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Interfacial shear-stress effects on transient capillary wedge flow
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The effects on the transient capillary flow in a wedge due to the interfacial shear-stress distribution
Salong the flow directiorz is studied theoretically. With the assumptions of a slender liquid column
and negligible gravitational and inertia effects, the problem is reduced to finding the axial velocity
distribution at any cross section. The propagation of the liquid colbfant) and the tip location

I(t) are then solved with the aid of the continuity equation. When the half-wedge angdle
contact angle, and the shear-stress distribution on the free sui$are constant, analytic solutions
exist. Otherwise, numerical simulation has to be applied. The results indicate thatS{tjeis

acting in the flow direction, the flow is strengthened and the liquid column propagates faster. When
S(z) is opposing the flow direction, reverse flow may exist near the free surface and the propagation
speed of the liquid column is reduced. Moreover, for a capillary flow in a wedge with conrsgtant

6, and S, both the analytic solutions and the numerical simulation predict litijt<t>® for the
constant-flow-rate stage ahgt)«t*? for the constant-height flow stage. Wh8is a function of the

flow directionz, the above functional relationship betwdeandt becomes no longer valid; it varies

as the liquid column propagates along the wedge.2@4 American Institute of Physics.

[DOI: 10.1063/1.1714791

I. INTRODUCTION by Ransohoff and Radke both focused on the two-
dimensional hydrodynamic solution of a capillary flow in a

The capillary flows in a wedge arise in various industrialWed e In their analvses. different aporoaches to the dimen-
applications and are of technical interests. On earth, these ge. YSEs, bp

flows are usually negligible or limited in extent due to the sionless velocity distribution at any cross section along the

presence of gravity, as can be seen from the Bond numbefJOW direction were employed with the interfacial shear

Bo=Ap-g-L%, with Ap denoting the density difference stresses neglected. The effects on the flow behavior due to
across the fluid interfacey, the gravity;L, the characteristic the variation of the contact angle and wedge angle were dis-

length scale, and,, the surface tension. However, the capil- cussed.

1
lary wedge flows still have various terrestrial applications " the research by Ma, Peterson, and Ean assump-
on of a constant velocity at the free surface was made and

such as flows in porous media and flows spreading along1 Co e e ¢
interior corners or grooves as faced in the oil industry, envi{ne velocity distribution at any cross section along the flow

ronmental technology, micro heat pipes, etc. In the microdirection was obtained analytically. The friction factor was

gravity environment of space, such flows and the capillany"us calculated numerically and the effects due to the vapor—
effect may become prevalent in fluid systems of large extenfiquid interaction were discussed. Ma and Peterson then con-
and possess particular importance in space techndfpy. ~ tinued a series of analyses to fgrther investigate the friction
space applications include all kinds of fluid management andfctor>**and the heat transfer in a micro heat pfpé:
control such as the handling and storage of fuel propellants ~Catton and Stroé8presented a semianalytical model for
and biological wastes, design of heat exchangers and hefte heated inclined triangular capillary grooves. By the bal-
pipes, etc. ance of the axial body force with the capillary effect, they
Investigations on the capillary flows in interior corners, concluded with a series of design curves, which can be ap-
which are also called grooves or wedges, in the past fouplied to the estimation of the wetted length in the capillary
decades have covered problems of static interfacial sfidpe, grooves for a variety of operating conditions.
dynamic flow behaviof;*® and instability phenomendii:?* Most of the studies on the dynamics centered on the
The effects of the contact anglé) and wedge angl€«) on  Steady-state flow behavior and heat transfer. Weislogel and
the capillary statics were well addressed in the literature. Theichter'® observed experimentally three stages in a transient
spreading of the capillary flow along a wedge depends alseapillary wedge flow: The start-up stage followed by a
on the contact angle and wedge angle. The critedlenr/  constant-flow-rate stage, then a constant-height flow stage.
2—« for a spontaneous wicking into wedges were derived byThey also presented an asymptotic formulation on the limit
Concus and Finn, and is often referred to as the Concusef a slender liquid column with small inertia and solved ana-
Finn condition®® Since then, a great number of investiga- lytically the tip location of a transient capillary flow in an
tions have been devoted to the flow behavior and heat trangaterior corner for the latter two flow stages, i.e., the
fer in grooves both theoretically and experimentally. constant-flow-rate stage and the constant-height flow stage.
The studies by Ayyaswamy, Catton, and EdwArasd  Similarity solutions were also obtained by Romero and
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FIG. 1. Schematic diagram of the physical model.
Yost'® indicating that the position of the wetting front is pro-
portional to Ot)¥? whereD is a diffusion coefficient. In
both the analyses, the zero shear stress conditions on the fre

surface were assumed and similarity solutions were then ob-
tained. However, in many applications, especially in heat
pipe, the interaction between the Wedg_e flow and the 9aS€O0Yss 2. The schematic diagram of a cross-section of the capillary wedge
(or vapoy flow on the free surface are important. flow and the coordinate system employed.

