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Boundary feedback spectrum shift for distributed
parameter systems on a planar domain

S-H Lu and I-K Fong*

Department of Electrical Engineering, National Taiwan University, Taipei, Taiwan

Abstract: For a special class of linear distributed parameter systems defined on a planar domain
and controlled by boundary inputs, a systematic procedure is established to reformulate them as
systems defined over certain interpolation spaces. Based on this result, it is shown how certain
spectrum shift can be achieved by using boundary state feedback control. An example is used to

demonstrate the theoretical results.
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1 INTRODUCTION

Controlling distributed parameter systems is admittedly
a difficult problem. In the literature (e.g. reference [1]),
similar control problems are studied and parallel control
theories are developed for both distributed and lumped
parameter systems, especially when system models used
to describe both kind of systems have a similar form.
This is particularly true when the state-space approach
is adopted. Nevertheless, the boundary control problem
for distributed parameter systems has no counterpart in
lumped systems, because when modelling lumped sys-
tems there are no boundary conditions. In this paper a
class of distributed parameter systems with boundary
inputs is considered. The state variables are represented
as a function of time and spatial variables are defined
over a planar domain. It is intended that state feedback
control laws be found such that part of the spectrum of
the closed-loop system may be shifted in a beneficial
direction. In reference [2] it is shown that under some
conditions the boundary inputs can be combined into
system dynamic equations redefined over some inter-
polation space. Other methods, including those in refer-
ences [3] to [6], give various ways of handling systems
with boundary inputs. Using the method of combining
boundary inputs into the system dynamic equations, it
is possible to extend many control analysis and synthesis
methods which were originally developed for distributed
parameter systems with zero boundary conditions and
inspired by methods for lumped systems. For example,
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this methodology is used in reference [7] to study the
robustness stability problem of distributed parameter
systems with boundary inputs and in reference [8] to
study the spectrum shift problem via boundary state
feedback for distributed parameter systems defined on
a line.

Here, based on the idea of reference [2] and methods
derived in references [6] and [9], the same problem of
reference [8] for distributed parameter systems defined
on a planar domain is discussed. Firstly, it is shown that
this class of boundary control system can be reformu-
lated as a bounded-input spectral system defined over a
certain interpolation space. Secondly, it is shown how
to adapt the results of references [9] and [10] to achieve
the spectrum shift. Finally, an example and its simu-
lation results are used to illustrate the theoretical results.

2 SYSTEM DESCRIPTION AND
TRANSFORMATION

Let .1 be the set of non-negative integers, # be the field
of real numbers and #' be the vector space of I-tuple
vectors with elements from #. Furthermore, let x =
[x;, x,]" represent a vector in # 2. Consider the closed
region Q < # 2 with boundary 6Q = U¢_ | I;, where

I = {[xl,xz]T|0<x1<ll, x, =0}
I, = {[xl,xz]T|x1=0,0<x2<lz}
I;= {[xl,xz]T|0<x1<ll, x,=1h}

I,= {[xl,xz]T|x1=ll, 0<x, <05}

(D
At each boundary segment I}, n; is defined to be the unit
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outward normal on I; and the second-order linear

13

distributed parameter system is found to be

oz(t, x) 0%z(t, x) 0%z(t, x)
=a yy———
ot ax? 2 ox2
oz(t, x) .
=u;(1), i=1,2,3,4
on; |

z(0, x) = zy(x), VxeQ

(2)

where z(¢, x) is the state function of the system, z,(x) is
a given initial condition, u;(-) is the ith input function
and a,,, a,, are positive coeflicients. Subsequently, Z =
7 ,(€2) will be denoted as the space of the Lebesgue
square integrable functions defined on 2 and <-,-) .as
the inner product defined on Z. The space of all
bounded linear operators from the space 2 to the space
% will be denoted by #(2,% ). For any operator A,
9 (A) will represent its domain, f (4) its range and .4 (A)
its kernel.

