64(19—6z522 — %p’z + (%p” — ﬁgz))
+64(570°2 — Z0" + g5s2)
—48((302 — 10)* — (10" — 15082))
+30p(2% + 2¢p) — 120p(36z — 1) — 609 z + hp" + ig,.
By collecting terms we get
2t = 182°6z — 3626°z + 278°z — 27(5z)?
+ 122z — 3690z + 169’z + 750% + (h — 101)p" + (i + 1) g
From @]), by symmetric differentiation we compute
(4.12) 3z%0z = 9(6z)? + 926%z — 96°z + 129’z + 126z — 8"
Multiplying by z and substituting 7220z by , we get
2t = 9225z — 926%z + 12p2% — 8¢z
= 1820%z — 276%2 + 27(5z)* 4 12pz> + 3690z + 28z — 24¢".
On the other hand, by substituting z%6z in by , we get
2t = 1826%z — 276%2 + 27(62)? + 12pz* + 369z + 88¢'z
+75¢% + (h — 149) 0" + (i + 1) go.

4.11)

(4.13)

(4.14)
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Comparing (4.13) and we must have
60¢' (0)z = —99p*(0) — (h —149)p" (¢) — (i + 1) g2-

The function z = (a1 +ap + a3) — {(a1) — {(a2) — {(a3), viewed as a func-
tion in t = a3, has a pole at t = 0. But the right hand side is clearly regular
at t = 0. Hence a contradiction.

This shows that for # = 4 no monic admissible polynomial equations
of degree n for z, may exist. The proof shows also that if A,(6*z) exists
for some n € IN, then A,_1(6*z) must also exist by looking at the residue
term in the Laurent expansion of z}} = A,(6*z,). By induction this implies
A, (6*z) does not exists for all n > 4. O

Thus in order to make Theorem 2.1 effective we have to construct the
degree 1n(n + 1) polynomial W,(z) directly without the intermediate step.
This issue is now resolved in {3|based on the method of resultant.

5. FUTURE PERSPECTIVES

As discussed in the introduction, one of our purposes in this series of
papers is to study the structure of non-trivial solutions to (0.2), and to un-
derstand how non-trivial solutions change during the deformation of torus
in the moduli space. Several important issues are listed below.

5.1. Does Conjecture[0.1 hold?
If we could show that

(5.1) Z,(0; 7) has only simple zeros in T for any o ¢ E[2],

then Conjecture [0.1] follows from Lemma and Theorem immedi-
ately. The reason is as follows: Let a(7)) be a non-trivial solution to (0.2)
with E = E. By Lemma[2.12]and Theorem 2.13] we have oy := o (a(n)) ¢
E4[2] and Z,(00;0) = 0. If holds, then near (0p, 1) the equation
Zy(0;7) = 0 for fixed ¢ has only one solution (¢, 7). This implies that
a(Tp) is not a bifurcation point of equation (0.2). In fact, it is easy to see that
is equivalent to Conjecture

Forn =1, is proved in [2, Theorem 4.1]. For n = 1, 2,3 with ¢ being
an N-torison point, the simple zero property of Z,(o; T) had been shown
by Dahmen in [6} 7] (see also [1]), by counting the number of integral Lamé
equations with finite monodromy group by means of dessin d’enfants (see
for more explanations). However their results could not provide a
complete answer to the question whether holds (for 1 < n < 3). The
proof for n = 1in [2} §5] used deformations and the fact that equation (1.1)
has no solution for rectangular tori [11]. Hence we pose the following;:

Conjecture 5.1. There is no solutions to Au + e* = 8rtn ég for t = ib, b > 0.

By applying the theory developed in Part I [3] and this paper, we are
able to prove it for n = 2 in the forthcoming Part III. Thus, together with
the result of Dahmen, we could prove in its fully generality for n = 2.
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160

FIGURE 1. Five degenerate curves in F (marked in 5 differ-
ent colors) for n = 2.

The affirmative answers to both and Conjecture[5.T|are the first im-
portant steps towards the complete picture of (0.2), or equivalently (=
(0.3) with p = 87n), over the moduli space of flat tori. Asin the casen =1
treated in [2, §5], we work on the fundamental domain F. When n = 2,
there are 5 trivial critical points coming from the branch points of the hyper-
elliptic curve Y,. We could deform the pre-modular form Z,(c; 7) in ¢ and
study the geometry of the degeneracy curves in F corresponding to these 5
trivial solutions. Our numerical study of these curves (using Mathematica) is
shown in Figure 1.

In Part ITI, we will show that the number of non-trivial solutions to (0.2)
is constant in T when T moves in a connected region in F separated by these
degenerate curves. Moreover we shall be able to determine the number of
solutions explicitly in each connected region.