Accordingly, the present work is aimed at analyzing the
transient behavior of capillary flows in a wedge with the
consideration of the interfacial shear stresses. The velocity
distribution at any cross section of the flow will be solved  (2) The gravitational effect is negligibly small.
numerically. Then a defined flow coefficieRt will be cal- (3) The liquid column is assumed to be slender. That is,
culated and shown to be dependent on the Wedge ang|e, tﬁée characteristic Iength scale in the transverse dire(bﬂi@n
contact angle, and the shear stresses imposed on the frisesmall compared with that in the flow directidrn.
surface. It is followed by a formulation from the continuity ~ (4) The lubrication approximation is applied to the
equation to simulate the propagation of the liquid columnwedge flow.
along the wedge. If; is independent of the flow direction, (5) A static contact angle is employed. This approxima-
the formulation can further be reduced to a similarity equation is acceptable when the fluid velocity perpendicular to
tion as presented by Weislogel and LichttHowever, since the contact line is small.
the interfacial shear stress distribution is allowed to vary ~ The second assumption can also be represented by a
along the flow direction, so dods . Consequently, the simi- small value of Bond number, as introduced in last section.
larity solution becomes invalid. Therefore, a numerical soluAssumption(4) implies that the mechanism of the capillary
tion has to be developed to simulate the transient flow moflow along a wedge is the balancing between the pressure
tion. Two flow situations, i.e., the constant-flow-rate situationgradient due to the capillary effect and the viscous force.
and the constant-height situation, will be calculated to simu- ~ The slenderness of the flow configuration as indicated by
late the flow behavior at two different stages of a capillaryassumption(3) possesses the following five implications:
wedge flow. Results will finally be presented and discussed (1) The surface curvature along the flow direction is

systematically. negligibly small compared to that of any cross-section.

(2) The transverse flow velocities are small compared to
II. ASSUMPTIONS AND MATHEMATICAL the axial flow velocityV; as can be derived from the scaling
FORMULATION analysis of the continuity equation.

(3) The pressure distribution is uniform in the transverse
direction across the liquid column. ThuB=P(Z,t) in the
The present work is aimed at simulating the motion of apresent study.
capillary flow along an interior corner of a container, a (4) The free surface at any cross section is a circular arc
wedge, or a groove, with a shear stress distribution imposeds a consequence of implicati¢g).
on the free surface along the flow direction. The schematic (5) Under the assumption of slenderness, the variation
diagram of the physical model and the coordinate systenof V; in the flow direction is much smaller than the variation
employed are shown in Figs. 1 and 2. In order to simplify thein the transverse direction.
mathematical manipulation and analysis, the following basic ~ Consequently, the problem is reduced to the calculation
assumptions are made: of V7 at any cross section as a function of the wedge aagle
(1) The working fluid is incompressible and Newtonian. the contact angl®, and the shear stress distributiSrat the

A. Assumptions and momentum equation
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free surface. The corresponding momentum equation is thus cosé -1
reduced to the following quasi-steady form: =lgna" : (4)
PV, . 1 r9_\/zJr 1 Ny 1 d_P) @ @ geometry factor. Therefore,
JR? R IR R2 g2 w\dZ) R.=f-H. (5)
The associated boundary conditions are as follows: _ The reference pressuRg, can now be expressed in terms of
(1) No-slip boundary condition is applied at the solid Ho as
wall.
(2) Since the geometry and, hence, the flow are symmet- Po=0/fHg, (6)

ric with respect to the mid-plane of the wedge, the derivative

) ! o e ) with Ry="f-H,.
fVv th thal t t th -pl t - 0 0 .
i(')sh 2 in the azimuthal direction at the mid-plane must van Consequently, we hawly= o e sir afu- 1.

(3) The shear stress distribution on the free surface To further predict the propagation of the liquid column
needs to be satisfied or the dimensionless tip location of the liquid column, the

Incorporated with the continuity equation, the propaga-fonowmg dimensionless form of the mass conservation is

tion of the liquid column along the wedge, or the tip location employed:

L, can then be determined. IA d

E——E(A'U_z), (7)
B. Nondimensionalization and formulation
eWhereA is the cross-sectional area and, the averaged

In order to facilitate and generalize the discussion of th . -
Ilfz-velomty. By defining

results of analysis, an appropriate nondimensionalizatio

scheme needs to be employed. Let the lengths irRthand 8 (Tw

Z-directions be scaled bil, andL,, with H, representing a A=2. fo J rdrd§=Fu-h?, 8

certain liquid height at the mid-plane of the wedge agd a o

certain length of the liquid column in thédirections. With  with

the assumption of slenderness, we then hesdd /L <1. ) )

The cross-sectional area is scaled H§. The pressure is F.= 2.(sm 2% sin? %_ o ©

scaled by ¢/Ry) with o denoting the surface tension and A 2 tana o)

Ry, the characteristic radius of the free surface. Time i

scaled by Lo/W,) with W, denoting the characteristic ve-

locity in the Z-direction, which is determined, according to 9 .