The system (2) may also be represented by a more
compact yet more general state-space model:

dz(¢) .
=Az(t
a A0
Hz(t) =u(t)
2(0) =z,
(3)
where
. 0%z(t, x) 0%z(t, x)
Az=ay, fo ) Gxg 4
and
oz(t, x)
0x; |y,-0
oz(t, x)
0x -
HZ _ 1 x1=1
oz(t, x)
0x; x2= 1y
oz(t, x)
0xy X1 =0
uy (1)
t
u(t) = u,(1)
us (1)
uy (1)
(5)

Note that 4:% (A)c £ -2 is an unbounded linear
operator densely defined on 2. The state-space model
(3) is of interest because if it owns the three properties
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listed in the following definition, then it may lead to
another model that facilitates the task of designing state
feedback control laws for the system described by
system (2).

Definition 1 [9]

Distributed parameter systems described by the state-
space model (3) are called general boundary input
systems if:

1. Az/ily G pm -2 (A)c Z —Z generates an ana-
lytic semigroup [1] T(¢) on Z .

2. There exist an o > w,, the growth constant [1]
of T(), and a G(w)e##2 %) such that
(wl — A)G(w)=0 and HG(@)u=u for all u=
[uy uy uy uy]" e,

3. There exists a real number « €[0,1) such that
7 1G] (] — 4],

In the literature, many methods have been proposed
for transforming the boundary conditions into various
forms so that different types of boundary problems may
be solved. The early results by Fattorini [S] and Lion
and Magenes [2] suggest a way of thinking about this
type of problem. The results by Lasiecka [11] and
Amann [3] are very complete in the representation of
the solutions to boundary problems of the parabolic
type. However, this type of solution usually focuses on
the expression of solutions themselves. This is adequate
for solving the boundary problems but not for solving
related control problems, which involve feedback con-
troller design. The ability to transform the boundary
conditions and obtain a set of standard state-space equa-
tions is very important for studying control problems.
In fact, there are two different approaches. One is to
generalize the theory to allow an unbounded input oper-
ator in the state-space description [1, 12, 13]. The other
is to consider the state-space model over a larger inter-
polation space so that the input operator becomes a
bounded operator.

The concept of general boundary input systems was
first proposed by Inaba and Hinata [6, 14]. It describes
the systems with boundary inputs that can be trans-
formed into distributed inputs. The most important con-
dition in Definition 1 is the second one, which sometimes
is called the translation condition. It is related to the
actual finding of the equivalent input operators. In most
cases the value of G(w) needs to be found in order to
show that the system is a general boundary input system.

In the following theorem, it is shown that model (3)
is indeed a general boundary input system with (4)
and (5).

Theorem 1

For 151 and H from (4) and (5) respectively, suppose
A=A4| () gt 33 in Definition 1.
1. The operator A4 has real eigenvalues A

“ny.nyo
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(ny,n,)e A x ., of finite magnitudes. Moreover,
the corresponding eigenvectors D nynys
(ny,n,)e A x .4, form a complete basis in Z .

2. The system described by (3), (4) and (5) is a general
boundary input system.

Proof

1. With (4) and (5), it is easy to verify that the operator
A= er ). has only a point spectrum. Suppose
{J, ¢} is a pair of eigenvalue and eigenvector in the
point spectrum of 4. Thus (4 — AI)¢ =0, which in
its detailed form is

0% 0%

— Ap =0
dyq ox? tay ox2 ¢
@,

axz x,=0
@,
axl x; =1
¥,
axz xy=15
@,

axl x1=0

(6)

Direct computation easily shows that

-
{2, ¢o,0(x1» x,)} =10, 1},

1y

A

{}'9 ¢n1,n2} = {}'» ¢n1,0(x19 XZ)} = {(

I

2
{}'9 ¢n1,n2(x19 XZ)} = {(”ZZ_JT> + <
2

h

-
are the eigenvalue and eigenvector pairs of 4 and
that {¢, , } forms a complete basis in Z .
. First of all, for every z € &, the operator 7(¢) defined
by
Tz= Y Gy,
(nyma)e g% g7

(8)

is the analytic semigroup that A generates on Z.
Secondly, the appropriate @ and G(w) values need
to be found. For any o > w,, the growth constant
of T(t), define the convenient symbol f,(x)=
[G(w)u](x). Then the equation AG(w)u=wG(w)u
can be rewritten as Af,(x) = wf,(x), which suggests
examination of
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2
{2 o, (X1, X)) = {(nlz_it> .2 cos < 2
2
2
n) .2 cos <