5.2. Dahmen’s conjecture.

Although we have shown the existence of Z,(c; T) for all n in Theorem
and provided the constructions of them in Proposition [3.7} in practice
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we still need to find the explicit expressions of them in order to get useful
informations, e.g. to attack (5.1).

Indeed, in [6} 7] Dahmen developed a theory to count the number of
equivalence classes of the algebraic form of integral Lamé equations

d? d
62 p@EE 05— (e () + Bw =0,

where x = p(z), p(x) = 4x° — gox — g3, n € N, with finite monodromy
group M. In this case M = Dy (dihedral) for some N € IN. Denote this
number by L, (N) for each n, N € IN, then Dahmen conjectured that

(5-3) Ln(N) = % (”(7’121‘ DY(N) - an‘P(N) - bn‘l)(g)) + gen(N)/

where ayy, = a1 := m(m +1)/2 and by, = byy_1 := m?. Also ¢(N) =
#{k € Z | gced(k,N) = 1,0 < k < N} is the Euler function (we set
H(N) = 0if N & N, ¥(N) := #{ (ky, k) | ged(ky, ko, N) = 1,0 < ks < N},
and €,(N) is 0 or 1 to make the expression in (5.3) an integer.

Under the assumption of the existence of suitable modular forms (which
is now provided by our Z,(¢; 7) with ¢ € E{[N]), Dahmen proved that if
holds for some 1, N then

(5.4) Zy (]Zc\}wl + I;\Z]wz; T)
has only simple zeros. Furthermore, by the method of dessin d’enfants, he
established for any N and n = 1,2, 3. In general, we may reduced his
conjecture for all n, N to the counting of vanishing order of at oo.
With the explicit expression of Wy(z) in and hence the weight 10
pre-modular form Z4(c; T), we are able to determine the precise vanish-
ing order at co. It turns out agrees with the expected one, hence confirms
Dahmen’s conjecture for n = 4 (and for all N). The detailed verification is
written up by Y.-C. Chou, as part of his undergraduate thesis supervised
by the third author, and is included as Appendix|[A]

5.3. The geometry of X, at its branch points over P'.

Equation gives us the first motivation to study the geometry of X,
as follows. It was proved in Part I [3, Theorem 0.8] that if {u;};> ; is a
sequence of blowup solutions to with o — 87n and py # 87n for
large k, then the blowup set p = {p1, -+, pn} of {uy} is a trivial solution to
(0.2). Here {1y} is said to blowup if maxg uy — +o0 as k — oo. Given such
a blowup sequence, it was proved in [13] that

(5.5) px — 8mn = (D(p) +O(1)) exp (—mgxuk).



42 CHING-LI CHAI, CHANG-SHOU LIN, AND CHIN-LUNG WANG

To define the invariant D(p), we first recall the regular part of the Green
function G(z,q) := G(z — q) + 2 log |z — g/, and define

f(z) = 87(Gz,pi) = Glpir p ; (zpj) = Glpi pj)
jFi

—n(G(z) = G(p)),

i = exp (87(G(pi, pi) + Y Glpir) - nG(p))).
j#£i

Then

56)  D(p)=1lim} efn® —1 1
56 § '_75%;% /I\By () 1z —pil* _/IRZ\QZ- z—pil*)’

where (); is any open neighborhood of p; in E such that O; N Q); = @ for
i#j,and UL, Q; = E.

We note that in a neighborhood of p;, e/7i ()1 js a harmonic function with
quadratic terms in (x, y) plus O(|z — p;|®), where z = x + iy, hence the limit
in (5.6) is finite and well-defined.

It is clear that when D(p) # O its sign provides important informa-
tion when we study bubbling solutions (blow-up sequence) with p # 87n
(e.g. if D(p) > 0 then the bubbling may only occur from the right hand
side). Also in the case py = 87n for all k, if the blow-up family u, exists
then D(p) = 0 trivially, provided that p is a non-trivial solution to (0.2).

From the analytic point of view, the sign of D(p) plays many impor-
tant roles in the concentration of bubbling solutions of a class of non-linear
PDE in two dimensions. For example, in the mean field equations, Chern-
Simons-Higgs equations, and even a system of equations like SU(3) Chern—
Simons system etc.. Recently, it is also related to the so-called local unique-
ness of bubbling solutions, which states that for any two sequence of bub-
bling solutions under some non-degenerate conditions (with D(p) # 0 be-
ing one of them) and with the same py, if their blowup sets are identical
then the two sequence of solutions are equal. For recent applications of
these quantities, we refer the readers to [13].

However, D(p) or even its sign is in general very difficult to compute,
except for the case n = 1 [5, 12} 2]. Thus the question how the analytic
invariant D(p) would be related to the geometry of X, is one of the main
issues we are going to pursue. Recall the conjecture we posed in Part I:

Conjecture 5.2 ([3]). For rectangular tori, there are n branch points on X, with
D < 0and n + 1 branch points with D > 0.