Eq. (1), from the balance between the viscous effect and the ~ —-(Fa- h?)=— E(FAhZ- UBE (10

pressure gradient in the flow direction, i.eW,

=PoH3/uLy. However, as suggested by Weislogel andin the above expressions,=R./Hy=fh, r,=R,/Ho=r,

Lichter.® W, is modified asPyH3 sir? a/ul, to account for - cosélsin(a+4), and 8o=m/2—a— 6, the azimuthal angle

the geometric effect. The present study will thus adopt thif the contact line.

expression foi,. Furthermore, since; can be expressed in termslofas
In order to convert the expression for the reference pres- _

sure in terms oH,, certain geometric relations need to be vz=—Fi-hz, (12)

de.rived first. For the conveni_ence of mthematicaI manipuwhich will be derived in Sec. Il A withF; defined as the

lation and subsequent numerical calculanon.s, a polar coordgg,y coefficient, Eq.(10) is reduced to

nate system located at the center of the circular arc of the

free surface will be employed. The azimuthal angle and the J o 0 )

radial position are denoted, respectively, ®andR in this a_t(FA'h )= E(FA' Fi-h%hy). (12)

coordinate system, as shown in Fig. 2. LRt denote the

radius of the free surface arR|,, the radial distance from For flow situations with constant wedge angle and contact

the new coordinate center to the wedge walls. It can b@ndle,Fa is a constant and thus E¢12) can be further

S .
Eqg. (7) can be rewritten as follows:

shown that reduced to
R.(5)=R cosé @ ah_ZF dh\? oF; hahﬂz haZh 13
w(9)= ¢ sinfa+6)’ ot 7 oz gz 9z ' g2 (13
Accgrdingly, the liquid height at the centerline of any cross Equation(13) is then used to calculate the propagation
sectionH can be related (& as of the liquid column and predict the tip locatioh,In order
cosé to do so,F; and thus the velocity distribution at any cross
H=R,(6=0)—R.=R;- (W_j') =R.-f 1, 3 sectionV; need to be determined first and are discussed in
next section. The details of the numerical computation of the
with tip locations will be presented in Sec. IV.
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IIl. VELOCITY DISTRIBUTION AND FLOW Since the free surface at any cross section is a circular arc
COEFFICIENT with a radiusR,, the pressure gradiedip/dz is reduced to,

From the momentum equation and the associated bounéf\!'th the aid of Eq.(5),
ary conditions as listed in Sec. Il, the velocity distribution at dp d olR, d/1 1 dh
any cross section of a capillary wedge flow will be solved FER d_z( Po— S ) - d_z(ﬁ) = a7
numerically. For the convenience of numerical computations, 0 h
the polar coordinate system located at the center of the Cifrhe expression o, then becomes, with the substitution of
cular arc of the free surface is used. The azimuthal angle andly (23 into Eq. (22),
the radial coordinate are denoted respectivelyslandR, as

(23

shown in Fig. 2. The momentum equation, i.e., Ef, is _ w-f2) dh
then rewritten as, in this coordinate system, Y27 T Gk e dz’ (24)
#V, 14V, 1 4%V, 1(dP
] @
UZ:_Fi'h21 (11)
With the nondimensionalization scheme introduced in Sec\'/vith
1B, Eq. (14) is further reduced to
o2
0721)2 1 O"UZ 1 (?ZUZ 1 dp F:—W 25
e a1 " era 2

gz r a2 952 sindq dz°

To further simplify Eq.(15), the following transformation is
applied:

Since the average velocity, is proportional toF;, it is
therefore namedF; the flow coefficient in the present study.
Equation(11) indicates thawv, is determined solely by
£= r (16) the slope of the centerline heighg . As a result, there may
re’ exist a finite propagation speed even at the tip of the liquid
_ column whereh=0 andh, possesses a finite value.
W=p. sir’ @ 17) Equation(18) is then solved numerically followed by the
z ) dp)’ calculations of the average velocity and the flow coeffi-
( - E) cientF; for various combinations of the half-wedge angle

r2.
) _ the contact angl®, and the shear-stress parameieEqua-
The z-component momentum equation at any cross sectiofjon (13) is hence employed to calculate the propagation of