75

Julx) = [G(w)u] (x)
= (1) e T 4oy () e Ol
Foy(t) e Ol ey (1) 7 Oz

for some c¢;(¢t), i=1,2,3,4, independent of x.
Substituting the above expression into the other
requirement that G(w) must satisfy, i.e. HG(0w)u = u,
yields the conditions for the functions c¢;(¢):

I %)
Vol g Volnb || ¢, (1)
1
| e ®
1
Tt
22
|:e\m11 —e_ \mll:| |:Cl(t):|
1 —1 (1)
1
——u,(1)
) \/cu/_all (10)

1
—Uy()
—Vwla,

These two sets of linear equations in ¢;(¢) allow c¢;(¢)
to be expressed in terms of u;(¢). For the sake of
notational brevity, these can be written as

n=0,n,=0

TT

n—x2>}, n=0,n,2=1
L

n,T

%n)}, m=1m=0 (7)
1

ey (1) = o ypuy (1) + oy 4uy (1)
x(1) =t ppuy (1) + 0 p4u4(7)
e3(1) = azyuy (1) + o33u5(7)
C4(1) = ot gquy (1) + o43u5(7)

where the o;; values are constants depending only on
dyq, dy, and . Thus

[G(@)u] (x) = (31 ¢ 722 + 0y @7 222 ) (1)
+ (o4, e O 4 Uy V“mxl)“z(l‘)
+ (233 e oMz Ug3€ V“mxz)%(l‘)
+ (14 e O 4 P V“mxl)“zx(l‘)
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This explicit expression of [G(w)u](x) can be
expanded with respect to the basis {¢, ,,}. The result
is written as

[G(w)u](X)=[ ) gé,n2¢o,n2(xz)} uy (1)
me

The model (13) provides a description of the systems
to be studied with no explicit formulation of the bound-
ary conditions, and facilitates the application of existing
state feedback controller design methods. In fact, if the
analysis results presented in Theorem 1 continue to be
utilized, series expansions of the operators 4, and B,
can be found.

+ 2 x{) [u,(t

Jlez Vgn1’0¢n1’0( 1)_ 2(0) Corollary 1

R ] Let u = — 1, , . Then the following expansion is

3 t nyny ny.ny

+| > gO,n2¢ 0y (%2) [ u3(2) obtained:

L ny€ '/1/ —
+ Z gﬁl,oﬁb nl,O(xl) uy (1)

Lng€ '/1/' —

Z,= {Z = Z Cnl,nz¢ nyny Z (ﬂZp"zC"p"z)z < }
(ny,nz)e ,/1/>< N (ny.n3)€ ./VX N
AaZ = Z }'nl,n2Cn1,nz¢n1,nz’ Vz= Z C"1:"2¢"1!”2 €Z,
(ny.ny)e ,/1/>< ,/1/. (ny.n3)€ ./VX ./1/.

Bau = < Z ﬂO,nzg(l),n2¢O,n2> ul(t) + <

"2 N

+< Y ﬂn1,0g31,0¢n1,0> uy(1),
e N

This is a full characterization of the operator G(w), with
which the boundedness property can be easily derived.
Finally, since #* is a finite dimensional space and
Gw)es#*, 7)), J[G(w)] is also finite dimensional,
which means that at least o =0 is such that
JIG(w)] =@ [(wl — A)*]= £ . This completes the proof.

After establishing that under the assumptions, model
(3) with (4) and (5) is a general boundary input system,
the following theorem can be quoted to obtain a model
with a more familiar appearance. The symbols are as
defined before.

Theorem 2 [9]

For a general boundary input system (3), if 2,=2,
Z,=9 (A), the interpolation space Z, =% [(wl— A4)*]
and the operators 4,:9 (4,)=2, < Z,-,—>Z,-, and
B, e B (#% Z,-,) respectively can be defined as

A,z =[(wl — A)* ] M A(wl — A)*" 1z (11)
B,u=(wl—A4,)G(w)u (12)

then the system model (3) is equivalent to

dt - ozZ(t)+ au(t)
z(0) =z,

(13)
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Z .“nl,ogﬁl,oq5 n1,0> u (1) + < Z :uO,nzg(3),n2¢ O,n2> us (1)
me N

ns N

YueR?