Conjecture 5.2 was proved in [5] for n = 1 and in [13] for n = 2. We are
speculating that it is closely related to Conjecture |5.1| on non-existence of
solutions to the mean field equations on rectangular tori.
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APPENDIX A. A COUNTING FORMULA FOR LAME EQUATIONS
By You-Cheng Chouﬂ

Using the pre-modular forms constructed in §2| and we verify the
n = 4 case of Dahmen’s conjectural counting formula (5.3) (= Conjecture
73 in [6]) for integral Lamé equations with finite monodromy.

A.l. Dahmen’s conjecture. Let L,(N) be the number of Lamé equations
up to linear equivalence which has monodromy group isomorphic to
the dihedral group Dy. Using the Hermite-Halphen ansatz and the
theory in §2} the problem is reduced to the zero counting of the SL(2,Z)
modular form

ki + kot
MH(N) = 1_[ Zn —,T].
0<kq k<N ( N )
ng(kl,kZ,N):l

Using this, by repeating Dahmen’s argument in [6], Lemma 65, 74, we get

Proposition A.1. Suppose that for all N € Z >3 and n € IN we have that

oMy (N)) = @ (N) + (5 ),

where Ay = a1 = m(m+1)/2, byy = bay_1 = m?. Then

LAN)ZE<”W+SIHN)—(%¢®D+h@(§)>)+§a&N%

where €,(N) =1if N =3andn =1 (mod 3), and €,(N) = 0 otherwise.
Furthermore, Z,(c; T) with o a torsion point has only simple zeros in T € H.

Proof. Recall the formula for SL(2, Z) modular forms of weight k:

V; 1% k
Z'Mﬁ+%m+gp+ﬁp:u.
P#o0,i,p
For f = M,(N), the weight k = 1n(n + 1)¥(N). Notice that the counting
is always doubled under the symmetry (ki,k2) — (N — ki, N — kz), thus
by [6], Lemma 65, an upper bound for L,(N) is given by

U, (N) = % (’W - (an(p(N) +bn<p(2’))> 4 %en(N).

That is, L,(N) < U,(N). Moreover, the equality holds if and only if each
factor Z,,((k1 + k27)/N; T) has only simple zeros.

We will show the equality holds by comparing it with the counting for-
mula for the projective monodormy group PL,(N) (c.f. [6], Lemma 74).

1Taida Institute for Mathematical Sciences (TIMS), National Taiwan University, Taipei,
Taiwan. Email: b99201040@ntu.edu.tw
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We recall the relation between L, (N) and PL,(N):

[ Lu(N)+L,(2N) if Nis odd,
PLy(N) = { L,(2N) if N is even.

If n is even and N is odd, we have

PLH(N) = Ln(N) +Ln(2N)

(T (0 £ )

n(n 5(5 n’
< ( +;)4‘P(2N) . (2(2;_ 1)¢(2N) + 4¢(N))> + %en(ZN)

1
2
n(n+1 2
= "D () 39 (N)) + 2en(N)
12 3
For the last equality, we use €,(2N) = 0, ¥(2N) = 3¥(N) and ¢(2N) =
$(N). (If N is even, the relations are €,(N) = 0, ¥(2N) = 4¥(N) and
$(2N) = ¢(N).) For the other three cases with (1, N) being (even, even),
(odd, odd) or (odd, even), the computations are similar, and all lead to

_|_

nn+1 2
2L (9(N) - 39(N)) + 2en(N).

12 3

On the other hand, using the method of dessin d’enfants, Dahmen showed
directly that the equality holds [7]. Thus all the intermediate inequalities
are indeed equalities, and in particular L,(N) = U,(N) holds. O

PL,(N) <

A.2. g-expansions for some modular forms. Recall that

1 1 Nk N k-1 2rinz
= —27Ti n ‘e ,
m;Z (m+z)k (k—l)!( ) rg
1
Z m = 7‘(2 COtZ(T[X) + 7T2,
nez
1 3 .43 3
Y ———5 = cot’(mx) + 7° cot(7x).
= (x+mn)3
We compute the g-expansions for ¢, ¢3, ©, ¢, Z, where g = 2T,
1 (—2mi)* &
g2 = 60 ————— =60(20(4) +2 os(n)g" ),
L (n+mt)* ( 3! r; )

(n,m)#(0,0)

where 0y (n) := Y41, dk. Similarly,

g3=140 )

1 o0 .
_ — 140 (25(6) +2 5 Y os(n)g )
(n,m) £(0,0) '

(n+mT)
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Letz =t +s7. Fors = 0, we have

o (t;t,0) = =2 2

nmez t+n—|—mr)3
1

> 1 1
:—ZZW—ZZ ((mr+n+t)3_(m'r+n—t)3>

nezZ m=1nezZ

_277i)3 = . .