of the wedge flow then becomes as follows: the liquid column along the wedge.
Pw 1ow 1 Pw To solvew(¢, ), Eq. (18) was first cast into a central-
—tz r +—5—5 +1=0. (18) spaced finite difference equation and calculated numerically
o0& £ 06 £ a5 with the associated boundary conditions, i.e., Efj9)—(21).
The associated boundary conditions are Supplementary numerical computations were then performed
on various grid systems, which suggested that satisfactory
“C=9(z) até= E=1, (19) grid indepe_ndence could be achie_ved_ yvittﬁ4ﬁ)x40)-grid. _
2 le The numerical results were further justified through compari-
; cosd son of F; with those obtained by Weislogel and Lichtér.
w=0 at¢= W AN (20 The flow situation withS= 0.0 will be used to study the
re  sinfa+9d) effects ofa and 0 on the flow motion. The computed results
IW of w andF; are listed in Table | with the variation &; also
%zo at 5=0. (21)  shown in Fig. 3. Note that the Concus—Finn condition has to

be always satisfied by any assignmentaofind 6. It can be
Equation (19) indicates a shear stress distribution, repre-earned from Fig. 3 that althoudh, always increases with
sented by the dimensionless paramegz), along the free  for any fixed value ofy, it reaches a minimum value first and
surface in the flow direction. Equatiof@0) and(21) denote, then ascends asincreases for a fixed value &f The results
respectively, the no-slip condition at the solid walls and theare in good consistency with those obtained by Weislogel
symmetry condition at the mid-plane of the wedge. and Lichter!® which thus justifies the validity of the present

As described in Sec. I B, in order to simulate the propa-analysis and numerical calculations.

gation of the liquid column in a wedge, the average velocity ~ The dimensionless paramet@represents the interfacial
vz has to be represented in terms of the centerline heighthear stress at each cross section of a capillary wedge flow.
h(z,t) as indicated by Eq(11). From Eq.(17), vz can be  According to the condition shown in E419), a negative

expressed as follows: value ofSindicates the interfacial shear stress is acting in the
dp flow direction and, consequently, the flow is strengthened.
rﬁ- ( — E) With a positive value of§ the interfacial shear stress is op-
V=W _ (22) posing the flow motion and a reverse flow may exist near the
sirf a free surface ifSis large enough.
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TABLE I. The computed results o andF; as functions ofw and @ for flow situation withS=0.0.

6=0° 6=10° 6=20°
o W Fi Fi W Fi
5 1.32E-01 0.1584 1.28E01 0.1588 1.16E01 0.1593
10 1.04E-01 0.152 1.00E01 0.1524 8.98E02 0.1531
20 6.09E-02 0.1407 5.84E02 0.1413 5.10E02 0.1427
30 3.03E-02 0.1329 3.15E02 0.134 2.63E02 0.136
40 1.64E-02 0.1285 1.52E02 0.1302 1.17E02 0.1331
45 1.09E-02 0.1275 9.99E03 0.1297 7.20E03 0.1331
50 6.96E-03 0.1272 6.22E03 0.13 4.05E-03 0.1342
60 2.31E-03 0.1288 1.88E03 0.1336 7.58E04 0.1397
65 1.15E-03 0.1306 8.45E04 0.1371 1.61E04 0.1446
70 4.84E-04 0.133 2.89E04 0.1422
75 1.58E-04 0.1358 5.33E05 0.1494
80 3.20E-05 0.1388
85 2.05E-06 0.1415
6=30° 6=40° 6=50°
@ w F; Fi w Fi
5 9.70E-02 0.1598 7.40E02 0.1605 4.98E02 0.1612
10 7.38E-02 0.154 5.44E02 0.155 3.44E02 0.1561
15 5.48E-02 0.1487 3.86E02 0.15 2.23E02 0.1514
20 3.96E-02 0.1442 2.62E02 0.1458 1.33E02 0.1475
25 2.77E-02 0.1407 1.68E02 0.1425 7.00E03 0.1444
30 1.85E-02 0.1381 9.92E03 0.1402 2.90E03 0.1423
35 1.17E-02 0.1365 5.14E03 0.1388 6.76E04 0.1411
40 6.77E-03 0.1359 2.10E03 0.1385
45 3.44E-03 0.1363 4.83E04 0.1391
50 1.38E-03 0.1378
55 3.09E-04 0.1405
6=60° 6=70° 9=80°
(63 W Fi Fi W Fi
5 2.76E-02 0.162 1.06E02 0.1629 1.23E03 0.1641
10 1.68E-02 0.1573 4.50E03 0.1588
15 8.90E-03 0.153 1.07E03 0.1548
20 3.73E-03 0.1493
25 8.77E-04 0.1464
0.175 Shown in Fig. 4 are the flow distributions f&= 0.05,
i I 0.075, and 0.1 withw=45° and§=30°. It can be seen that
[ui [m] contact e
P =0 whenS=0.05, the reverse flow starts to occur from the upper
0.16 ot corner near the free surface where the velocity and momen-
ot tum of the liquid originally driven by the capillary effect are
i smallest due to the large viscous resistance therein resulted
F, —— contact angle . . . .
04 T o from the no-slip boundary condition at the adjacent solid
X omtae wall. As Sincreases, the reverse flow region extends toward
. the central portion of the cross section of the wedge flow and
013 =9 becomes larger and larger.
T otange Consequently, the average veloaityand the flow coef-
A Exact solution for ci=fe 45° e f|C|QntFi at a cross _sephon ﬂl” change_z 8varies. Presented
0.115 ; in Fig. 5 are the variations af andF; with Sfor a=45° and
a i ximati 0° 90° —=—contact angle o H
Asymptotic spproximations for & = 07and e 6=30°. It can be seen that both and F; decrease linearly
with S It is also indicated in the figure that wh&s=0.1, the
01 region of the reverse flow becomes so large that bo#nd
0 15 %0 45 60 75 9