Proof. The results are derived from straightforward
computations.

To simplify the notation of B, u, ¥, i=1,2,3,4, can
be defined directly from Corollary 1 as

Ba“:< Z ‘quso,nz) “1(0"‘( Z w32¢0,n2> us (1)

"2s N ns N

+ < Z Wﬁ1¢n1,0> u, (1) + < Z w31¢n1,0> uy (1)
nle »//1/. nle »//1/.

With regard to the extended space £, in this corollary,
it is noted that £,=2 and Z,=¢% (4). Moreover,
Z,c Z, for o > B. Thus, for « <0, Z, is an extension
of 2 and a series of spaces {Z,} is constructed from
the operator A. With the extended space Z,, the solution
with boundary conditions can be properly formulated,
and the boundary input can be described as a distributed
input over the extended interpolation space. In section 4,
there is an example showing how to handle the boundary
problem in interpolation space.

At the end of this section it is mentioned that due to
part 1 of Theorem 1, the systems studied here are called
the spectral systems [1] when they are described by
model (13).

3 SPECTRUM SHIFT

The boundary state feedback spectrum shift problem
to be considered here is not very different in objective
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from the problem considered for finite dimensional sys-
tems. For a distributed parameter system with spectra
{Zn, m, }» it is possible to find k;(x), i=1, 2, 3, 4, such that
with the state feedback u;(¢) = {k;(x), Z(t)>ff the closed-
loop system has a new set of spectra {f, , }. However,
compared with the well-known results of the finite
dimensional pole assignment problem, the results of
spectrum assignment and assignability problems for dis-
tributed parameter systems are much more restrictive.
For the spectral systems defined in section 2, it turns out
that the results in references [9] and [10] can be adapted
to solve the spectrum shift problem under certain
conditions.

In reference [8], the spectrum shift problem is dis-
cussed for one-dimensional distributed parameter sys-
tems and it is shown that, with the help of reference [9],
it is possible to achieve uniform spectrum shift. More
specifically, for certain one-dimensional distributed par-
ameter systems with the set of spectra {4;} and a given
n <0, a proper state feedback controller can be found
to shift the spectrum of the closed-loop systems to
{B;=4;+n}. However, for distributed parameter sys-
tems on a two-dimensional domain, the situation is usu-
ally more difficult. Hence for the systems described in
this paper, the problem of how to shift all the spectra
{/n, n,} to the new set of spectra {f, ,, =4, ., +1n} is
not discussed. Instead, the possibility is demonstrated
of shifting the subsets {4, o} and {/,,,} of the overall
spectrum to {f, o= 4, 0+ 71} and {Bo,, = o, + 1.}
respectively, for given constants #; <0 and 7, <0. Two
weighting parameters 6, € [0, 1], i =1, 2, are also intro-
duced, which ‘divide the work’ of the spectrum shift of
the two subsets of spectra into four parts. More specifi-
cally, an attempt is made to find a state feedback law
ki(x) that moves {4y, } to {4,,, +3d,n,} and a k;(x)
that moves {/,, + 3,15} to {Bo,, =40, + 1>} and,
similarly, a k,(x) that moves {4, o} to {4, o+ d:n,}
and a ky(x) that moves {4, ,+d;n;} to
{Bu,.0=72n.0t N1} As in the one-dimensional case [8],
this approach increases the flexibility of utilizing multiple
inputs in the system. Furthermore, by sometimes spread-
ing the load it is possible to avoid saturation of indi-
vidual inputs.

Based on the results of references [8] and [9], the fol-
lowing theorem is proposed for the systems described by
system (2). Again, the notation used is as defined before.