( 27T1) Z n2 (eZmn(mT-i-t) _ eZmn(mT—t))
n=1

21 2!

[o 0]
= —271° cot(rtt) — 27 cot> (1tt) + 167> Y n*sin(27nt) g™

n,m=1

nGZ

1 1 1
7;t,0) = 5 + ( - )
P ) t2 n, ;’(0 0) (t+n+mt)2  (n+mt)?

1 1 1 2
= E P E + E E + -
= (t+n)? = n2 = 1nez((””+t+”)2 (mt —t+n)? (mr+n)2)
2 > ; ;
_ 2 2 2 2 +t) 2 —t 2
— 712 cot (7‘[t) + gn. +m:1<_27n Z: ( min(mt +€ min(mt—t) _ % mnmr)

2 (o)

= 1% cot?(mt) + S 7% + 87> Y (1—cos2nmt)g""
3 n,m=1

Also, the Hecke function

Z(7;t,0) = mweot(mt) +4m Y (sin2nmt)g™"

n.m=1
Fors =1/2, we have
1
(n,m)g(o,o) (t +n+ (% + m)T)3

)3

ntt+(m— 51 e (n—t+ (m—

o' (t;t,1/2) = =2

1

—2E (%

1 \meZ

—_
S~—
=i
N~—
(6]
v

=2

1
m 2
( 27—”)3 = Zmn (t+(m—3)7) _ 2min(—t)+(m—%)t
Y (e ; )

m=

n, 1

=167 Z n? (sin 27tnt)g" ("2,

n,m=1
Similarly,
1 s o
p(T;t,1/2) = — - + 87 Z ng"" — 8m? Z n(cos 27'mt)‘1n(m7%),
3 nm=1 n,m=1
and

Z(t;t,1/2) =4r Z (sin27mt)q”(m*%),

nm=1
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A.3. The counting formula for n = 4. Now we give the computations for
n = 4 and prove the formula L4(N) = U4(N) from Proposition[A.1]

Theorem A.2. Forn =4and N € Z>3, we have

Ly(N) = % <5T2N) - <3q>(N) +4¢<I;])>) :

Moreover, Zs(o; T) with ¢ € E{[N] has only simple zeros in T € H.

Proof. For n = 4, the pre-modular form Z; = Wy(Z) is given in (3.9):

399
Wy(Z) = 70 — 45078 — 120077 + (82— 6300?)Z° — (504p¢") Z°
15
"3
9
- (140p* — 24590 + 190g30 + 21g5)Z>

280 — 49¢2p — 115¢3) Z* + 15(11g, — 24¢°) ' 78

3
— (409” — 163820 +12583)pZ + (2582 — 3¢%) %,

where Z is the Hecke function.
We compute the asymptotic behavior of Wy(Z) when T — oco. Letz =
t + st. We divide the problem into two cases

(1) s = 0 (mod 1). In this case, according to the g-expansion given in

we have
g — 2714, 93— %n6, Z(z) — mcot(mt),

¢ (z) = —2m2 cot(mt) — 271° cot®(t),

©(z) — 1 cot?(7t) + %712.

A direct computation shows that Wy (Z) has zeros at co when s = 0.
By replacing all the modular forms ¢, 93, 0, ¢’ and Z in Wy(Z)
with their g-expansions, we have (e.g. using Mathematica)

Wy(Z) = 21433527 110 cos? (rtt) sin? (71t )g° + O(g*)
(2) s #0 (mod 1). In this case we have
1,

Z—>2ni<s—;>, p(Z)—>—§7T,

4
o' (z) =0, @ — 5714, 93 —

Hence the constant term of W, (Z) is given by
Wy(z) = —647'0(—2 4 5) (=1 +5)?s*(1 +5)
x (=34 25)(—1+25)%(1+2s) +O(q).

Notice that if s # 0 (mod 1) then W4(Z) has zero at T = oo if and
onlyifs =1/2 (mod 1).

)
277‘(.
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Now we fix s = 1/2 and replace the modular forms ¢, g3, p, ¢’
and Z in W, (Z) with their g-expansions. We get

Wy (Z) = 21933527 7110 cos (71t)? sin (7t ) 2% + O(4°).
These computations for the g-expansions imply that

VOO(M4(N)) = 3#{1 < k1 < N | ng(N,kl) = 1}
+2#{0<k; <N |ged(N/2,k;) =1}
= 39(N) +49(N/2).

Since the value of Ve (M4(N)) coincides with the assumption in Proposition
for n = 4, the theorem follows from it accordingly. O
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