a

FIG. 3. Variation ofF; with @ and 8, S=0.0. Exact solution foer=6=45°
and asymptotic approximations fer approaching 0° and 90Weislogel
and Lichter(Ref. 19] are also included for comparison as references.

F; turn to be negative values. Of course, in practical situa-
tions Sis usually a small value.

To conclude, the variations af, 6, andSwill result in a
variation of F; and, thus, affect the flow motion and the
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FIG. 4. Thew-distributions fora=45°, $=30°: (a) S=0.05; (b) S=0.075; (c) S=0.1.

propagation of the liquid column along a wedge. The analysame or opposite direction of the liquid flow, will result in,

sis will be given in next section. respectively, an acceleration or a deceleration of the wedge
flow.
With « and 6 both assumed constant, the shape fa€tor
IV. PROPAGATION AND TIP LOCATIONS OF THE is independent of and hence Eq.13) will be applied in the
LIQUID COLUMN subsequent discussion. By assuming the interfacial shear

stresses be constant at each cross section but varywith

shear-stress paramet& is then a function ofz, i.e., S
The shear stresses acting on the gas-liquid interface andS(z). Since the flow coefficierf,=F;(a, 8,S), itis also a

the variation of the wedge angle have great influence on thunction of z. Accordingly, the similarity solutions suggested

motion of capillary flow in a wedge, and are crucial to the by Weislogel and Lichté? become inapplicable. For conve-

controlling of the wedge flow or the heat transfer in a micronience, Eq(13) is repeated in the following:

heat pipe. The present work is focused on the interfacial

shear-stress effect on the capillary flow in a wedge with a dh oh\2 oF; oh #%h

constant wedge angle. The shear stresses imposed on the free 2 ot 2 i(E) tor h 5z TR h 92 (13

surface of a wedge flow might be considered, as an example,

as the result due to the viscous interaction between the liquiglo solve Eq.(13), the flow coefficient functiorF;(z) must

and vapor in a micro-tube. The gaseous phase, flowing in thge specified beforehand. As discussed in Sec. Il and shown

in Fig. 5, F; varies linearly withS for fixed « and 6. The

following linear approximation is, therefore, assumed:

A. Numerical simulation

2.00E-02 -

Fi(z2)=c;+¢,8(2), (26)

LB - with ¢, andc, being two constants to be determined from
the curve fitting of the F;,S) data, i.e., Fig. &). Actually,
the interfacial shear-stress distribution along the flow direc-
0.00E+00 tion, i.e.,S(z), has to be solved from the coupled equations
of the gaseous phase and the liquid column. However, in
order to understand the effect on the transient capillary flow
'I'OOE'OZ_O.ZS 02 _0.‘15 01 -ojo5 o 0';)5 0:1 0"15 012 0"25 motion in a wedge due to the variation of interfacial shear
(a) g stresses, a linear distribution 8{z) is assumed simply for
the purpose of demonstration, i.e.,

S(z)=c3+Cy- 2. (27

In the above equatior; andc, are arbitrary constants to be
F ol specified in accord with the physical situations to be demon-
strated. For example, f@&(z) >0 with c;>0 andc,<0, Eq.

o5 L (27) indicates an decreasing interfacial shear-stress distribu-
tion acting in the (2z)-direction due to a counter gaseous
05 — flow opposing the liquid motion. 18(z) <0 with c;=0 and

> D2 bl €4<0, Eq.(27) then represents a gaseous flow in the same
© s direction of the liquid motion with an i ing i i
quid motion with an increasing interfacial
FIG. 5. The variations ofv andF, with Sfor a=45° and¢=30°: (8 wvs  Shear-stress distribution. With the flow coefficient function
S (b) F,vsS determined from Eq926) and(27), Eq. (13) is a nonlinear