Theorem 3

For the spectral systems defined above, suppose ¥ # 0
fori=1,2,3,4,

1
Yy — <
ny€ '/1/| )'nl,Ol

1

<o
ny€ A/nz#o |}'O,n2|
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and

1

—y! 1,
o — |_Vn1<" <w
m=0,m#ny; |"*m,0 “ny,0

1

for ny e A
e v Vom— o] ST
for n,e A, n, #0
Let n,,n,e# and 0<d,, 0, <1 be chosen such that
{0y O Va0 0imtn dy, o+t =
and
om s O gy + 02123 0 Ao, T 12} =

Then the state feedback laws ui(t)=<ki(x),z(t)>ff
i=1,2,3,4, with

1

ky(x) =051, > -1 I1
ny€ ./1/'12 #0 n, me ./Vm#nz’m #0
0
x(1-—22— )4, (14)
2oy = Fo.m
ky(x)=0
ky(x)=0

1
ky(x)=0,m, Z - H
nle »//1/. nl me J/t/m #nl

0
x (1= 114, o(x) (15)
Jony 0 = Pm,0

will shift part of the spectrum of the closed-loop
system from {Z,,,} and {4, o} to {/o,, +J,1,} and
{/n, .0+ 0111} respectively. Moreover, with k; (x) in (14),
k,(x) in (15) and

1
ky(x)=(1—0y)n; Z 2 H
e vt me ./Vm;énl

x [1—“_—51)’“}»"10@) (16)

Zons 0= Pmy0

S o— 1

nE  pma #0 V¥ ny me Am #ny,m#0

ky(x)=(1—0,)n,

1-9
e (7
‘O,n, — 7Om
the shifted spectrum of the closed-loop system will be
further shifted to {4y, +#n,} and {4, o+n}
respectively.

Proof. Suppose that k,(x) depends only on x, and
k,(x) depends only on x,i.e. k;(x) = k,(x,) and k,(x) =
k,(x;). Also, suppose that k3(x) =0 and k,(x) =0. The
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corresponding closed-loop system is
<k1(x2)’ Z(t)>£f

dz(r) Cka(x1), 2(2)) 4
5 = A0+ B, 0

(18)

0

Using Corollary 1 and letting kg ,,, = <k;(x,), ¢, >
for ny,e.f, n,#0, and kﬁly():(k (xy), ¢n1,0> or
ny €, gives

Az +Bau= Y O,
nemE g

+< Z ‘quso,nz)( Z kOnZCO,n2>
ne ne

+< 3 wzlqsnl,o)( 5 kﬁl,ocnl,o>
me q” me _p”

- ¥

na€ M2 #0

)'O,nZCO,nquO,nz
+ < Z i2¢ O,n2>
ny€ My #0

X < Z O nZCO n2>
ny€ ./1/'12 #0

+ Z }'nl,OCnl,Oqs ny,0
e N

+< Y w31¢n1,0>< ) kil,ocn1,0>
me me N

+ Z }'nl,nzcnl,nzqsnl,nz

ny #0,ny #0,nq,n€ '/1/‘

Note that the first two terms in the last expression reduce
to the case with only one variable x;, and the second
two terms in the last expression reduce to the case with
only one variable x,. Hence from the results of references
[8] and [9], the one-dimensional spectrum shift tech-
nique may be applied to shift the subsets {/,,,} and
{/n, 0} of the open-loop spectrum. The case with &, (x) =
ky(x)=0, ky(x) depending only on x, and k,(x)
depending only on x; may be discussed in a similar
manner.

It is seen that in (14) and (17) only eigenvectors
¢ o.n, are involved and in (15) and (16) only eigenvectors
¢, 0 are involved. This is due to the decomposition of
the eigenvalue shift problem of a planar system into two
corresponding problems for systems defined over the
one-dimensional domain, which enables the one-dimen-
sional spectrum shift technique to be adopted. Though
only the eigenvalues {/, o} and {4,,,} can be shifted,
the dominant eigenvalues are included, and relatively
simple computations are needed to implement the feed-
back laws. It is also possible to shift certain other groups
of eigenvalues with similar derivations, but it will involve
all the eigenvectors, and the computations will be very
complicated.
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4 EXAMPLE

Suppose that /;,=1and /,=1, i.e.