=

05

0.25
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partial differential equation olfi(z,t) which is to be solved [0,z(k)], and covers at least three times of the initial liquid-
numerically to simulate the propagation of the liquid columncolumn length. Moreover, from the definition of(j),

in a wedge. e . . .
Several important aspects regarding the numerical simu- h(z(i),1(j))=0 fori=m(j+1), j=0,12.q (34
lation of Eqg.(13) need to be addressed first. They &t¢ and
; i ati ; 2
linearization of the nonlinear termgt§/9z)<, h(dh/dz), and m(j)=m(j— 1), (35)

h(a%hl9z%); (2) specification of the initial condition, i.e., the
initial distribution ofh(z); (3) establishment of the grid sys- because of the propagation of the liquid column as time pro-
tem; (4) specification of the boundary conditions for the ceeds. In general, the tip of the liquid column is not located
constant-flow-rate stage and the constant-height stage, rexactly at the grid point except at the initial stage when
spectively;(5) determination of the tip location of the liquid z(m(0))=I1(t(0)) and h(z(m(0),t(0))=0 by assignment.

columnl; (6) re-scope of the computational domain to ac-Once the grid system is determined, the linearized form of

commodate the propagation of the liquid column.

Eqg. (13) can then be cast into a finite difference equation

The strategies and methods to deal with the above aswith a forward-time, central-spaced scheme.

pects are described detailedly in the following:
(1) Linearization of the nonlinear terms:

(4) Specification of the boundary conditions:
Since Eq(13) is a second-order partial differential equa-

Before the finite difference formulation is carried out, tion in variablez, two boundary conditions are needed to

Eq. (13) needs to be linearized first as follows:

solve the equation. However, because the tip location of the
liquid column is not exactly at the grid point as it propagates,

(@)Zw(ﬂ) (@) (26 the boundary condition di(z(m(})),t())=0 becomes in-
Jz gz) _\dz] ' appropriate for the corresponding finite difference equation
and cannot be applied in the numerical computation. Instead,
h(@) _1 1(@) i (@) (29 N(zm(0)).t(i)) will be approximated by a linear extrapola-
gz) 2 "\ oz n 2 "oz n—l' tion from h(z(m(j)—2),t(j)) and h(z(m(j)—121),t(j)),
which then provides an extra equation for computation to
#h 1 4%h 1 (é°h deal with one of the boundary conditions. Another boundary
hg” Ehn—l 972 + Ehn 972 : (30 condition to be satisfied depends on the flow situation, i.e.,
n n—1

the constant-flow-rate stage or the constant-height stage.
In the above expressions, the subscripts (L) andn denote, (@ The constant-flow-rate stage:

respectively, the values at the previous and present time Since the constant-flow-rate condition implies that
steps. (d/dt) f{Ph?(z,t)dz is a constant, the corresponding finite

(2) Specification of the initial distribution: difference equation of this condition is as follows:

An input of the initial distribution oth(z) is needed to m(j)
solve Eq.(13). Since the present analysis does not study the”_ 2
flow motion from the start-up stage, any specification of theAt| =0
initial distribution of h(z) will be an approximation. In the .
present study, the initial condition is given from the results of j=0.1,2,.n, (36
the similarity solutions for the constant-flow-rate stage or then which C is a constant to be calculated from the similarity
constant-height stage, respectively. The numerical computaolution. Equation(36) then provides another equation for
tion is then employed to study the interfacial shear-stressomputation.
effects on the subsequent propagation of the liquid column.  (b) The constant-height stage:

(3) Establishment of the grid system: The other boundary condition of Eql13) for the

Before establishing the whole grid system mt{-plane,  constant-height condition is simply described by
certain definitions need to be introduced first. t{g) denote . .
the present time instarit(t(j)), the length of liquid column h(z(0),t(})) =h(z(0),t(0)), j=01.2...n, (37
at timet(j); m(j), the number of space interval totally cov- whereh(z(0),t(0)) is theinitial height of the liquid column
ered by the liquid column at timgj). We then have at z(0) attained from the similarity solution.

(5) Determination of the tip location;

m(j—1)

h2(z(i),t(j))— ;0 h?(z(i),t(j—1))|=C,

t)=t0)+j At j=012..n (31) Since the tip location of the liquid column is not located
and exactly at the grid point, as discussed previously, it will be
i ) approximated by a linear extrapolation from(z(m(j)
z(i)=0+i-Az, —1).t(j)) andh(z(m(j)),t(j)). That is, the tip locationi,
i=0,1,2,..m(j)—1m(j),m(j)+1,..k— 1k, (32) will be determined by the intercept of the straight line with
, a slope h(z(m(j)),t(j)) —h(z(m(j)—1).t(j))/z(m(j))
with —z(m(j)—1) and thez-axis.
Az=(1(t(0))—0)/m(0). 33) (6) Re-scope of the computational domain:

The permissible computational domain of space is
In Eqg. (32), the parametek is a given integer which deter- [0,z(k)] while the real computational domain of space is
mines the permissible computational domain in space, i.e[,0,z(m(j))] which is the maximum length totally covered by
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FIG. 7. The variations dfi(z,t) from the numerical simulation with=45°,
6=30°, andS=0.0: (a) The constant-flow-rate stagéy) the constant-height
FIG. 6. Flow chart for the numerical calculationsofz,t) andl(t). flow stage.