Q={[x;,%]"|0<x <L0<x, <1}

Consider the distributed parameter system described by
the following mathematical model:

oz(t,x) & 02
o ov — z(¢, x)+—z(t x)

0
- G_Z(t x)|x2:o: uy (1)
X2

0
G_Z(t X) e =1 = us(1)
Xy

0
G_Z(t x) |x2:1 =u,(1)
X2

0
- G_Z(t x)|x1:O: uy (1)
X1

z(0,x)=2, Vxe

(19)

The above model may describe the temperature control
system of a square plate in which there is only heat
conduction. The state variable z represents the tempera-
ture distribution over the plate and the four control
inputs u;, i =1, 2, 3, 4, deliver the required heat flux into
or out of the plate from its four boundaries. For this
system, ¢ in Theorem 1 may be written as

hy,ny

hoo(xy, xy)=1

Do, (X1, X3) = \/E cos(n,7x,),
¢n1y0(x1,x2)=\/Ecos(nlitxl), n =1
Gy (X1, X3) = \/5 cos(nlftxl)\/E cos (1,7X,),

n=1l,n=1
(20)

n,=1

Note that in the above the amplitude of ¢, , is scaled
for convenience, but it is easy to check that 4¢, , =
oy my® yomy» Where 4, = —(nj+n3)m* Also, for this
system @, =0. If o =1 then G is

[G(1)ul(x)
exz_i_CZ—x2 1+x; 1-x;

= 3 u () + 2]

e’ —1
el+x2+el—x2 eX1 27 x;
Us(F) +————uy(t
ez_l 3() ez_l 4()

< Z g(1)n2¢0,n2> “1(0"‘( Z gﬁ1,0¢n1,0> u,(1)

2€ N e N

< Z go,n2¢o,n2> “3(0"‘( Z gﬁ1,0¢n1,0> uy (1)

n2e me g
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where

1, n,=0

J2 (21)

1 +n3m?’

1 +nm?”’

1, n,=0
CieE o 3

1 +njm?”’

3
gO,n2 -

1, n, =0
g o=1{(—1y1\2 ) (22)

Fig.2 First case at 1=0.6
1, n, =0
gho=1{ 2 (24)

L >0
1 + n2m? !

For the first case, let 6, =0,=1, i.e. u,(t)=0 and
uy(¢) =0, and find k,(x) and k,(x) such that the spec-
trum of the closed-loop system becomes

-1, n,=0,n,=0
Jom, — 1, ny=0,n,>0

Buim =1, " o (25)
A n>0,n,=0

n;>0,n,>0

“nyny

This modification of the eigenvalues changes the mar-
ginal stability of the open-loop system to the asymptotic
stability of the closed-loop system. Figures 1 to 4, show
the state z(z, x) of the closed-loop system at four rep- Fig.3 First case at 1=1.0
resentative time instants, =0.2, 0.6, 1.0, 1.4 respect-
ively. From the simulation results, it can be seen that
the time response of the controlled system indeed decays
with the desired rate. Also, since u, =0 and u; =0, the
control effects come from u; (the down-side of the
figures) and u, (the left-side of the figures). Therefore

R BP0 7

- P& g B g,
y

1 R mﬁ‘.&"e@ R,
s
LA

Fig.4 Firstcaseat =14

the state response at these two sides decays faster than
that at the other two sides.

For the second case, let 6, =9, =0.3, and find k;(x),
Fig.1 First case at 1=0.2 i=1,2,3,4, such that the spectrum of the closed-loop
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system becomes

-2, n=0,n,=0
Jom, — 1, ny=0,n,>0
Brom =1 T (26)
om0 — 2, n>0,n,=0
Loy n;>0,n,>0

Figures 5 to 8 show the state z(z, x) at t=0.2, 0.6, 1.0,
1.4 respectively. Compared with the first case, the second
case shows a faster decay rate than the first case, which
is desired. Also, due to the use of all four control inputs
in this case, the temperature drop pattern is different
from that in the first case. It is worth mentioning that
the initial condition of this example is z(0, x) =2 for all
x €Q, so if all of the control inputs are shut off, i.e.
u;=0,i=1,2,3,4, then the system state will remain at
the value of 2.

5 CONCLUSION

The spectrum shift problem of a special class of dis-
tributed parameter systems via the boundary control is

Fig.5 Second case at t=0.2

SoR e,
o S,
R 2R
TRl

Fig.6 Second case at 1 =0.6
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Fig.7 Second case at t=1.0

Fig.8 Second case atr=1.4

discussed. The proposed procedure includes the
transformation of system models and the synthesis of
state feedback laws. The numerical example shows how
the proposed method can be applied. With the trans-
formed model (13), it is believed that more control
schemes have the potential to be applied to the boundary
control problem.
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