priate grid system is needed. In the following, a capillary
the liquid column, as defined in strate®). Since the liquid  wedge flow witha=45°, §=30°, andS= 0.0 will be used for
column keeps increasing as time proceeds, the re-scope tife grid independence test.
the real computational domain becomes necessary. A crite- As discussed in the previous section, the space interval
rion based on the tip location is applied to determine theAz is determined by the specification of the valuengf0),
necessity of the re-scope. If the tip location determined by.e., Az=1(t(0))/m(0). Thus, computations withm(0)
the linear extrapolation as presented in stratég)yis over =50, 100, 200, 300, 400, and 500 and witi=0.1 are
one grid spacelz, the computational domain will be in- performed for comparison. It is concluded that satisfactory
creased accordingly; otherwise, it will remain the same. Weresults can be achieved witim(0)=400 for the constant-

thus, havem(j)=m(j—1). flow-rate stage anth(0)=300 for the constant-height flow
A flow chart illustrating the numerical procedure incor- stage.
porating the above strategies and methods to solvg Hj. With the space interval determined above, computations

is included in Fig. 6. With the numerical scheme describedyith At=0.05, 0.1, 0.5, and 1.0 are performed to examine
above, the distribution dfi(z,t) and the propagation d{t) the appropriateness of the time interval. The tip locations
are then computed for the constant-flow-rate and constani{t) computed at certain time instants are compared with

height stages. those predicted by the similarity solution. A reasonable time
interval with At=0.1 is thus selected for the subsequent
B. Results and discussion of the flow motion computations.

In this section, the variations df(z,t) andl(t) for dif- o
ferent values of the half-wedge anglethe contact anglg, - A free shear-stress distribution, S =0.0

and a linear shear distribution &(z) are investigated by In this subsection, the propagation and tip location of the
numerical simulation. The results are then presented and difiquid column along a wedge witle=45°, #=30°, andS
cussed systematically. =0.0 are simulated by the numerical method developed in

In order to attain an accurate and stable numerical solulast section. The distributions ¢f(z,t) at different time in-
tion of h(z,t) with reasonable computational time, an appro-stants are shown in Fig. 7; Fig(&J is for the constant-flow-
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propagation speed of the liquid colum®) When the shear-
stress distribution on the free surface is acting in the flow
direction, the capillary wedge flow is strengthened while
when the shear stresses are opposing the flow, reverse flows
log(®) 4 may occur near the free surface, Fig. 4, and the capillary
wedge flow is retarded. As a result, with a negative value of
S, the flow coefficient~; and thus the propagation speed of

-0.6 ¢ .. . . .
the liquid column becomes larger while with a positive value
08 ! j ) of S they are smaller compared to those obtained with a free
0 02 04 06 08 1 shear condition(3) Both the similarity solution and the nu-
@) Log(® merical simulation predict(t)=t®® for the constant-flow-
og|

rate stage andi(t)=t? for the constant-height flow stage.
This fact justifies once again the validity of the numerical
method developed in this study.

] 3. A linear shear-stress distribution, S =cz+c,z
log((9))

The shear-stress distribution imposed on the free surface
of a capillary wedge flow is to simulate the interaction be-
tween the liquid flow and the adjacent vapor flow. If the
05 . . . vapor is flowing in the same or opposite direction of the

0 02 0.4 06 08 1 capillary wedge flow, a negative or positive valueS{f) is
specified correspondingly. In general, the shear-stress distri-
bution is a function of the flow direction. However, since
FIG. 8. The relationships betwed(t) andt with a=45°, =30°, ands  the correct shear-stress distribution must be attained from
=0.0: (a) the constant-flow-rate stagéh) the constant-height flow stage. ~ Solving the coupled equations of the liquid and vapor flow,
any specification of the shear-stress distribution on the free-

_ ) _ surface will be an approximation. Therefore, a linear distri-
rate stage and Fig.(l9) is for the constant-height flow stage. pution of S(z) will be assumed in the following analysis

The corresponding fip locations as a function of time aresimply for the purpose of demonstration of the essential
plotted in Figs. &) and 8b), respectively. In Fig. @), the  pnhysics. In addition, as discussed in Section 3, there exists a

liquid heights az=0, i.e.,h(0t), approach to each other as jinear relation betweerr; and S, which, derived from the
time proceeds, which indicates that the flow possesses a tegy e fitting of the data shown in Fig. 5, gives

dency to move from the constant-flow-rate stage toward the
constant-height flow stage, as observed experimerially.  Fi=0.1363-1.42775(z). (39

The log—log diagram in Fig. 8 also indicates a functionalgj,cer, () is a function ofz, similarity solutions, in general,

relationship between the tip locatidnand timet, i.e., I(t) may not exist and the numerical simulation of EfB) has to
«t¥ and | (t)oct? for the constant-flow rate stage and the o employed.

constant-height flow stage, respectively. These results are g following four distributions of(z) will be used in
|de_nt_|cal to those predicted by the_ similarity solutions. Th‘?the subsequent computations and analysis:
validity and accuracy of the numerical scheme developed in

(b) log(t)

the present study is thus justified. S(2)=0.0+0.1-z, (39
2. A constant shear-stress distribution, S  =constant S(2)=0.075-0.1-z, (40
A capillary wedge flow with a constant shear-stress dis- S(z)=—0.1+0.1-z, (41)

tribution imposed on the free surface is studied in this sub- _
section. From the definition d§, a negative value o8 rep- S(2)=0.0-0.1-2 (42)
resents a shear-stress distribution acting in the flow directioEquationg39) and(40) represent, respectively, an increasing
and a positive value o8 is in the direction opposing the and decreasing shear-stress distribution acting in the
wedge flow. Sincer, 6, and S are independent of the flow —z-direction to simulate a counter vapor flow. Equations
direction z, the flow coefficientF;(«,6,S) is a constant. (41) and(42) denote, respectively, a decreasing and increas-
Thus, similarity solutions exist. The numerical method de-ing shear-stress distribution acting in thez-direction to

veloped in last section is also applicable. simulate a vapor flow in the same direction of the capillary
The variation ofh(z,t) and the corresponding tip loca- wedge flow.
tions as a function of time for different values @f 3, andS With the S-distribution described by Eq39), the varia-

are all similar to those shown in Figs. 7 and 8. The resultgions of h(z,t) and the tip locatiori(t) are similar to those
indicate that(1) For whatever combination af, 6§, andS a  with a free shear, i.e., Figs. 7 and 8. However, the functional
large value of the flow coefficier; correspond to a larger relationship between the tip location and time is no longer
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FIG. 9. The relation betweelt) antt for the constant-flow-rate stage with the variation ofS(z). In the average, when computed with
=457, 0=30%, andS(2)=0.075-0.1-z. Eq. (41), a decreasing shear-stress distribution acting in the
+ z-direction,

s (0=t 1)
[(t)oct>> for the constant-flow-rate stage and no lontgj
«tY2for the constant-height flow stage; it varies as the liquigfor the constant-flow-rate stage, and

column propagates, e.g., Fig. 9. In average, I (t)oct0534 (48)
1(t) ot (43 for the constant-height flow stage. When computed with Eq.
for the constant-flow-rate stage, and (42), an increasing shear-stress distribution acting in the
+ z-direction,
(1) t%37 (44) |(t)t0677 (49

for the constant-height flow stage.

o , L for the constant-flow-rate stage, and
The variations oh(z,t) andl(t) with the S-distribution

described by Eq(40) are then computed for the two flow I(t)ot0%% (50
stages. Due to the variation 8(z), the functional relation- o the constant-height flow stage.
ship between andt varies along the flow direction. In aver- The results indicate thatl) For the S-distribution as
age, described by Eqgs(41) and (42) with S<O0, the functional
I (t)oct0502 (45) reIa’Fionship betweehand_t becomes stronger, i.e., the power
of t is larger than that with a consta8t(2) When the shear
for the constant-flow-rate stage, and stresses acting in the flow direction become stronger as the
0.420 liquid column propagates downstream, the distribution of
[(t)oct™*Y (46)
h(z,t) tends to change from a convex to a concave shape,
for the constant-height flow stage. similar to Fig. 10 but milder.
It can be learned from the above results ttiat:For the Although the propagation of the liquid column and tip

S distributions as described by Eq®9) and (40) with S location are calculated and predicted for a transient capillary
>0, the functional relationship betwednandt becomes wedge flow, there are certain limitations of the model ap-
milder, i.e., the power dfis smaller than that with a constant plied. Because of the assumption of slenderness, the model
S This result indicates that, with an opposing interfacialcannot be applied to the start-up stage. Only the constant-
shear-stress distribution, the propagation speed of the liquilow-rate stage and the constant-height stage, which were
column becomes slower2) When the opposing shear suggested from experimental observations, are analyzed. As
stresses become weaker as the liquid column propagatesresult of the above limitations, there is a lack in the initial
downstream, the distribution &f(z,t) tends to change from conditions for the prediction of the liquid column propaga-
a convex to a concave shape, as shown in Fig. 10. tion and has to resort to the similarity solutions as an ap-
Results computed with Eq&tl) and(42) are obtained in  proximation. In addition, the linear relationship between the
a similar way. Once again, the functional relationship be-flow coefficientF; and the interfacial shear stress distribution
tweenl andt varies as the liquid column propagates due toS(z) as indicated by E(:38) is only valid for small values of
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